Subcircuit Interfaces and Maximum Power Transfer

Large electrical and electronic circuits are usually divided into smaller sub-circuits to simplify
design and analysis. The strategy of dividing a circuit into individual components works
because of the Thevenin Theorem.

| Source .| Zport 2-port Load |
| | Network Network | |
/ ‘ Load seesthis
} Source see this two-terminal network ! = two-terminal network

What Source sees: The source sees a
two-terminal network. This two-terminal
network does not contain an independent Source Vv R
source. So it can be reduced to a single

impedance.

What Load sees: The load sees a two-
terminal network. This two-terminal net- L +
work contains an independent source. So it Vv L oad
can be reduced to its Thevenin equivalent.

What each two-port network sees: v s
Following the logic above, its obvious that ° * 2-port
each two-port network sees a two-terminal V, N-gtSVOYK
network containing an independent source

on the input side (can be reduced to a

Thevenin form) and a two-terminal net-
work that does not contain an independent
source on the output side (so it can be re-
duced to a single resistor).
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Subcircuit Interfaces & Maximum Power Transfer
An important part of strategy of dividing

a circuit into individual components is un-

derstanding of the interaction and interface

between the subcircuits.

Following the above discussion, one notes that the interface between different subcircuits can
be reduced to the simple circuit shown (For example, take the circuit as seen by the load in
the previous page and replace load with its equivalent, a resistor). Then,
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Values of iy, vy, and Py, are plotted in the )
figure. We can see that the load current Tl
is maximum when R, = 0 (or effectively,

R;/Rs < 1) and the voltage on the load o . ; 3 4 5 6
is maximum when R; — oo (or effectively,
RL/RS > 1).

In some cases, we are interested in transferring maximum power from a given source (R;
and vs are known) to a load (e.g., an amplifier driving a speaker). We see from the above
the equations that the power transferred to the load is in fact zero when the load current is
maximum (R; = 0 leading to v;, = 0) or when the voltage on the load is maximum (R — oo
leading to iy, = 0). Maximum power transfer occurs somewhere in between as can be seen
from the figure. To find the value of R; which results in maximum power transfer v, and R,
are known), we find derivative of P, with respect to Ry, and set it equal to zero.

dPp, Rs— R,

J—— — —_—

dRy, (Rs+ Rp)3 °

dPry,

— =0 — R, = R,

dR;, t
So the power transfer to the load is maximum when R; = R, and the maximum transfered
power is

2
v
P axr 2
il ARy,
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Real Sources

In an ideal voltage source, the voltage is constant no
matter what current is drawn from the source. In a
real, practical voltage source (like a battery), how-
ever, the output voltage typically decreases as more
and more current is drawn, as is shown in the figure.
Typically a real source is “rated” for currents below
a current ¢ which corresponds to a voltage v > 95%u;
(region near vy in the figure). For this region, it is a
good approximation to model the i-v characteristics
of a real source with a straight line. The equation of
this line is (using active sign convention):

v=1vs — R4l

The above approximate i-v characteristics of a real source is a
Thevenin form and, therefore, a real source can be modeled with an
ideal voltage source , vy, and a resistance R,. R; is called the inter-

[ ~ ldeal Source
e VA

N

Real Source : Approx. for
Real Source

V-

Circuit Model
of aReal Source

nal resistance of the source (it is not a real resistor inside the real A

source!) and is typically small (an ideal voltage source has Ry = 0). *

The same arguments can be applied to “real” current sources. An
approximate model for a real current source is in Norton form. R,
is again the internal resistance of the source (and again, it is not a

Circuit Model of a

real resistor inside the real source!). For a “real” current source, R Real Current Source

is typically large (an ideal current source has Ry — 00).

Dependent or Controlled Sources

Most analog electronic devices include amplifiers. These are four-terminal devices (two input

and two output terminals). The voltage or current in the output terminals are proportional

to voltage or current of the input terminals. We need a new circuit element in order to model
amplifiers. These elements are “controlled” or “dependent” sources. There are four type of

“controlled” sources

Voltage-Controlled
Voltage Source

Current-Controlled
Voltage Source
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Note that the element located in the input with the controlling current or voltage can be
any element: a short circuit, an open circuit, or a resistor.

When one encounters a circuit containing a controlled source, the first step is always to find
the “controlling” voltage and current (v, or ¢; in the above figures). In some circuits, the
control voltage or current is not located near the controlled source in order to simplify circuit
drawing. This does not mean that the controlling element is separate from the controlled
source. It is essential to always remember that controlled sources are four terminal elements.
This means, for example, that you cannot have a subcircuit which include the controlled
source but not its controlling element!

Controlled sources behave similar to ideal (or independent) sources. For example, in the
voltage-controlled voltage source in the above figure, the output voltage is pv; no matter
what current is drawn from the circuit. All analysis method developed so far (KVL and
KCL, node-voltage and mesh current methods, superposition, etc.) can be used for circuits
containing controlled sources, and by treating the controlled source similar to an ideal source.
In node-voltage and mesh current methods, we need to write an “auxiliary equation” which
relates the controlling parameter to node-voltage or mesh current methods as is seen in the
examples below.

Example: Find v, using KVL and KCL:

v
KVL Rgi, +Rpi, —v,=0 — i,= 5
Sty + Lipt (Y ] RS—}—RP
Ty
KVL  Reci,+Rpi,+1ri, =0 —  i,=—
ct Llo T ! Rc + Ry

Substituting for i, from first equation in the second and noting v, = Rpi,, we get:

r Vs
o:R'o:R -
Yo = Hit L{ RC+RLXRS+RP]

o [(RS n R;;ffgc + RL)] "
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Example: Find v; using node-voltage and mesh-current methods.

8iy
'+
16V, L25A 20
Node-vol hod: LY —
Cf)de ‘V(;tag; m;t odd 1 "/ T orsy,
1rcult has o nodes and two voltage sources 40 ’0 40
(one independent and one controlled volt- it
age source). Thus, the number of node-
voltage equations is Nyy =5 —1—2 = 2. 8i;
Following our procedure for node-voltage 't
method, we choose the reference node to | a8y V= 16V ~ Vg 0
be the one with most voltage sources at- 'l e, /
tached to it. Then, we can write down the 4o 125A !
voltage at two of our nodes which are con- ilT

nected to voltage sources: R

Vg = 16 Vo = 8i1

We then proceed with writing KCL at the other two nodes:

UB—82'1 Uvp — U
2 4
UD—O UD—16 Up —
4 - 2 4

Node vg: D _125=0 — 3vg—wvp=>5+ 164,

Node vp: UB 0750, =0 —  —up+4dvp = 32 4 3u;

Two above equations are two equations in two unknowns (vg and vp). But they also contain
the control parameters ¢; and v;. We need to write two “auxiliary equations” relating these
control parameters to our node voltages:

’UD—16 .
Zl:T vy =vp—8,1 — v =+vg —4vp + 64

We now substitute for control parameters i; and v; in our node-voltage equations to get:

3vg —vp =5+ 8(UD — 16) — 3vg — 9vp = —123
—vg + 4vp :32+3(—|—’UB —4’UD+64) — —4vg + 16vp = 224

Which can be solved to find the node voltages vg = 4 V and vp = 15 V. The control
parameters are: i1 = —0.5 A and vy =8V
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Mesh-current method:

The circuit has four meshes and
two current sources. So the num-

ber of mesh equations is Ny =

4 — 2 = 2. Following our proce-
dure for mesh-currrent method, we

can write down two mesh currents

using the current sources:

1o = 0.75v; ig —ip = 1.25 — ip =15 —1.25
We then proceed with writing KVL at the meshes (one mesh and one supermesh):

Mesh in:  +4ig — 16+ 2(ia —ig) =0 —  6is— 2ip =16
Supermesh iz and ip: —8i1 + 2(ip —i¢) + 4(ip —ic) +2(ip —ia) + 16 =0
—8iy + 2(i — 1.25 — 0.75v1) + 4(ip — 0.75v;)
+2(ip — i4) +16 =0
—2i4+8ip = —13.5+ 841 + 4.5,

Two above equations are two equations in two unknowns (i4 and ig). But they also contain
the control parameters ¢; and v;. We need to write two “auxiliary equations” relating these
control parameters to our node voltages:

i1 =1 — 1A

v = 2(20 — ZD) = 2(075’01 —1ig+ 125) — vy =4g—>H
We now substitute for control parameters ¢; and v; in our mesh-current equations to get:

3ig—ip =8

—2i4 4 8ip = —13.5 + 8(ip — ia) + 4.5(4ig —5) —  is—3ig = —6

Which can be solved to find the mesh currents: iy = 3.75 A and ig = 3.25 A. The control
parameters are: i1 = —0.5 A and v; =8V
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Thevenin Equivalent of Subcircuits with Controlled Sources

Two-terminal subcircuits containing controlled sources reduce to Thevenin form. However,
care should be taken in doing so. We discussed three methods to find equivalent of a
subcircuit. Our first method, source transformation and circuit reduction, does not work
with controlled sources. The second method, directly find i-v characteristics of the subcircuit
works but is cumbersome (we may have to use for some subcircuits with controlled sources).
The third method was to find two of three parameters: Ry (by killing independent sources),
Vp = Vo and iy = 15.. Most of the times, the best choice for subcircuits containing controlled
sources is to find v; = v, and iy = i, as described in the example below.

Example: Find the Thevenin equivalent of this subcircuit. 4

Since the circuit has a controlled source, it is preferred
to calculate v,. and 7.

Finding v,.

Since the circuit is simple, we proceed to solve it with
KVL and KCL (noting i = 0):

KCL: —ij+i+4i=0 — i=0
KVL:  —32+2x10%5+ 6 x 10%; + v,. = 0

VP = Vpe =32V

Finding 7.

Since the circuit is simple, we proceed to solve it with

KVL and KCL:

KCL: —ii+i4+4i=0 — i =big
KCL:  —ig—4i+i; =0 —  iy=1ig
KVL:  —-3242x10%,+6x10%,=0 — iyx=ise,=4%x10"3A=4mA

Therefore, vr =32 V, iy =4 mA, and Ry = vy /iy = 8 kQ.

While finding v,. and i, is preferred method for most circuits, in some cases, the Thevenin
equivalent of the subcircuit is only a resistor (you will find v,. = 0 and i,. = 0), or only a
voltage source (you will find v,. # 0 but finding i, leads to inconsistent or illegal circuits),
or only a current source (you will find i;. # 0 but finding v,. leads to inconsistent or
illegal circuits). For these cases, one has to either find Ry directly and/or directly find i-v
characteristics of the subcircuits as is shown below for the circuit of previous example.
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Finding Ry

To find Rr, we kill all independent sources in the circuit. The resulting circuit cannot be
reduced to a simple resistor by series/parallel formulas. This is why finding v,. and i, is the
preferred choices for subcircuits containing controlled sources. We can find Ry by attaching
an ideal voltage source with a known voltage of v and calculate ¢. Since the subcircuit should
be reduced to a resistor (Rr), we should get ¢ = —v/(constant) where the constant is Ry.

(Negative sign comes from active sign convention used for Thevenin subcircuit).
4

Since the circuit is simple, we proceed to
solve it with KVL and KCL:

KCL: —ij+i+4i=0 — i, =>5i
KVL: 042x10%+6x10%+0v=0
. v
8 x 103

Therefore, Ry = 8 x 103 Q = 8 k.

Note that we could have attached an ideal “current” source with strength of ¢ to the problem,
proceeded to calculate v, and woould have got v = —8 x 10%i.

Finding 7-v Characteristics Equation:

As mentioned above, in some cases, we have to directly find the i-v characteristics equation in
order to find the Thevenin equivalent of a subcircuit. The procedure is similar to finding Ry.
Attach an ideal voltage source to the circuit. Assume v is known and proceed to calculate ¢
in terms of v. Alternatively, one can attach an ideal current source, assume ¢ is known and
find v in terms of 2. The final expression should look like v = vy — iRy and vy and Rr can
be read directly:

Since the circuit is simple, we proceed to
solve it with KVL and KCL:

KVL: —-3242x10%+6x10% +v=0

v=232—-8x10%

which is the characteristics equation for the subcircuit and leads to vy = 32 V, Rr =
8 x 103 Q =8k, and iy = vr/Rr = 4 mA.
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