ITI. Transistors (Introduction & Large Signal Model)

3.1 III. Bipolar-Junction (BJT) Transistors

A bipolar junction transistor is formed by joining three sections of semiconductors with
alternative different dopings. The middle section (base) is narrow and one of the other two
regions (emitter) is heavily doped. The other region is called the collector. Two variants of
BJT are possible: NPN (base is made of p-type material) and PNP (base is made of n-type
material). Let’s first consider a NPN transistor.

A BJT has three terminals. Six parameters; i¢, ig, ig, Vcg, UBE,

and vpe; define the state of the transistor. However, because BJT g Ve t+
has three terminals, KVL and KCL should hold for these terminals: s Vee
\

g =1c + 1B UBc = UBE — UCE

Thus, only four of these 6 parameters are independent. The relationships among these four
parameters (ig, Vpg, ic and vog) represent the “iv” characteristics of the BJT.

At the first glance, a BJT looks like 2 diodes placed back to back. Indeed
this is the case if we apply a voltage to only two of the three terminals,
letting the third terminal float. This is also the way that we check if
a transistor is working: use an am-meter to ensure both diodes are in
working conditions. (One should also check the resistance between CE

terminals and read a vary high resistance as one may have a burn through
the base connecting collector and emitter.) > Blecron flow

Wﬁ@* = Hole flow
BJT behavior is quite different, however, when voltages are applied to
both BE and CE terminals. The BE junction acts like a diode. When this

C

Ic
junction is forward biased (vpr = Vpo), electrons flow from the emitter —_;r: " ‘ Collector
to the base to combine with holes there. But as the emitter region is i AN
heavily doped, there is a large number of electrons crossing into the base N H o
compared to available holes. As the base region is narrow, most of these = Emitter
electrons diffuse into the collector region. Then, if a positive voltage is i e
applied between collector and base (vep > 0 but can be small), these ,::>=Eimnﬂow
electrons are “collected” by the collector electrode. Note that the BC =~ Hole flow

junction is reverse biased (vpe < 0) but a large current flows.

Because the BE junction acts as a diode: 1) The number of electrons that cross from the
emitter into the base and diffuse into collector region depends exponentially on the voltage
applied to the BE junction, vgg (similar to the diode equation). 2) For a given vgg, the
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number of holes traveling from base to emitter (proportional to ig) is a constant fraction
of the number of electrons traveling from emitter to base (proportional to i.). This ratio
depends on doping level, temperature, and other manufacturing parameters. In a BJT,
because emitter is heavily doped, there are a lot more electrons (from emitter) than holes
(from the base), e.g., on the average, out of every 200 electrons traveling from emitter to base
only one combines with a hole and the other 199 travel to the collector. As such, the ratio
of ic/ip = [ is a large and a constant (depending on doping, temperature, etc.). Parameter
[ is called the BJT common-emitter current gain or current gain for short.

The above discussion, identifies two modes of operation for a NPN BJT.

1) BE junction is reverse biased (i = 0): No electrons would flow from emitter into the
base and into the collector, leading to i = 0. This mode is called the cut-off.

2) BE is forward biased and BC is reverse biased. This is called the active-linear mode (or
active mode for short). In this case, a large ic = (ip flows. Using diode iv equation for BE
junction:

ip=Isp (6“BE/”VT — 1) = Is (e”BE/"VT - 1) R~ I—Se“BE/"VT

5 B
ic = Ig (evBE/nVT _ 1) ~ I eVBE/nVr c B c
SO -
ig | Big
We can also construct a circuit model for a BJT which éE
E

is valid for cut-off and active modes.

In the active mode, BE is forward biased (vpr = Vpg) while BC is reverse biased (vpe < 0).
Thus vegp = —vpe + vpe > Vpo. Now, let’s consider the case when vopg is reduced below
Vpo and BC junction becomes forward biased. In this case, extra holes will be injected into
the base region. These extra holes will combine with the electrons traveling from emitter
to collector, reducing the collector current. This mode of operation is called the saturation
mode and for a given vpp has a smaller collector current than the active mode, or ic/ig < 3.

We saw in the diode section that when the junction is forward biased, a negligible current
flows until the forward bias voltage is large enough, typically ~ 0.3 V for a Si diode. Thus, as
vep is decreased below Vi, for the first ~ 0.3 V (veg > 0.4 V) i¢ changes little as a negligible
number of extra holes are injected in the base. This mode is called “soft saturation” and
transistor acts nearly as if it is in active mode, i..e., i¢c &~ (Big. For this reason, some text
books define the boundary of the active mode to be vgg > 0.4 Vinstead of vog > Vpo = 0.7V
for Si BJTs, thereby including the soft saturation operation in the active mode).

When vpe is increased above ~ 0.3 V, an appreciable number of holes are injected in the
base and the collector current drops substantially. For a Si BJT, this part of saturation
translates into vog = 0.1 — 0.3 V and i¢ is substantially smaller than Fig.

ECEG65 Lecture Notes (F. Najmabadi), Spring 2010 3-2



BJT iv characteristics are shown as plots
of ic vs vog for different values of ig as is
shown. The three main modes (or states) 4
of BJT can be clearly seen: cut-off, active-

linear, and saturation.

Active linear

Brealfg

Note that a transistor can be damaged if 15

(1) alarge positive voltage is applied across

the CE junction (breakdown region), or

(2) product of icvcg exceed power han-

dling of the transistor, or (3) a large re-

Cutoff / ! 0

verse voltage is applied between any two
terminals.

BVceo

Vee (V)

Looking at icVepg characteristics above (which is for a real BJT) for the active mode, one

notes that for a given ip, ic increases slightly as vop is increased (as opposed to icfip).

The reason for this increase in i is that as veop is increased, the “effective” width of the

base region is reduced and more electrons can reach the collector. This is called the “Early”

effect. In fact, we extrapolate all characteristics lines, they would meet at a negative voltage
veg = —Va as is shown below. The voltage V4 is particular to each BJT (depends on its
manufacturing) and has a typical value of 50 to 100 V. It is called the “Early” voltage.
The Early effect can be accounted for by the following addition to the i equation (Note ig

equation does NOT change):

— JqeVBE/MVT (1 + ﬂ)
c = 1ge V)

ig = E eVBE/nVr .
ﬁ Saturation

region
ich
|

| Active
'I region ~
|
|
|

vBEZ-.

~ —_
_ - UBe =
-
- //
// -
~ //
g — . — Ugp = *
/// ——
//// ///
—
— — — —
== = ——
et = — — -
-V, 0 UCE
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PNP transistor

A PNP transistor operates in a similar manner to a NPN BJT,
expect that the majority carriers are now holes. Emitter region

is doped heavily with a p-type material, holes from emitter travel
through the base and reach the collector region.

As can be seen, currents and voltages will have to reverse sign compared to a NPN transistor,
e.q., vgg = Vpo for EB junction to be forward biased. As holes move slower than electrons
in a semiconductor, PNP transistors have a slower response time. They are mainly used in
pairs with NPN transistors, e.g., push-pull amplifiers.

Summary of BJT Large-Signal Models:

NPN PNP
Cut-off:
BE reverse biased ig =0, ig =0
Active Linear:
i s ey . Is v,
BE forward biased ip = 3 eVBE/MVT ip = 3 eVEB/Vr
CE reverse biased ic = IgevBE/mVr <1 + UC—E> i = IgevEB/"Vr <1 + UE_C)
VA VA
Saturation:
I I
BE forward biased ip = ES evBE/MVE ig = ES eVEB/MVT
CE forward biased ic < Pig,vcpg=01—-03V ic < Pig, vgc = 0.1 =03V

The above model is called a “large signal” model as it applies to any size currents/voltages
applied to the BJT (as opposed to a “small-signal” model discussed later). In addition, this
is a “low-frequency” model as the junction capacitances are NOT taken into account (you
will see high-frequency transistor models in ECE102). PSpice uses the Ebers-Moll model
which includes a better treatment of transistor operation in the saturation mode.

Similar to diodes, BJT v equations above are non-linear. For analytical calculations, we
will develop a simple piecewise linear model for BJT below.
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3.2 Piecewise Linear, Large Signal Model for BJT

First let’s consider a NPN transistor. In the cut-off and active modes, BE junction acts like
a diode and ic = PBip(1 +vop/VA). As such, we can use our piecewise linear model for the
diode to arrive at a piecewise linear model for the BJT.

Cut-Oft: ig =0, vpr < Vpo
o =1 =0
Active: vpe = Vpo, ig >0
ic = Big, vee = Vo

Early Effect is ignored in this simple model as additional accuracy (< 5%) does not justify
additional work. Early Effect can be included by setting ic = fig(1 + vcE)/Va).

Also, in the soft saturation mode , (vor > 0.4 V for Si BJTs), ic &~ fip and thus, we can
replace vog > Vpg in the model for the active mode with ver > 0.4 V. However, care should
be taken in designing circuit in which a BJT is in soft saturation. As such, in this course,
we will use vog > Vpg as the boundary between active and saturation modes.

For a Si BJT in saturation, 0.1 < vgr < 0.3 V. Given that an exact model for saturation
mode is complicated, it is sufficient for a piecewise linear model to assume vop = Vi (with
Vsat = 0.2 V for Si transistors). Thus:

Saturation: ve = Vpo, ig >0
voE = Via, ic < Bip

The above simple, large-signal model is shown below. A comparison of this simple model
with the real BJT characteristics demonstrates the degree of approximation used.

A Saturation

i IC (mA) B pom
C Active linear rea
. ip=150 LlA
Active

120 pA
/ ; 100 HA
i 75 LA
50 LA
25 UA

! ig=0 -

Vsat VcE A 10 BVero Ver (V)

Cutoff

Cut Off

A similar piecewise linear model for PNP transistor can also constructed:
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Summary of BJT piecewise linear large-signal Model

NPN PNP
Cut-off: ig =0, vgr < Vpo ig =0, vgp < Vpo
ic=0 ic =20
Active Linear: UBE — VD(), ig >0 VEB = VD(), ig >0
ic = Bip >0, vep > Vpo ic = Bip >0, vec > Vpo
Saturation: vpe = Vpo, ig >0 vgr = Vpo, ig >0
v = Viat, ic < Bip vec = Viat, ic < PiB
e
g Vgc P+
- +
Vee
+
Vae —¢ -

How to solve BJT circuits:

Similar to diode circuits, we need assume that BJT is in a particular state, use BJT model
for that state to solve the circuit and check the validity of our assumption.

Recipe for solving NPN BJT circuits:
1) Write down a KVL including the BE terminals.
2) Write down a KVL including CE terminal.

3) Assume BJT is in cut-off (this is the simplest). Set ip = 0. Calculate vgg from BE-KVL.
3a) If vgg < Vpog, then BJT is in cut-off, iz = 0 and vgg is what you just calculated. Set
ic =1 = 0, and calculate vog from CE-KVL. You are done.

3b) If vpr > Vpg, then BJT is not in cut-off. Set vgp = Vpg. Solve above KVL to find ig.
You should get 15 > 0.

4) Assume that BJT is in linear mode. Let ig ~ ic = [ig. Calculate vop from CE-KVL.
4a) If vop > Vpo, then BJT is in active mode. You are done.

4b) If vep < Vpo, then BJT is not in active mode. It is in saturation. Let vogp = Vi and
compute i¢ from CE-KVL. You should find that i < Big. You are done.

For PNP transistors, substitute, vgr with vgp and vor with vge in the above recipe.
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Note: While in BJT circuits, value of vge is not calculated (and is not important, value
ip can appear in our equations. In the active mode, ip = ic +ig = (6 + 1)ip and ip =
[(B 4 1)/betalic. Since B> 1, it is convenient to use ig ~ ic for simplicity. Note that for a
practical BJT circuit even in saturation mode i¢ > i and ig =~ ic.

Example 1: Compute the parameters of this circuit (8 = 100).
Following the procedure above (for NPN transistor):

BE-KVL: 4=40x 10%g3 + vgg
CE-KVL: 12 = 10%¢ + vcp,

Assume BJT is in cut-off. Set ig = 0 in BE-KVL:
BE-KVL: 4=40x10%g+vgr — vgg=4>Vpy=0.7V

So BJT is not in cut off and BJT is ON. Set vgr = 0.7 V and use BE-KVL to find i5.

4-07
~ 40,000

BE-KVL: 4=40x10% +vgr — ip = 82.5 pA

Assume BJT is in active linear, Find ¢c = #ip and use CE-KVL to find vog:

CE-KVL: 12 =1,000i¢c + vep, — vep=12—-825=3.75V

As vop = 3.75 > Vpg, the BJT is indeed in active-linear and we have: vgp = 0.7 V,
ip =825 pA, ig = (f+1)ic =8.33 mA, and v = 3.75 V.

Example 2: Compute the parameters of this circuit (8 = 100).

Following the procedure above (for PNP transistor):

BE-KVL: —4=—40x 10%5 — vgp
CE-KVL: —12= —10%¢ — vgce,

Assume BJT is in cut-off. Set i = 0 in BE-KVL: — _—

BE-KVL: —4=-40x10%g —vgg — vgp=4 — vgg=4>Vpo=07V
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So BJT is not in cut off and BJT is ON. Set vgg = 0.7 V and use BE-KVL to find 5.

4-07
~ 40,000

BE-KVL: —4=-40x10%g —vgp — ip = 82.5 uA

Assume BJT is in active mode. Find i = fig and use CE-KVL to find vgc:

CE-KVL: —12=—10%¢ —vge, — vge=12—825=3.75V
As vge = 3.75 > Vpg, the BJT is indeed in active mode and we have: vgg = 0.7 V,
ip =825 pA, ig = (f+1)ic = 8.33 mA, and vgc = 3.75 V.

Note: Comparing Examples 1 and 2, they are identical circuits (expect voltages and currents
changed sign) one with a NPN transistor and one with a PNP transistor (similar s). As
can be seen all currents and voltages are the same (expect signs).

Example 3: Compute the parameters of this circuit (8 = 100).

BE-KVL: 4 =40 x 10% 5 + vgg + 10%iz
CE-KVL: 12 =1,000ic + vep + 1,000ig

Assume BJT is in cut-off. Set ig =0 and i = i¢c = 0 in BE-KVL:
BE-KVL: 4=40x10%p +vgp +10%r — wpg=4>07V =

So BJT is not in cut off and vgg = 0.7 V and ig > 0. Here, we cannot find ig right away
from BE-KVL as it also contains ig. Assume BJT is in active linear, ip = (8 + 1)ig:

BE-KVL: 4 =40 x 10%p + vpg + 10°(8 + 1)ig = 0.7 + (40 x 10° + 10° x 101)ip
ip=24puA — ig=fip=2.4mA, ip=(B3+1)ip=24mA
CE-KVL: 12 =1,000i¢c + vep + 1,000ig, — wvep=12—-48=72V

As v = 7.2 > Vpo, the BJT is indeed in active-linear and we have: vgp = 0.7 V,
ip =24 pA, ig ~ic =24 mA, and vgg =72 V.
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Example 4: Compute the parameters of the Si transistor (5 = 100) in the circuit below.

0oV

Since there is a 10 V supply in the BE-loop, it is a good starting
assumption that BJT is ON (PNP: vgg = Vpy = 0.7 V and
ig > O)

BE-KVL: 10=2x 10%g + vgp
_10-07

5

Since ip > 0, the assumption of BE ON is justified (since ig > 0
requires both ig and i¢ > 0). Assuming BJT in active:

ip=ic+ip=(B+1)ipg — ig=4.65/101~50 puA
ic =ig —ip ~ 4.6 mA

CE-KVL: 10 =2 x 10% 5 + vge + 10%¢ — 10
10 =9.3 + vge + 10° x 4.6 x 107> — 10 = vge + 3.9
vpe =6.1V

Since vpe = 6.1 > 0.7 = Vpy), the assumption of BJT in active is justified and vgg = 0.7 V,
iB =50 ,UA, VEC — 6.1 V, and ic =4.6 mA,
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Load line

The operating point of a BJT can be found graphically using the concept of a load line
(similar to diode load line). For BJTs, the load line is the relationship between i and
vog that is imposed on BJT by the external circuit. For a given value of ip, the icveg
characteristics curve of a BJT is the relationship between i and vecg as is set by BJT
internals. The intersection of the load line with the BJT characteristics represent a pair of
1c and vep values which satisfy both conditions and, therefore, is the operating point of the
BJT (often called the Q point for Quiescent point).

15V
The equation of a load line for a BJT should include only i¢
and vor (no other unknowns). This equation is usually found 37
by writing a KVL around a loop containing vog. For the circuit 40k
shown, we have:

<

KVL: 15 = 375i¢ + veg

which is the equation of a line in the icvcg space. This “load line” and the icvcg charac-
teristics lines of the BJT are shown below. The operating point of the BJT (Q-point) is also
shown for ig = 150 pA (or v; = 6.7 V in the example above).

Vee =Vec—IcRe

Ipp =230 pA

190 pA

S~ 0 150 A
TS 110 pA

T~ 75 uA

35 uA

5V 10V 15V

Note that if an emitter resistor is present (e.g., Example 3 in page 3-8), the load line can
still be constructed noting that ip = [(8 4+ 1)/8ic ==~ ic:

KVL: 12 =1,000i¢c +vog + 1,000 — 12 = 2,000¢c + vog
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3.3 BJT Switches and Logic Gates

The basic element of logic circuits is the transistor switch. A Vee
schematic of such a switch is shown. When the switch is open, Re
ic = 0 and v, = Voe. When the switch is closed, v, = 0 and : iic y
ic = Voo /Re. CIF‘B’ °
In electronic circuits, mechanical switches are not used. The 1
switching action is performed by a transistor, as is shown. When L
v; = 0, BJT will be in cut-off, ic = 0, and v, = Vge (open 7Vcc
switch). When v; is in “high” state, BJT can be in saturation
with v, = vog = Ve = 0.2 V and ic = (Voo — Viar) / Re (closed

V

switch). When R, is replaced with a load, this circuit can switch
a load ON or OFF (see e.g., Problems 12 & 13).

it

You have seen binary mathematics and logic gates in ECE25. We will explore some electronic

3.3.1 Logic Gates

logic gates in this course. Binary mathematics is built upon two states: 0, and 1. We
need to relate the binary states to currents or voltages as these are the parameters that
we can manipulate in electronic circuits. Similar to our discussion of analog circuits, it is
advantageous (from power point of view) to relate these the binary states to voltages. As
such, we “choose” two voltages to represent the binary states: vy for state 0 or Low state
and vy for state 1 or High state (for example, 0 V to represent state 0 and 5 V to represent
state 1). These voltages are quite arbitrary and can be chosen to have any value.

Similar to analog circuits, we plot the voltage transfer function of a gate. For example, the
transfer function of an “ideal” inverter is shown in the figure: when the input is low, the
output is high and the when the input is high, the output is low. We can see a difficulty
right away. In a practical circuit, there would be an output voltage for any input voltage,
so the output voltage makes a “smooth” transition for the high voltage to the low voltage
as the input voltage is varied. We have to be also careful as it is extremely difficult, if not
impossible, to design an electronic circuit to give exactly a voltage value like 5 V (what if
the input voltage was 4.99 V7). So, we need to define a range of voltages (instead of one
value) to represent high and low states. We will try very hard to make sure that the output
of our gates to be as close as possible to Vg and Vy, But, we need to design our gates such
that they respond to a range of voltages, i.e., the gate would think that the input is low
if the input voltage is smaller than v;;, and would think that the input is high if the input
voltage is larger than vy (see figure).
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With these definitions, the transfer function of a practical inverter (plot of v, as a function
of v;) is shown. The range of voltages, vy, to v and ;g to vy are called the noise margins.
The range of voltages between vy, to vrg is the forbidden region as in this range, the output
of the gate does not correspond to any binary state. The maximum speed that a logic gate
can operate is set by the time it takes to traverse this region as the input voltage is varied
from one state to another state.

3.3.2 Resistor-Transistor Logic (RTL)

The BJT switch circuit discussed above is also an “inverter” or
a “NOT” logic gate. This circuit is a member of RTL family of

logic gates. Let’s assume that the “low” state is at v, = 0.2V
(Viar) and the “high” state is vy = Ve

To find the transfer function of this gate, we need to find v, for & i

a range of v; values. This plot will also help identify the values -

of vy, and vrg.

From BE-KVL, v; = Rpig + vgg, we find that for v; < Vpg, BJT will be in cut-off, ic = 0
and v, = Voo (high state). Therefore, when v; = v, = Vi, v, = Voo = vg. Moreover, The
output will be high as long as v; < Vpg, or vy, = Vpg. Note that vy, corresponds to the case
where vggr = Vpo and ig > 0 but small such that the term 1z Rp can be ignored compared
to UBE-

When v; exceeds Vpg, BE junction will be forward biased and a current ¢z flows into BJT:

v; — Vpo
Rp

ip =

As BE junction is forward biased, BJT can be either in saturation or active-linear. Let’s
assume BJT is is in saturation. In that case, v, = vog = Viq and i¢/ig < . Then:

. Vee = Vsat . ic Voo — Vsat
0= ——=— — ip>—=—r—

Rc 5} BRc

ECEG65 Lecture Notes (F. Najmabadi), Spring 2010 3-12



Therefore, BJT will be in saturation only if ¢5 exceeds the value given by the formula above.
This occurs when v; become large enough:

Vee — Viar
BRc

If we choose Rp and Ro such that v;g < Ve, then for vi = Voo, BJT will be in saturation,

V; = VD() + Rpig > VD() + Rp x = VI

and vogp = Vig. Overall, for v; = v, = Viu, vo = Voo = vy and for v; = vy = Voo,
Uy = Viar = vr. Thus, this is a NOT gate.

For v; values between vy, and v;y, the BE junction is forward biased but the BJT is NOT in
saturation, and thus, it is in active linear. In this case, the output voltage smoothly changes
for its high value to its low value as is shown in the plot of transfer function. This range
of v; is the “forbidden” region and the gate would not work properly in this region. This
behavior can also seen in the plot of the BJT load line. For small values of v; (ig = 0) BJT
is in cut-off. As v; is increased, ip is increased and the operating point moves to the left
and up on the load line and enters the active-linear region. When i is raised above certain
limit, the operating point enters the saturation region.

. . : i(mA
Cutoff Active Saturation ic(mA)
Yo ﬂk 104+ ig=1mA
| | 1

Vou = Vee | i5 (1A)
| 8T 150
| 4
‘ 6 Saturation
| 1 100
| s
| 50 Load
l 2 line

V()I. = V(‘I:‘sau o Cutoff

. > ! ! I |

L g

vy 0 1 2 3 4 5 'UCE?V)

A major drawback of the this RTL inverter gate is the limited input range for the “low” signal
(vrp). For “high” state, the noise margin for “high” state can be controlled by adjusting
values of Rc and Rg. However, our analysis indicated that v;;, = Vpg, that is the gate input
is low for voltages between 0.2 V and Vpo = 0.7 V which is quite a small noise margin. For
the above analysis, we have been using a constant-voltage piecewise linear model for the BE
junction diode. In reality, the BJT will come out of cut-off (BE junction will conduct) at
smaller voltages (~ 0.5 V), making the noise margin for “low” state even smaller.

In order to build a gate with a larger noise margin for “low” voltage, we examine the BE-
KVL: v; = Rpip +vpg. Note that v; = vy, corresponds to vgg = Vpg and 75 > 0 but small.
Two approaches are possible: 1) Add an element in series with Rp which would have a large
voltage drop for a small current, e.g., a diode, 2) Allow the current in Rp to be larger than
1. We explore both options below:
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For this circuit, BE-KVL gives: v; = vp + Rpip + vpg.
Then to find vy, we substitute for vggr = Vpg and ig > 0

but small to get: v, ~ vp + Vpg. Since ip = ip > 0 v
but small, the diode should also be forward biased and Ry i
vp = Vpo. Thus, vip =~ 2Vpg = 1.4 V. Note that vy can 1
be increased further in increments of Vo by adding more )
diodes in the input.

This approach works reasonably well in ICs as the diode and BE junction can be constructed
with similar reverse saturation currents. However, for a circuit built with discrete compo-
nents (e.g., a BJT switch) this approach may not work well as the reverse saturation current
for discrete diodes, I,p, is typically 2 to 3 orders of magnitude larger than reverse saturation
current for the BE junction. As such, the small current needed to make vgg ~ Vpg only
leads to vp = 0.2 — 0.3 V. (see Lab 4 for a solution to this problem).

The second method to increase the noise margin is to add a
resistor between the base and ground as is shown. To see the
impact of this resistor, note that V;, is the input voltage when
BJT is just leaving the cut-off region. At this point, vgr =
Vo, and ip is positive but very small (effectively zero). Since a
voltage vgp has appeared across R;, we have:

. UBE . . . . UBE -
1 = 9 =1lgp+1] "1 = —

‘R, Ry

. R R
viL = v; = Rpis + vpp = vpp—2 + vpp = Vio (1 + —B)
Ry Ry

This value should be compared with v;;, = Vpg in the absence of resistor R;. It can be seen
that for Rg = Ry, vrr, can be raised from 0.7 to 1.4 V. Moreover, arbitrary values of v;;, can
be achieved by proper choice of Rg and R;. Typically, R; does not affect v;g as ip needed
to put the BJT in saturation is typically several times larger than ;.

ECEG65 Lecture Notes (F. Najmabadi), Spring 2010 3-14



RTL NOR Gate

Logic circuits are typically constructed from “basic” logic gates like NOR or NAND. You have
seen in ECE25 that all higher level logic gates, e.q., flip-flops, can be made by a combination
of NOR gates or NAND gates. So, for each logic gate that we will work on, we have to
remember that the output of the logic gate is attached to the input of another logic gate.

\Y,

By combining two or more RTL inverters, one ob-
tains the basic logic gate circuit of RTL family, a
“NOR” gate, as is shown (see Problem 15). More
BJTs can be added for additional input signals.

RTLs were the first digital logic circuits using transistors. They require at least one resistor
and one BJT per input. They were replaced with diode-transistor logic, DTL (reduced
number of resistors and BJTs) and transistor-transistor logic, TTL (which “packs” all of the
didoes in a special transistor). Most popular BJT gates today are TTL or emitter coupled
logic, ECL. With the advent of CMOS technology, BJT-based gates are now only used for
special purpose circuits (for example, high speed gates utilizing ECL).

3.3.3 Diode-Transistor Logic (DTL)

The basic gate of DTL logic circuits is a NAND gate which is constructed by a combination
of a diode AND gate (analyzed in pages 2-12) and a BJT inverter gate as is shown below
(left figure). Because Rp is large, on ICs, this resistor is usually replaced with two diodes.
The combination of the two diodes and the BE junction diode leads to a voltage of 2.1 V
for the inverter to switch and a v;, = 1.4 V for the NAND gate (Why?). Resistor R; is
necessary because without this resistor, current 75 will be too small and the voltage across
D3 and D4 will not reach 0.7 V although they are both forward biased.

T Vec
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Example: Verify that the DTL circuit above (with R4 = 5 kQ, Rc = 1 kQ, Ry = 5 kQ,
and Voo =5 V) is a NAND gate. Assume that “low”state is 0.2 V, “high” state is 5 V, and
BJT Gin = 40.

Case 1: v1 =1, =0.2V It appears that the 5-V supply will forward bias D; and Ds,.
Assume D; and Dy are forward biased: vp; = vpy = Vpg = 0.7 V and ¢; > 0, i3 > 0. In this

case:
V3 = V1 +VUp1 = Vg + Upo :02+O7209V

Voltage v3 = 0.9 V is not sufficient to froward bias D3 and Dy as v3 = vp3+vps+vpg and we
need at least 1.4 V to forward bias the two diodes. So both D3 and D, are OFF and i, = 0.
(Note that D3 and D4 can be forward biased without BE junction being forward biased as
long as the current 7,4 is small enough such that voltage drop across the 5 k{2 resistor parallel
to BE junction is smaller than 0.7 V. In this case, i5 = i4 and ig = 0.) Then:

. . . 5 — U3 5—0.9
R == 00 T 5,000 o

And by symmetry, 13, = 15 = 0.5¢4 = 0.41 mA. Since both #; and iy are positive, our
assumption of Dy and Dy being ON are justified. Since iy = 0, iz = 0 and BJT will be in
cut-off with ¢ =0 and v, =5 V.

So, in this case, D; and Dy are ON, D3 and D4 are OFF, BJT is in cut-off, and v, =5 V.

Case 2: v1 =0.2V, v, =5V  Following arguments of case 1, assume D; is ON. Again,
v3 =0.740.2=0.9 YV, and D3 and D4 will be OFF with 74 = 0. We find that voltage across
Dy is vps =wv3 — vy = 0.9 — 5= —4.1 V and, thus, Dy will be OFF and iy, = 0. Then:

_ 0z 5709 oo A
5,000 5,000

11 =14
and since 7; > 0, our assumption of D; ON is justified. Since iy = 0, iz = 0 and BJT will
be in cut-off with ic =0 and v, =5 V.

So, in this case, Dy is ON, Dy is OFF, D3 and D4 are OFF, BJT is in cut-off, and v, =5 V.

Case 3: v1 =5V, v3=0.2V  Because of the symmetry in the circuit, this is exactly the
same as case 2 with roles of D; and D4 reversed.

So, in this case, Dy is OFF, Dy is ON, D3 and Dy are OFF, BJT is in cut-off, and v, =5 V.

Case 4: vy = v, =5V  Examining the circuit, it appears that the 5-V supply will NOT
be able to forward bias D; and D,. Assume D; and Dy are OFF: i1 = iy = 0, vp; < Vpg and
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vpa < Vpo. On the other hand, it appears that D3 and D, will be forward biased. Assume
D3 and D, are forward biased: vps = vpy = Vpg = 0.7 V and 74 > 0. Further, assume the
BJT is not in cut-off vgg = Vpg = 0.7 V and iz > 0. In this case:

113:vD3+vD4+vBE:O.7—|—0.7+O.7:2.1V
vpr=v3—1v1 =21—-5=-29 V< Vpg Upy =U3— Uy =21 —-5=-29 V< Vpg

Thus, our assumption of D; and Dy being OFF are justified. Furthermore:

5-wy  5-21

T 000 5,000 o
0.7
i = —BF_ _ — 0.14 mA
5.000 5,000

ip =14 — 15 = 0.58 — 0.14 = 0.44 mA

and since 74 > 0 our assumption of D3 and D4 being ON are justified and since iz > 0 our
assumption of BJT not in cut-off is justified.

We still do not know if BJT is in active-linear or saturation. Assume BJT is in saturation:
Vo = Vop = Viae = 0.2 V and i¢/ip < (. Then, assuming no gate is attached to the circuit,
we have

5— Vi 5-02
1,000 1,000

and since ic/ip = 4.8/0.44 = 11 < 8 = 40, our assumption of BJT in saturation is justified.
So, in this case, D; and Dy are OFF, D3 and D4 are ON, BJT is in saturation and v, = 0.2 V.

Overall, the output in “low” only if both inputs are “high”, thus, this is a NAND gate.

Note: It is interesting to note that at the input of this gate, the current actually flows out
of the gate. In the example above, when both inputs were high i; = i, = 0, when both
were low 7, = io = 0.4 mA, and when one input was low, e.g., v; was low, ¢; = 0.8mA. The
input current flowing in (or out of the gate in this case) has an important implication as this
current should be supplied by the previous logic gate. As such, an important parameter for
a logic gate is its “fan-out” (defined as the maximum number of similar gates that can be
attached to it).
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3.3.4 Transistor-Transistor Logic (TTL)

A simplified version of an IC-chip NPN transistor is shown. The device is fabricated on a
p-type substrate (or body) in a vertical manner by embedding alternating layers of N and
P-type semiconductors. By embedding more than one N-type emitter region, one can obtain
a multiple-emitter NPN transistor as shown. The multiple-emitter NPN transistors can be
used to replace the input diodes of a DTL NAND gate and arrive at a NAND gate entirely
made of transistors, hence Transistor-Transistor Logic (TTL) gates.

Metal contacts:

n-type
emitter

+

p-type base p base

n-type collector n collector Clrcult Symb Ol
p-type substrate p substrate
(a) IC npn transistor (a) two-emitter IC npn transistor

A simple TTL gate is shown with the multiple-emitter BJT replacing the input diodes. This
transistor operates in “reverse-active” mode, i.e., like a NPN transistor in active-linear mode
but with collector and emitter switched. Operationally, this BJT acts as two diodes back
to back as shown in the circle at the bottom of the figure. As such the operation of this
gate is essentially similar to the DTL NAND gate described above (note position of driver
transistor and Dy diode is switched).

Similar to DTL NAND gates, a typical TTL NAND gate
has three stages: 1) Input stage (multi-emitter transistor),
2) driver stage, and 3) output stage. Modern TTL gates
basically have the same configuration as is shown with the
exception that the output stage is replaced with the “Totem-
Pole” output stage to increase switching speed and gate fan-
out. For a detailed description of TTL gate with “Totem-
Pole” output stage, consult Sedra and Smith, 6th Ed (page
1191).
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3.4 Field-Effect (FET) Transistors

In a field-effect transistor (FET), the width of a conducting channel in a semiconductor
and, therefore, its current-carrying capability, is varied by the application of an electric
field (thus, the name field-effect transistor). The most widely used FETs are Metal-Oxide-
Semiconductor FETs (MOSFET or MOS for short). MOSFETSs can be manufactured as
enhancement-type or depletion-type and each can be fabricated either as a n-channel device
or a p-channel device. We will focus below on the operation of enhancement MOSFETSs that
are the most popular (depletion-type) MOS operation is similar to enhancement type. There
exists another type of FET, the Junction Field-Effect Transistors (JFET) which is not based
on metal-oxide fabrication technique.

n-Channel Enhancement-Type MOSFET (NMOS)

The physical structure of a n-Channel Enhancement-Type MOSFET (NMOS) is shown.
The device is fabricated on a p-type substrate (or Body). Two heavily doped n-type re-
gions (Source and Drain) are created in the substrate. A thin (fraction of micron) layer
of SiO,, which is an excellent electrical insulator, is deposited between source and drain
region. Metal is deposited on the insulator to form the Gate of the device (thus, metal-oxide
semiconductor). Metal contacts are also made to the source, drain, and body region.

+

Source (S) Gate (G) Drain (D) Upg (small)
o o 0

Oxide (Si0,)

[ L 7727722222272
Channel i
region
k

p-type substrate
(Body)

: Induced n-channel

p-type substrate

Body
®) =

To see the operation of a NMOS, let’s ground the source and the body and apply a voltage
vgs between the gate and the source, as is shown above. This voltage repels the holes
in the p-type substrate near the gate region, lowering the concentration of the holes. As
vgs increases, hole concentration decreases, and the region near gate behaves progressively
more like intrinsic semiconductor material (when excess hole concentration is zero) and then,
finally, like a n-type material as electrons from n* electrodes (source and drain) enter this
region. As a result, when vgg become larger than a threshold voltage, V;, a narrow layer
between source and drain regions is created that is populated with n-type charges (see figure).
The thickness of this channel is controlled by the applied vgs (it is proportional to vgs — V;).

ECE65 Lecture Notes (F. Najmabadi), Spring 2010 3-19



As can be seen, this device works as a channel is induced in the semiconductor and this
channel contains n-type charges (thus, n-channel MOSFET). In addition, increasing vgs
increases channel width (enhances it). Therefore, this is an n-channel Enhancement-type
MOSFET or Enhancement-type NMOS.

Now for a given values of vgs > V; (so that .
the channel is formed), let’s apply a small and

Ugs =V, +4V

positive voltage vpg between drain and source.
Then, electrons from n™ source region enter
the channel and reach the drain. If vpg is in- sy
creased, current ip flowing through the channel
increases. Effectively, the device acts like a re- e
sistor; its resistance is set by the dimension of

the channel and its n-type charge concentra-

tion. In this mode, plot of ip versus vpg is a
straight line (for a given values of vgs > V}) as

is shown.

The slope of ip versus vpg line is the conductance of the channel. For vgg < V; no channel
exists (zero conductance). As value of vgs — V; increases, channel becomes wider and its
conductivity increases (because its n-type charge concentration increases). Therefore, the
channel conductance (slope of ip versus vpg line) increases with any increase in vgs — V; as
is shown above.

The above description is correct for small values
of Ups as in that case, Vgp = Vgs — Ups =~ Vgs
and the induced channel is fairly uniform (i.e., has +
the same width near the drain as it has near the
source). For a given vgs > V;, if we now increase

Ups, V'Gp — Vgs — Ups becomes smaller than VGs-

Lol L 222222277 22

As such the size of channel near drain becomes

n-channel

smaller compared to its size near the source, as
is shown. As the size of channel become smaller, p-type substrate
its resistance increases and the curve of ip versus

vpg starts to roll over, as is shown below.

For values of vgp = V; (or vps = vgs — V;), width of the channel approaches zero near the
drain (channel is “pinched” off). Increasing vpg beyond this value has only a small effect
on the channel length, and the current through the channel remains “relatively” constant at
the value reached when vps = vgs — V;. So when the channel is pinched off. ¢p only depends
on vgs (approximately). In reality, ip increases slightly when vpg is increased. This effect
is called “channel-width modulation” and is similar to Early effect in BJTs
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ip (mA) ip (mA)
=ugs — V,
_E Triiglcise | Ups EAUGS V.V’ L
. —>~<—— Saturation region ———>
region /
4t /; vos =V, +4 ar
L / -
sk /k—vm:vcg—v, 3
- // ~ Ups = vgs — V,
S 7 ugs =V, +3 L
/
L / L
1= 7 s =V, +2 1=
/ L
- T U=Vt 1: ! [ -
0 1 2 3 4 5 6 7 8 K9 tps (V) 0 41\ 2 3 4 5 v (V)
(b) vugs = V, (cut off) v,
NMOS Characteristic Curves ip versus vgg in the saturation (or active) mode

In sum, a MOSFET can operate in three modes:
1) Cut-off mode in which no channel exists (vgs < V; for NMOS) and ip = 0 for any vpg.

2) Triode or Ohmic mode in which the channel is formed and not pinched off (vgs > V; and
UDs S vGgs — W for NMOS)

3) Saturation or Active mode in which the channel is pinched off (vgs > V; and vpg > vgs—V;
for NMOS) and ip changes little with vpg.

As can be seen from NMOS physical structure, the device L
is symmetric, that is position of drain and source can be j
~——o0PB

replaced without any change in device properties. The cir- G j
cuit symbol for a NMOS is shown on the right. For most

applications, however, the body is connected to the source, S

leading to a 3-terminal element. In that case, source and D i D i
drain are not interchangeable. A simplified circuit symbol j P °
for this configuration is usually used. By convention, cur- Go—{ﬁ = Go

rent ip flows into the drain for a NMOS (see figure). As e 2

iq = 0, the same current will flow out of the source.

Direction of “arrows” used to identify semiconductor types in a transistor may appear con-
fusing. The arrows do NOT represent the direction of current flow in the device. Rather,
they denote the type of the underlying pn junction: arrow pointing inward for p-type, arrow
pointing outward for n-type. For a NMOS, the arrow is placed on the body and pointing
inward as the body is made of p-type material. (Arrow is not on source or drain as they are
interchangeable.) In the simplified symbol for the case when body and source is connected,
arrow is on the source (device is not symmetric now) and is pointing outward as the source
is made of n-type materials. .
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3.5 NMOS Large Signal Model

Like BJT, a NMOS (with the source connected to the body) has six circuit parameters (three
voltages and three currents), two of which (ig and vgp) can be found in terms of the other
four by KVL and KCL. MOS is simpler than BJT because i = 0 (and is = ip). Therefore,
NMOS has one characteristics equation relating ip to vgs and vpg.

g

Ig= 0 +
1:_{ Vps
Ves —¢ -
i isic
Cut-off: Vas < Vin, ip=20
. . L, w 2
Triode:  vgs > Vip, vps < vgs — Vin ip=7 K, T 2vps(vas — Vin) — vDs]
. - 1 / W 2
Saturation: vas > Vin, Ups = vas — Vin ip = 5 kn f (UGS — ‘/tn) (1 + )\UDS)

Where V,, is the threshold voltage (subscript n is introduced to differentiate this from that
of a PMOS). k, = 1,Co where pu, is the mobility of electrons in the n-type material
and C,, is the gate capacitance per unit area (typically in F/m?). W and L are width and
length of the channel, respectively. Parameter A is the channel-length modulation coefficient.
Manufacturers sometime quote the parameter V4 = 1/A (using V4 notation, the channel-
length modulation correction formula, 14+vpgs/Va4, becomes similar to that of the Early effect
in BJTs). Note that V4 is much larger than the threshold voltage.

As the factor (1/2)u,Co.(W/L) occurs in both formulas, in some text books this quantity is
denoted by K,, = (1/2)u,Cor(W/L). Unfortunately, in some text book, k, = 11,Cor(W/L)
is introduced (Note K,, = 0.5k,!). To avoid confusion while minimizing notation, we follow
Sedra and Smith notation here and have defined k!, = 11,Coq

As mentioned above, for small values of vpg (vps < vgs — Vin), NMOS behaves as resistor,
rps, and the value of rpg is controlled by vgs — Vi,. This can be seen by dropping v in
ip equation of triode mode:

UDs — 1
ip  k,(W/L)(vas — Vin)

ps =
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p-Channel Enhancement-Type MOSFET (PMOS)

The physical structure of a PMOS is identical to a NMOS
except that the semiconductor types are interchanged, i.e.,
body and gate are made of n-type material and source and
drain are made of p-type material and a p-type channel is
formed. As the sign of the charge carriers are reversed, all
voltages and currents in a PMOS are reversed. By con-
vention, the drain current is flowing out of the drain as is
shown. With this, all of the NMOS discussion above applies
to PMOS as long as we multiply all voltages by a minus sign:

Cut-off:

Triode:

Saturation:

vsa < |Vipl,

vsa > |Vipl, vsp < vsa — |Viyl

vse > |Vipl, vsp > vsa — | Vil

|~

i

W

i
{

w

iD - 0

. 1., W

in =3 k, T 2vsp(vse — [Vipl) = v5p)]
. 1., W

ip=3 k;: A (vs6 — [Vip])? (1 + Avgp)

Note that V;, is negative for a PMOS and &, = j1,Co, where p,, is the mobility of holes.
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Several important point should be noted:
1) No current flows into the gate, i = 0 (note the insulator between gate and the body).

2) When MOSFET is in cut-off, ip = 0. However, ip = 0, does not mean that MOSFET
is in cut-off. MOSFET is in cut-off only when no channel exists (vgs < V;) and ip = 0
for any applied vps. However, MOSFET can be in triode mode, i.e., a channel is formed,

but ¢p = 0 because vpg = 0.

3) The MOSFET saturation mode is called “saturation” because ip is “saturated” (does not
change with vpg if we ignore channel length modulation effect). This mode is equivalent to
the BJT active mode and not to the BJT saturation mode. As such, some of the modern
books call this mode, active.

4) The ipvpg characteristic curves of a MOSFET look similar to icvcr curves of a BJT.
Both devices are in cut-off when the “input” voltage is below a threshold value: vgr < Vpg
for NPN BJT and vgg < V;, for NMOS. They exhibit an active mode in which the “output”
current (i¢ or ip) is proportional to the input voltage. There are, however, major differences.
Most importantly, a BJT requires ig to operate but in a MOSFET ig = 0 (actually very
small). These differences become clearer as we explore MOSFETS.

Recipe for solving NMOS & PMOS Circuits:
Solution method is very similar to BJT circuit. For a NMOS circuit :

1) Write down a KVL including GS terminals (call it GS-KVL) and a KVL including DS
terminals (call it DS-KVL).

3) From GS-KVL, compute vgs (using ig = 0)
3a) If vgs < Vi, NMOS is in cut-off. Let ip = 0, solve for vpg from DS-KVL. We are done.
3b) If vgs > Vi, NMOS is not in cut-off. Go to step 4.

4) Assume NMOS is in saturation mode. Compute ip for NMOS equation Then, use DS-
KVL to compute vpg. If vps > vgs — Vin, we are done. Otherwise go to step 5.

5) NMOS has to be in triode mode. Substitute for ip from NMOS equation in DS-KVL
to get a quadratic equation in vpg. Find vpg (one of the two roots would be unphysical).
Check that vpg < vgg — Vi, Substitute vpg in DS-KVL to find ip.

(For PMOS, replace vgs, vps, and Vi, with vse, vsp, and |V;,| in the NMOS recipe.)
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Example: Consider NMOS circuit below with &/ (W/L) = 0.5 mA/V? V,, = 2 V, and
A =0. Find v, when v; =0, 6, and 12 V for Rp =1 KQ and Vpp =12 V.

GS-KVL: Vgs — U;
DS-KVL: VDD = RDiD + Ups RD

Vin = 2 V, NMOS is in cut-off, ip = 0, and vpg is found from DS-

Dy {ip
A)v;=0V. From GS-KVL, we get vgs = v; = 0. As vgg < V:i G,
KVL: S

DS-KVL: Vo = Ups — VDD - RDiD =12V

B) v; =6 V. From GS-KVL, we get vgg = v; = 6 V. Since vgg = 6 > V,,, = 2, NMOS is
not in cut-off. Assume NMOS in saturation mode. Then:

ip = 0.5k, (W/L)(vgs — Vin)* = 0.25 x 107%(6 — 2)? = 4 mA
DS-KVL:  wps=Vpp— Rpip=12—4x10°x103=8V

Since vpg = 8 > vgs — Vi = 4, NMOS is indeed in saturation mode and ip = 4 mA and
v, = Ups = 8 V.

C)v; =12 V. From GS-KVL, we get vgs = 12 V. Since vgg > Vi,, NMOS is not in
cut-off. Assume NMOS in saturation mode. Then:

ip = 0.5k, (W/L)(vgs — Vin)* = 0.25 x 107%(12 — 2)* = 25 mA
DS-KVL:  wps = Vpp — Rpip =12 —25 x 10> x 107% = =13 V

Since vps = —13 < vgs — Vi = 12 — 2 = 10, NMOS is NOT in saturation mode.
Assume NMOS in triode mode. Then:

ip = 0.5k, (W/L)[2vps(vgs — Vin) — v5g] = 0.25 x 1073[2upg(12 — 2) — v3)4]

ip = 0.25 x 107°[20vps — v%g]
Substituting for ¢p in DS-KVL, we get:

DS-KVL:  Vpp = Rpip +vps — 12=10° x 0.25 x 107*[20vps — v} 5] + vps
vhg — 24vpg + 48 = 0
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This is a quadratic equation in vpg. The two roots are: vps = 2.2 V and vpg = 21.8 V. The
second root is not physical as the circuit is powered by a 12 V supply. Therefore, vpg = 2.2 V.
As vpg = 2.2 < vgs — Vi = 10, NMOS is indeed in triode mode with v, = vpg = 2.2 V and

12 —2.2
DS-KVL: Ups — VDD — RDiD — iD = W = 9.8 mA

Load Line: Operation of NMOS circuits can be better understood using the concept of
load line. Similar to BJT, load line is basically the line representing DS-KVL in ip versus
vpg space. Load line of the example circuit is shown here.

Exercise: Mark the (Q-points of the previous example for v; = 0, 6, and 12 V on the load
line figure below.

ip (mA)

30 4 P
vos = 12V

251

20 -+

vgs =10V

load line

15 + R=1kQ
7/ active region
ohmic region Py

10 + Vs =8V

Vs =6V

Vs =4V
— vps (V)

Body Effect

In deriving NMOS (and other MOS) ip versus vpg characteristics, we had assumed that
the body and source are connected. This is not possible in an integrated chip which has
a common body and a large number of MOS devices (connection of body to source for all
devices means that all sources are connected). The common practice is to attach the body
of the chip to the smallest voltage available from the power supply (zero or negative). In
this case, the pn junction between the body and source of all devices will be reverse biased.
The impact of this to lower threshold voltage for the MOS devices slightly and its called the
body effect. Body effect can degrade device performance. For analysis here, we will assume
that body effect is negligible.
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3.6 MOSFET Inverters and Switches

NMOS Inverters and Switches

The basic NMOS inverter circuit is shown; the circuit is very similar
to a BJT inverter. This circuit was solved in page 3-24 for Vpp = 12
and Rp = 1 k2. We found that if v; = 0 (in fact v; < Vj,,), NMOS
will be in cut-off with ip = 0 and v, = Vpp. When v; = 12 V, NMOS
will be in triode mode with ip = 10 mA and vpg = 2.2 V. Therefore,
the circuit is an inverter gate. It can also be used as switch.

There are some important difference between NMOS =
and BJT inverter gates. First, BJT needs a resistor O

Rp. This resistor “converts” the input voltage into
an i and keep vgg ~ Vpg. NMOS does not need a
resistor between the source and the input voltage as s
i¢ = 0 and v; = vgg can be directly applied to the
gate. Second, if the input voltage is “high,” the BJT ,
will go into saturation with v, = vep = Viee = 0.2 V.
In the NMOS gate, if the input voltage is “high,”

NMOS is in the triode mode. In this case, vpg can ’ ’ ! o “

(V)

have any value between 0 and vgg — V;; the value of v, = vpg is set by the value of the
resistor Rp. This effect is shown in the figure.

Exercise: Compute v, for the above circuit with Vpp = 12 and Rp = 10 k{2 when v; = 12 V.

Complementary MOS (CMOS)

Complementary MOS technology employs MOS transistors of both polarities as is shown
below. CMOS devices are more difficult to fabricate than NMOS, but many more powerful
circuits are possible with CMOS configuration. As such, most of MOS circuits today employ
CMOS configuration and CMOS technology is rapidly taking over many applications that
were possible only with bipolar devices a few years ago.

p-type body
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CMOS Inverter

The CMOS inverter, the building block of CMOS logic gates, is shown below. The “low”
and “high”states for this circuit correspond to 0 and Vpp, respectively. CMOS gates are
built on the same chip such that both NMOS and PMOS have the same threshold voltage
Vin = Vi, Vip = =V; (|Vip| = V;). This circuit works only if Vpp > 2V; by a comfortable
margin.

1) by KVL vgs1 = vi, vsg2 = Vpp — Vi, Vo = Ups1 = Vpp — Uspa,

2) by KCL iDl = iDQ

v; =0 Since vgg; = v; = 0 < V;, NMOS will be in cut-off. Therefore, ip; = 0. Since
vsas = Vpp —v; = Vpp > ‘z, PMOS will be ON while ¢ps = ip; = 0.

ves1 = v =0<V, — Qlis OFF — ip; =0
vgs2 = Vpp —vi=Vpp >V, — Q2is ON

Since PMOS is ON, a channel is formed between its source and drain. In this case, ipy =0
only if vgps = 0 and PMOS is in triode mode and acts as resistor. (Recall ip versus vpg
characteristic curves of a MOSFET, each labeled with a values of Vg > V;. This lines cross
ip =0, vps = 0 point when MOSFET is in triode region.)

vas1 = v =0 <V, — QlisOFF — ip; =0
vase = Vpp —v; = Vpp >V, — Q2is ON tpp=0 — wvgp2 =20

Output voltage can now be found by KVL: v, = Vpp — vsps = Vpp. So, when v; = 0,
Vo = VDD'

v; = Vpp Since vas1 = v; = Vpp > ‘z, NMOS will be ON. Since vsas = Vpp—1v; =0 < ‘z,
PMOS will be in cut-off and ipy, = 0.

vgs1 = v1 = Vpp >V, — Q1is ON
vasa =v; —Vpp=0<V; — Q2isON — ipy =0

Since ip; = ipy = 0 and NMOS is ON, NMOS should be in triode mode with vpg; = 0.

vas1 = v = Vpp > V; — Q1is ON tp1=0 — wvgp1 =0
UGS2:Ui_VDD:0<‘7t — QQISON — 1pp =20

Then v, = vpg1 = 0. So, when v; = Vpp, v, =0
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In sum, when v; = 0, v, = Vpp and when v; = Vpp, v, = 0. Therefore, this is an inverter
(or a NOT gate). The transfer function of the CMOS inverter is shown below.

CMOS inverter has many advantages compared to the NMOS (or BJT) inverter. The “low”
and high” states are clearly defined (low state of NMOS depended on the value of Rp). It
does not include any resistors and thus takes less area on the chip. Lastly, ip; = ips = 0 for
both cases of output being low or high. This means that the gate consumes very little power
(theoretically zero) in either state. A non-zero ip; = ipy, however, flows in the circuit when
the gate is transitioning from one state to another as is seen in the figure.

NMOS Off

\ / PMOS Ohmic
NMOS Active i A

PMOS Ohmic

NMOS Active

/ PMOS Active

NMOS Ohmic

PMOS Active
/ NMOS Ohmic |

/ PMOS Off 0 Vi Vo Voo v
Vi

lpeak e —

2

Voo = 1Vl

If the transistors have the same k;,(W/L),, = k,(W/L),, the CMOS will have a “symmetric”
transfer function, i.e., v, = 0.5Vpp when v; = 0.5Vpp as is shown below. For v; = 0.5Vpp,
Vgs1 — U; = 0'5VDD and VsGo — VDD —V; = O.5VDD. SiIlCG, Vgs1 = VUsg2 > ‘z, both tran-
sistors will be ON. Furthermore, as transistors have same threshold voltage, same k'(W/L),
ip1 = ip2, and vgs1 = Vgge, both transistor will be in the same state (either triode or
saturation) and will have identical vps: vps1 = vspe. Since vpgy — vspe = Vpp, then
vps1 = 0.5Vpp, vsgps = —0.5Vpp, and v, = 0.5Vpp. Note that since Vpp > 2V;, both
transistors are in the saturation mode. In this case, the maximum value of 7p that flows
through the gate occurs when v; = 0.5Vpp and v, = 0.5Vpp.

For example, consider the CMOS inverter with Vpp = 12V, V; = 2 V, and k' (W/L), =
k,(W/L), = 0.5 mA /V2. Maximum ip flows when v; = vgs1 = 0.5Vpp = 6 V. At this point,
vps1 = U, = 0.5Vpp =6 V. As, vpg1 =6 > vgg1 — Vi = 4 V, NMOS is in saturation mode.
Then:

ip1 = 0.5k, (W/L),(vas1 — Vin)? = 0.25 x 107%(6 — 2)* = 4 mA
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CMOS NAND Gate

As mentioned before CMOS logic gates have “low” and
“high” states of 0 and Vpp, respectively. We need to con-
sider all possible cases to show that this a NAND gate. To

start, we can several general observations: v,
O
1) by KVL vgs1 = v1, vgs2 = v2 — Ups1, Usgs = Vpp — 1, y
1
and vsgs = Vpp — vz, o |

2) by KCL iDl = iDQ = iD3 + iD4
3) by KVL v, = vps1+vps2 = Vpp —vsps and vsps = vgpa.

The procedure to solve/analyze CMOS gates are as follows:

A) For a given set of input voltages, use KVLs (1 above) to find vgg of all transistors and
find which ones are ON or OFF.

B) Set ip = 0 for all transistors that are OFF. Use KCLs to find ip for other transistors.
C) Look for transistors that are ON and have ip = 0. These transistors have to be in triode

mode with vpg = 0.
D) Use KVLs (3 above) to find v, based on vpg.

v = 0, vo = 0 We first find vgg and state of all transistors by using KVLS in no. 1 above.

UG51:111:0<Vt

— Qlis OFF — ip; =0
UGgs2 = V2 — Ups1 = —Upsi1 — Q2is?
vsas=Vpp —v1=Vpp >V, — Q3is ON
vsaa = Vpp —va = —Vpp >V, — Q4is ON

Since ip; = 0, by KCLs in no. 2 above , ips = ip; = 0 and ip3 + ipy = ip; = 0. Since
ip > 0 for both PMOS and NMOS, the last equation can be only satisfied if ip3 = ipy = 0.
We add the value of ip to the table above and look for transistors that are ON and have

ip = 0. These transistors (Q3 and Q4) have to be in triode mode with vgp3 = vsps = 0.

UG51:111:0<Vt

— Qlis OFF — ip; =0
VGs2 = V2 — Ups1 = —Ups1 — Q2is 7 ipy =0
vsas =Vpp —v1 =Vpp >V, — Q3is ON ipg =0 — wvgp3 =20
vsga = Vpp —va = —Vpp >V, — Q4dis ON ips=0 — vsps=0

Finally, from KVLs in no. 3. above, we have v, = Vpp —vsps = Vpp. So, when both inputs
are low, the output is HIGH.

If needed, we can go back and find the state of Q2. Assume Q2 is ON. This requires
vgs2 > V. Since ipy = 0 and Q2 is ON, vpgs = 0 (Q2 in triode). From KVLs in no. 3.
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above, we have Vo = Ups1 + Upsa = VDD' This giV@S Ups1 — VDD and VGgs2 — U2 — Ups1 —
0—Vpp = —Vpp < V,, a contradiction of of Q2 being ON. Therefore, Q2 should be OFF.

vy =0, v2 = Vpp

vas1 =v1 =0 <V, — Qlis OFF — ip; =0
vas2 = V2 —Ups1 = Vop —vpsi — Q2is 7
vsaz = Vpp —v1 = Vpp >V} — Q3 1is ON

H

Vgaa = Vpp — 1o =0 <V Q4iSOFF — ipa=0
Since ip; = 0, by KCLs in no. 2 above , ipy = ip; = 0. Also, ip3 + ips = ip1 = 0 leading
to ip3 = 0. We add the value of ip to the table above and look for transistors that are ON

and have ip = 0. This transistor (Q3) have to be in triode mode with vgps = 0.

Qlis OFF — ip; =0
Q21is ? tpe =0
Q3 is ON ipg=0 — wvgp3=0
Q4is OFF — ipys =0

vgs1 = v =0 < V4
VGs2 = V2 — Ups1 = Vpp — Upsi
vsgs = Vpp —v1 = Vpp > Vi

bl

Vsga = Vpp —v2 =0 <V}

Finally, v, = Vpp —vsp3s = Vpp. So, when vy is LOW and v, is HIGH, the output is HIGH.
We can go back and find the state of Q2. We will find Q2 to be OFF (left as an exercise).

v = Vpp, 12 =0

ves1 = v = Vpp >V, — Q1is ON
Vg2 = Vs — Ups1 = —Ups1 < Vi — Q2is OFF — ipy, =0
vsas =Vpp —v1 =0<V, — Q3is OFF — ip3=0
vsga=Vpp —v2a=Vpp >V, — Q4disON

In the above, we used the fact that vpg; > 0. Since ips = 0, by KCLs, ip; = ips = 0. Also,
ip3 +ips = ipz = 0 leading to ips = 0. We add the value of ip to the table above and look
for transistors that are ON and have ip = 0. These transistors (Q1 and Q4) have to be in
triode mode with vpg; = vgps = 0.

vas1 = v1 = Vpp > Vi — Qlis ON ipr=0 — vpg =0
VGs2 = V2 —vps1 = —vps1 < V; — Q2is OFF — ipy =0
vsggzva—1)1:0<f/t — Q3iSOFF — ip3 =20
vsga=Vpp—v2=Vpp >V, — Q4isON ipa=0 — wvsps=0

Finally, v, = Vpp — vsps = Vpp. So, when vy is HIGH and v, is LOW, the output is HIGH.
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v = Vpp, v2 =Vpp

Q1 is ON

Q2is ?

Q3is OFF — ip3 =0
Q4is OFF — ipy, =0

vgs1 =v1 = Vpp >V, —
vgs2 = V2 — Ups1 = Vpp —Ups1 —
vsas = Vpp —v1 =0<V, —
Vsga = Vpp —va =0 <V, —

From KCLs in no. 2 above , ips = ip; = ip3 +ips = 0. We add the value of ip to the table
above and look for transistors that are ON and have ip = 0. These transistors (Q1 and Q2)
have to be in triode mode with vpg; = vpga = 0.

Q1 is ON ipp=0 — vpg1 =0
Q2 is ON ipp=0 — vpg =0
Q3 is OFF — ip3=0
Q4is OFF — ips =0

vgs1 = v1 = Vpp > Vi

Vgs2 = V2 — Ups1 = Vpp — vps1 = Vpp > Vi

H
H
vsgs = Vpp —v1 =0 <V, —
H

vsga = Vpp —v2 =0 <V,
In the above, we used vpg; = 0 to find the state of Q2 leading to vpge = 0.

Finally, v, = vps1 + vps1 = 0. So, when v; is HIGH and v, is HIGH, the output is LOW.

From the “truth table,” the output of this gate is LOW only if both input states are HIGH.
Therefore, this is a NAND gate.

CMOS NOR Gate

DD
Exercise: Show that this is a NOR gate. v Q,
o |
|
v Q, D4
2
° |
b
oV
. o
I b2
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3.7 Exercise Problems

Problems 1 to 6. In circuits below find vgg,ic, vop, and state of the transistor (Si BJTs
with 8 = 100).

Problem 7. Find I (Si BJTs with § = 100).

2mA -
20A 100pA | + +1v
- 5V
+
25mA - 4v

Problem 1 Problem 2 Problem 3 Problem 4
15V
4.7k
15v 1K Ik 15y
220k o—NWN— —\WV/—>o0
|
Problem 5 Problem 6 Problem 7

Problem 8. This configuration is called a Darlington Pair. Show that A) If Q1 is OFF, Q2
will be OFF, if Q1 is ON Q2 will ON, B) Show that if both BJTs are in active mode, the
transistor pair act like one BJT in saturation with § = ico /i1 = 5102 -

Problems 9 and 10. Find ig,vpg,ic,vcE, and state of both transistors (Si BJTs with
8 = 100).

? 15V o 15V
10k
13M % 1.5M Q2
Q2
Q1

Q1 1K 1k

Q2 L

Problem 8 Problem 9 Problem 10

Problem 11. Find ip,vpg,ic,vor, and state of both transistors for A) v; = 1 V, B)
v; =3V, C)v; =5V.SiBJTs with 5, = 100 and £, = 50.
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Problem 12. The diode in the circuit is a light-emitting diode (LED). It is made of GaAs
and has a Vpy = 1.7 V. This is a switching circuit. v; is the output of a logic gate which
turns the diode on or off depending on the state of the logic gate. A) Show that for v; = 0,
LED will be OFF, B) Show that for v; = 5 V, LED will be ON, and C) Starting from v; = 0,
we slowly increase v;. At what voltage LED starts to light up? (Si BJTs with 8 = 100.)

Problem 13. Design a switch circuit similar to problem 12 which turns an LED OFF and
ON such that the LED is OFF for v; < 2.5 V and is ON for v; > 2.5 V. (Hint: See page 3-14
of lecture notes).

Problem 14. The circuit shown is a Resistor-Transistor Logic (RTL) NOR gate configured
with two identical BJTs. Show that this is NOR gate with the LOW state of 0.2 V and the
HIGH state of 5 V.

Problem 15. Prove that the circuit below is a NAND Gate. Assume that low state is 0.4 V
and high state is 1.2 V. Use 3 = 200.

g v 1.2V
500
5y y 1k
5k r °o
v o
1k 1 Q1 2k
v Q1
17 —_
V. 47k 5k 2k
' Y Q2 E Q2
Problem 11 Problem 12 Problem 14 Problem 15

Problems 16 to 22. In circuits below find vgg,ip,vps, and state of the transistor (Use
kI (W/L), = k;(W/L)p =04mA/V2 A=0,V, =3 Vand V, =-3V).

+ + +
J _5V J _5V +
;—{ 10V :—{ ﬁ ﬁ 1V
a | v _ 6V _ WV_iT
Problem 16 Problem 17 Problem 18 Problem 19
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Problem 23. Find v, when v; = 0 and 12V (Use k/,(W/L),, = 0.5 mA/VZ XA =0, V;, =2 V).

20V 15V
12V
M 1k 1k
1ov 2k
A ~—| Vo
\/i
1M 1k
1k 1M 1k o
- - - -15V -
Problem 20 Problem 21 Problem 22 Problem 23

Problem 24. Show that this circuit is a NOR gate with a LOW state of 0.2 V and a HIGH
state of 12 V (Use k,(W/L),, = 0.5 mA/V?, V;, =1 V).

Problem 25. Show that this is a three-input NOR gate.

Problem 26. Show that this is a three-input NAND gate.

VDD VDD
! J
HE A
Vs | Yo
O 1 L 2 O
J12Vv ‘;3 J ZS |
‘ \
10k N OO v,
° {
Q1 Vo
i s Y v
R
Problem 24 Problem 25 Problem 26
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3.8 Solution to Selected Exercise Problems

Problem 1. In circuit below find vgg,ic,vop, and state of the transistor (Si BJTs with
G = 100).

This is a NPN transistor with ic = 2 mA and ig = 2.5 mA. i 2mA
ip=titg—1tc=05mA>0 — BJTisON — wgp=07V i 25mA
ic

2
== 4<100=p — BJTisinsaturation — wveg=0.2V
' .

Problem 2. In circuit below find vgg,ic, vgc, and state of the transistor (Si BJTs with
G = 100).

20pA
This is a PNP transistor with iz = 20 pA and vecp = —4 V. =

Since ig > 0, EB is ON and vgg = 0.7 V. 4V_
Since vep = —4 < Vpg = 0.7 V, CB is reverse biased and this transistor is in active mode:

UEC:UEB+UBC:0'7+4:4‘7V
ZC:ﬂZBZQIHA

Problem 3. In circuit below find vgg,ic,vor, and state of the transistor (Si BJTs with
G = 100).

This is a NPN transistor with ig = 100 uA and vegp =5 V. 100uA |+
T 5V

ip=100puA>0 — BJTisON — wgg=07V -
voE=5V>Vp=07V — BJTisinactive — ic=[ip=10mA

Problem 4. In circuit below find vgp,ic, vgc, and state of the transistor (Si BJTs with
G = 100).

This is a PNP transistor with vgg = —1 V and vgp = —4 V. 1v_j

vpp=—1V <07=Vpy, — DBJTisincut-of — ig=0 & ic=0 T4y

Vpc = Vg +Vpc = —-1+4=3V
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Problem 5. In circuit below find vgg,ic,vor, and state of the transistor (Si BJTs with
8 = 100).

BE-KVL: 15 = 10%5 + vgp o

CE-KVL: 15 =4.7 x 10%¢ + vcp 47K
Assume BJT is ON, vgg = 0.7V, ig > 0. BE-KVL gives:

BE-KVL: 15=10%5+0.7 — ig=14.3 uA -

Since 15 > 0, our assumption of BJT is ON is justified.

Assume BJT is in active: i¢c = fig = 100ip = 1.43 mA and vog > 0.7 V. CE-KVL gives:
CE-KVL: 15=47x10>x143x 103 +vcr — veg =828V

Since vep = 8.28 > 0.7 V our assumption of BJT in active is justified with ig = 14.3 pA,
ic = 1.43 mA, and vgp = 8.28 V.

Problem 6. In circuit below find vgg,ic,vec, and state of the transistor (Si BJTs with
G = 100).

BE-KVL: 15 = vgp + 220 x 10% 4 15v
CE-KVL: 15 =wvgec + 3.9 x 10%¢
Assume BJT (PNP) is ON, vgg = 0.7 V, iz > 0. BE-KVL gives: 220k 3.9

BE-KVL: 15=0.7+220 x 10%5 — ig =065 puA - -

Since 15 > 0, our assumption of BJT ON is justified.

Assume BJT is in active: i¢c = fig = 100ig = 6.5 mA and vgc > 0.7 V. CE-KVL gives:
CE-KVL:  15=vpc+39x10°x65%x10° — wvge=-104V

Since vpo = —10.4 < 0.7 V our assumption of BJT in active is NOT justified.

Assume BJT in saturation, vgc = 0.2 V, and i¢c < fig. CE-KVL gives:
15=02+39x 10% — ic=3.79 mA

Since i¢/ip = 3.79/0.065 = 58 < 100 = 3, our assumption of BJT in saturation is justified
with ig = 65 pA, ic = 3.79 mA, and vge = 0.2 V.
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Problem 7. Find I (Si BJTs with 5 = 100).

1k 1k —15\

BE-KVL: 15 = 10%ix — vpg 15V
CE-KVL: 15 = 10% — vor + 10%c — 15 w

Assume BJT (NPN) is OFF, ig = ic = ig = 0 and —vgp < 0.7 V. BE-KVL gives:
BE-KVL: 15 = —vpg

Since —vgp = 15> 0.7 V, BJT is NOT in cut-off.
Assume BJT is ON, vgg = —0.7 V, ig > 0. BE-KVL gives:

BE-KVL: 15 =10%y — (-0.7) — ip =143 mA

Assume BJT is in active: ip ~ ic = fBig and —vcg > 0.7 V. Therefore i¢c ~ ip = 14.3 mA
and ig = i¢/100 = 143 pA. CE-KVL gives

CE-KVL: 15=10°x143x10% —vep +10° x 143 x10°—-15 — ovop=-14V

Since —vgg = 1.4 > 0.7 V, BJT is in active with ig = 143 pA, i¢c = 14.3 mA, and
VCoE — —1.4V.

Problem 8. This configuration is called a Darlington Pair. Show that A) If Q1 is OFF, Q2
will be OFF, if Q1 is ON Q2 will ON, B) Show that if both BJT's are in active, the transistor
pair act like one BJT in active with 5 = igo/ip1 = (102 .

Darlington pair are arranged such that ig; = ipo.

Part A:

If Q1 is OFF, ig; = ic1 = ig1 = 0. Because of Darlington Q2
pair arrangement, ig, = 151 = 0 and Q2 would also be OFF.

If Q1 is ON, ig; > 0. Because of Darlington pair arrange-

ment, igs = ig; > 0 and Q2 would also be ON.

Part B:
If Q1 & Q2 are both in active:

. . . . . 12
tog = Poipa = Poip = Poic1 = Pifeim  — 7,— = (152
B1

So, the Darlington pair act as a super high 5 BJT.
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Problem 9. Find ip, vg,ic, vor, and state of both transistors (Si BJTs with 5 = 100).

I15 \
BE1-KVL: 15 =1.3 x 10% 3, + vgg NESN
CEL-KVL: 15 =10 x 10%; + vem 13M % i
BE2-KVL:  vept = vggs + 10%i5, >
CE2-KVL: 15 = veps + 10%i g, 1k

KCL: il == iCl + iBQ
Assume Q1 is ON, Vg1 = 0.7 V and ig; > 0. BE1-KVL gives:
BE1-KVL:  15=1.3x 10%3, +0.7 — ig =11 pA

Since ig; > 0, our assumption of Q1 ON is justified.

Assume Q1 is active, ic; = 100ig; = 1.1 mA and vog; > 0.7 V. In principle, we should move
forward and assume state of Q2 and solve the remaining three equations together. However,
solution can be simplified if we assume 75, < 71 and check this assumption after solution.

If ips < icq, then i1 =~ ic;. CE1-KVL gives:
CE1-KVL:  15=10x 10% ¢, +vep = 10 x 103 x 1.1 x 102 4+ vegy — vepr =39V

Since vogr > 0.7 V, our assumption of Q1 in active is correct. State of Q2 can be found
from BE2-KVL and CE2-KVL. Assume Q2 active: Vggs = 0.7 V, igs > 0, ice = 100ip,,
and vgge > 0.7 V. Then 15y =~ 109 and:

BE2-KVL:  vop1 = vprs + 103059
3.9=0.7+10%¢s — iy =32mA
CE2-KVL: 15~ wveps + 10% 09 = vogs + 103 x 32 x 107°  —  wvegy =118V

Since vope > 0.7 V, our assumption of Q2 in active is correct. Then igs = ice/100 = 32 pA.
We note that igy = 32 uA < icqy = 1.1 mA. Therefore that assumption was also correct.

In sum, bot BJTs are in active and vgg, = 0.7V, ig; = 11 pA, ic1 = 1.1 mA, vgp1 = 3.9V,
VUBE2 — 0.7 V, iBQ =32 /LA, icg =32 mA, VCoE2 = 11.8 V.
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Problem 10. Find ig,vgg, ic, vop, and state of both transistors (Si BJTs with 5 = 100).

15V
Note that Q2 is a PNP transistor i‘-
BEI-KVL: 15=1.5x 10%; + vgp 15M Q2
CE1-KVL & BE2-KVL: 15 = vggs + vom: " Q1 "
CE2-KVL: 15 = vgce + 1039

KCL: 7;01 = iBQ
Assume Q1 is ON, vgg; = 0.7 V and ig; > 0. BE1-KVL gives:
BE1-KVL:  15=15x10%g, +0.7 — ig =9.5 uA

Since ig; > 0, our assumption of Q1 ON is correct. Also, since igy = ic; > 0, Q2 is ON and
vgp2 = 0.7 V. Then CE1-KVL gives vgg1 = 14.3 V. Since vogr > 0.7 V, Q1 is in active and
ic1 = 100251 = 0.95 mA.

KCL gives igy = icq; = 0.95 mA. Assume Q2 is in active: icy = 100igs = 95 mA and
vgce > 0.7 V. CE2-KVL gives

CE2-KVL: 15 =vgco 4+ 1030 = vpea + 103 x 95 x 1072 —  wgee = —80V

Since vpce = —80 < 0.7 V, our assumption of Q2 in active is incorrect. Assume Q2 is in
saturation: vgoo = 0.2 V and icg/igs < 100. CE2-KVL gives:

CE2-KVL: 15 = vpeg + 10%ico = 0.2 + 10%icy  —  igy = 14.8 mA

Since ico/ipy = 14.8/0.95 = 15.6 < 100, our assumption of Q2 in saturation is correct.

In sum, Q1 is in active, Q2 is in saturation, and vgg; = 0.7 V, ig; = 9.5 pA, ic1 = 0.95 mA,
VCE1 — 14.3 V, VEB2 — 0.7 V, iBQ =0.95 HlA, icg =14.8.2 mA, VECc2 — 0.2 V.
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Problem 11. Find ip,vpg,ic,vor, and state of both transistors for A) v; = 1 V, B)
v; =3V, C) v, =5V.SiBJTs with #; = 100 and Sy = 50.

Note that BJTs are arranged as a Darlington pair with
ip1 = ipo. S0 they will be either both ON or both OFF.

470
BE1-KVL:  V; =470 x 10% 51 + vpr1 + VBmo

CE1-KVL & BE2-KVL: 10 = 4.7 x 10%i¢c1 + vop + vgeo
CE2-KVL: 10 = 470i¢9 + vops
KCL: iCl = iBg =

Part A: v; =1 V.
Assume both BJTs are ON: vgg1 = vggs = 0.7 V, i1 > 0, and igy, > 0. BE1-KVL gives:

BE1-KVL: 1 =470 x 10%p, +0.74+0.7 — ig = —0.8 uA

Since ip; < 0, our assumption is incorrect and both BJTs are in cut-off with ig; = i1 =
igs = ico = 0. CE2-KVL gives vogpe = 10 V. CE1-KVL gives vog1 + vggs = 10 V. Our
simple large-signal model for the BJT cannot resolve the values of vog1 and vggs because any
values of vgrs < 0.7V and the corresponding value of vog; = 10 — vgge Will be acceptable.

The problem of not finding unique values for vog; and vggs is due to our simple diode model
of the BE junction. In reality both BE junctions will be forward biased with voltages smaller
than 0.7 V (so both ip’s will be very small) and BJTS will have small values of i¢’s.

Part B: v; =3 V.
Assume both BJTs are ON: vgg1 = vggs = 0.7 V, i1 > 0, and igy, > 0. BE1-KVL gives:

BEL-KVL:  3=470 x 10%p, +0.74+0.7 — ip =34 puA

Since ig; > 0, our assumption is correct and both BJTs are ON.

Assume Q1 in active: ic; = 100ig; = 0.34 mA and vgg; > 0.7 V. Then CE1-KVL gives:

CE1-KVL & BE2-KVL: 10 = 4.7 x 10%i¢c1 + vop + vgeo
10=47x10>x 034 x 102 +vep +0.7 — wvep =77V
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Since vopr = 7.7 > 0.7 V, our assumption of Q1 in active is correct. Then, igy = ig; =~
icq = 0.34 mA.

Assume Q2 is in active: ico = 50igy = 17 mA and vegs > 0.7 V. Then CE2-KVL gives:
CE2-KVL: 10 = 470009 + vopy = 470 X 17 X 103 4+ vogs  —  veops =2.01V

Since vope = 2.01 > 0.7 V, our assumption of Q2 in active is correct.

Therefore, Q1 & Q2 are in active, and vgg; = vpge = 0.7 V, iy = 3.4 puA, ic1 = 0.34 mA,
VCoE1 — 7.7 V, iBQ =0.34 IHA, icg =17 HlA, and VoE2 = 201 V.

Part C: v, =5 V.
Assume both BJTs are ON: vgg1 = vggs = 0.7 V, i1 > 0, and igy, > 0. BE1-KVL gives:

BEL-KVL:  5=470 x 10%p, +0.7+0.7 — i = 7.66 uA

Since ig; > 0, our assumption is correct and both BJTs are ON.

Assume Q1 is in active: iy = 100ig; = 0.77 mA and vgg; > 0.7 V. Then CE1-KVL gives:

CE1-KVL & BE2-KVL: 10 = 4.7 x 10%icy + vep1 + vpgs
10=4.7%x 10> x 0.77 x 102 + vep + 0.7 — veg; =570V

Since vogp; = 5.70 > 0.7 V, our assumption of Q1 in active is correct. Then, igy = ig1 ~c1=
0.77 mA.

Assume Q2 is in active: ico = 50igy = 38.3 mA and voge > 0.7 V. Then CE2-KVL gives:
CE2-KVL: 10 = 470ic9 + voge = 470 X 383 X 103 + vops  —  voge = —8.0V

Since vops = —8.0 < 0.7 V, our assumption is incorrect and Q2 is in saturation: vogs = 0.2V
and ico/igz < 50. Then CE2-KVL gives:

CE2-KVL: 10 = 470ic2 + vope = 470ic2 + 0.2 —  ige = 20.9 mA

Since ico/ipy = 20.9/0.77 = 27 < 50, our assumption is correct.

Therefore, Q1 is in active, Q2 is in saturation, and vgg; = vggs = 0.7 V, ig; = 7.66 uA,
iCl =0.77 mA, VOoE1 — 5.7 V, iBQ =0.77 mA, 7;01 =20.9 mA, and VCoE2 — 0.2 V.
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Problem 12. The diode in the circuit is a light-emitting diode (LED). It is made of GaAs
and has a Vpy = 1.7 V. This is a switching circuit. v; is the output of a logic gate which
turns the diode on or off depending on the state of the logic gate. A) Show that for v; = 0,
LED will be OFF, B) Show that for v; = 5 V, LED will be ON, and C) Starting from v; = 0,
we slowly increase v;. At what voltage LED starts to light up? (Si BJTs with 8 = 100.)

BE-KVL:  v; =47 x 10% 3 4+ vgg SV
CE-KVL: 5 =10%¢ +vp +vcE 1k
ic =1ip oy
Vv, 47K
Part A: v; = 0:

Assume BJT is OFF, ig = 0 and vgg < 0.7 V. BE-KVL gives:
BE-KVL: 0=47x 10%5 +vpg =0+vgpy — ovpp=0

Since vgg = 0 < 0.7 V, our assumption of BJT in cut-off is correct and 7 = 0. Since
ip = ic = 0, the diode will be OFF.

Part B: v; =5 V:
Assume BJT is ON, vgg = 0.7V, ig > 0. BE-KVL gives:

BE-KVL: 5=47x10%5+0.7 — ig=915puA

Since ig > 0 our assumption of BJT is ON is justified. When BJT is ON, i > 0 and since
ip = i¢ > 0, the LED will be on with vp = 1.7 V.

Assume BJT is in active: i¢c = Big = 100ig = 9.15 mA and vcg > 0.7 V. CE-KVL gives:

CE-KVL: 5=10%¢+vp + vog
5=10>x915x 102 +1.74verg — vegp=—-585V

Since vop = —5.85 < 0.7 V our assumption of BJT in active is NOT justified.

Assume BJT in saturation, vog = 0.2 V, and i¢c < fig. CE-KVL gives:
CE-KVL: 5 =10%¢ +vp +vop = 10%c +1.7+02 — ic=31mA
Since i¢/ip = 3.1/0.0915 = 34 < 100 = 3, our assumption of BJT in saturation is justified.

ECE65 Lecture Notes (F. Najmabadi), Spring 2010 3-43



Therefore, for v; = 5 V, LED is ON, BJT is in saturation, and vgg = 0.7 V, vp = 1.7 V,
i =91.5 uA, ic = 3.1 mA, and v =0.2 V.

Part C:
LED is ON when ip > 0. Since ic = ip > 0, the BJT should be ON.

We found that for v; = 0, BJT is in cut-off and LED is OFF. As we increase v; and while
BJT is still in cut-off, BE-KVL gives vgr = v; since ig = 0. So as we increase v;, vgg
increases while 5 remains zero.

When v; reaches 0.7 V, vgg also reaches 0.7 V while 75 is still zero.

If we increase v; beyond this point, vgg cannot increase, rather ¢ becomes positive and BJT
will be turned ON leading to ¢¢ > 0 and LED turning ON.

So, LED will light up when v; > 0.7 V.

Problem 13. Design a switch circuit similar to problem 12 which turns an LED OFF and
ON such that the LED is OFF for v; < 2.5 V and is ON for v; > 2.5 V. (Hint: See page 3-14
of lecture notes).

5V
Addition of a resistor R (see circuit) will raise v; that turns the LED ON.

In problem 12, we saw that LED will just turn ON when
UBE = 0.7 V and 7;B ~ 0. BE-KVL giVGSZ

1k

BE-KVL:  v; =47 x 10% + vpg
25=47x10%+0.7 — i=2383puA

Since ig = 0, ig = ¢ = 38.3 uA. Ohm’s law for the resistor R gives:

vpp = Rip — 07=383x10°R — R=183k0
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Problem 14. The circuit shown is a Resistor-Transistor Logic (RTL) NOR gate configured
with two identical BJTs. Show that this is NOR gate with a LOW state of 0.2 V and a
HIGH state of 5 V (Si BJTs with 5 = 100).

We first find the state of Q1 for the two cases of V; = 0.2 and gv
5 V. 'l 500
——o Vb
BEL-KVL:  v; = 500ip1 + vppi Vo it o1
For v; = 0.2 V, assume that Q1 is in cut-off (ig; = 0 and —
vpe1 < Vpo = 0.7 V) Then, BE1-KVL gives Ve =02<0.7V 5Kk
and, thus, Q1 is indeed in cut-off. So: v, Q2

v =02V — ip = ol = 0, vgp1 = 0.2 V, Vog1 can be anything -

For v; = 5 V, assume that Q1 is NOT in cut-off (ig; > 0 and vpgp = Vpo = 0.7 V).
Substituting for vgg; = 0.7 in BE1-KVL, we get Ip; = 4.3/5,000 = 0.86 mA. Since ig; > 0,
Q1 is indeed NOT in cut-off. Therefore,

vy =5V — BJT is ON (not in cut-off) ipp = 0.86 mA vpp1 =07V ic; >0

Note that because the circuit is symmetric (i.e., there is no difference between Q1 circuit
and Q2 circuit), the above results also applies to Q2.

Case a: v1 = v, = 0.2V From above, both BJTs will be in cut-off and iy = 7¢9 = 0. By
KCL, I =ic1 +1c2 =0, and v, can be found from Ohm’s Law:

5—v,=500[=0 — wv,=5YV

Case b: v1 =02V, v=5V Since v; = 0.2 V, Q1 will be in cut-off with iy = 0. Since
vy = 5V, Q2 will not be in cut-off with ig, = 0.86 mA. Assume Q2 is in saturation
(UCEQ = 0.2 V and icg/iBg < ﬁ) In this case, v, = vogs = 0.2 Vand I = o1+ ica = 1o9.
By Ohm’s Law:

5001 = 500ice =5 —V,=5—vcps =48 —  ice =4.8/500 =9.6 mA

Since ico/ipy = 11 < =100, Q2 is indeed in saturation. So, in this case, v, = 0.2 V.

Case ¢: v1 =5, v =0.2 V  Because the circuit is symmetric (i.e., there is no difference

between Q1 circuit and Q2 circuit), results from Case b can be applied here. Thus, Q2 will be
in cut-off with ico = 0 and Q1 will be in saturation with i¢; = 9.6 mA and v, = vogs = 0.2 V.
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Case d: vy = v, =5V  Both BJTs will be ON with ig; = iy = 0.86 mA and vgg; =
vpre = 0.7 V. Since from the circuit, vog1 = voge, both BJTs will be in saturation or both

in active-linear. Assume that both are in saturation. Then, v, = vog1 = vog2 = 0.2 V and
we should have i¢/ig; <  and ice/igs < . By Ohm’s Law:

500l =5—v,=5-02=48 — [=48/500=9.6 mA

Since BJTs are identical and have same ig, we should have ic; = i¢e and current I should
be equally divided between two BJTs. Thus, ic1 = ice = 0.5 = 4.8 mA. To check if BJTs
are in saturation: ic1/ip; = 4.8/0.86 = 5 < § =100 and ics /iy = 4.8/0.86 =5 < 3 = 100
so both BJTs are indeed in saturation and v, = 0.2 V.

In summary, the output is high when both inputs are low and the output is low otherwise.

Therefore, this is a NOR gate.

Problem 15. Show that this is NAND gate with a LOW state of 0.4 V and a HIGH state
of 1.2 V (Si BJTs with § = 200).

1.2V

. . 1k
1E1 = 12 \V

5. 2k °
CE-KVL: 1.2 =10%¢1 +vep1 + voge v Q1
Vo = VoE1L + Vops = 1.2 — 103i01 2k

3. Yo Q2

BE1-KVL: v = 2 X 10% g1 +vBE1 + VcE2

BE2-KVL: vy =2 X 10% gy + v -

Case 1: v; = 0.4, vo = 0.4: Assume Q2 is off (ipy = 0, vpra < Vpo). Substituting for igs =0
in the BE2-KVL above, we get: vggs = v9 = 0.4 < 0.7 = Vpo. Thus, Q2 is off and igy = 0.
Since ip; = ice = 0 and ip; = ic1 + i1 = 0, we should have ic; = 0 (because ic; > 0 and
ip1 > 0) . Then, from CE-KVL above:

v, =12—-10% =12V

Case 2: v = 1.2, v = 0.4: Similar to Case 1, assume Q2 is off to find ¢.; =0 and v, = 1.2 V.
Case 3: v = 0.4, vy = 1.2: Assume Q1 is off (ip; =0, vpr1 < Vpo). Substituting for ig; =0
in the BE1-KVL above, we get: vgp1 = 0.4 — vops. Since vops cannot be negative (powered
by 1.2 V);'UBEl = 0.4 —veps < 0.7 = Vpg and Ql is off (icq = 0) Then:

Vo =12—10% =12V
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Case 4: v; = 1.2, v = 1.2: Since both inputs are high, we start by assuming that both
BJTs are ON (we still need to prove it): igs > 0, vpga = Vpo = 0.7 V and ip; > 0,
vge1 = Vpo = 0.7 V. Four possible combinations exist with Q1 and Q2 being respectively
in active & active, active & saturation, saturation & active, and saturation & active. Since
problem states that this is NAND gate and the low voltage is 0.4 V, a good guess is that
both BJTs are in saturation vop1 = Vir = 0.2 V, ic1/ip1 < [ and veps = Ve = 0.2V,

ice/ipy < 0.

Starting with BE1-KVL and BE2-KVL above, we get:

1.2=2x10%py + 0.7 — igy = 0.25 mA
1.2=2x10%pg, +0.7+0.2 — ig1 = 0.15 mA

Since iy > 0, and ip; > 0, assumption of both BJTs ON is correct. Then, CE-KVL gives:
1.2 =10%¢ + 0.2+ 0.2 — ic1 = 0.8 mA

Since i¢y/igy = 0.8/0.15 = 53 < [ = 200, our assumption of Q1 being in saturation
is justified. To find ice, we note ico = ig1 = ic1 + ip1 = 0.8 +0.15 = 0.95 mA. Then
ic2/ip1 = 0.95/0.25 = 3.8 < 8 = 200, so our assumption of Tr2 being in saturation is also
justified. Lastly,

Vo = VCE1 + VcE2 = 02402=04V

Overall, v, = 1.2 V or HIGH State (cases 1, 2, and 3) unless both inputs are HIGH (case 4).
Therefore, this is a NAND gate.
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Problem 16. In circuit below find vgs, ip, vps, and state of the transistor (Use k/,(W/L),, =
K (W/L), = 0.4 mA/V%, A =0, Vi, =3V and V;, = —3 V).

This is a NMOS transistor with vgg =4 V and vpg = 10 V. J "

Since Vgg = 4 > 3 = V;,,, NMOS is ON ﬁﬁl 1oV
4\

Since vpg = 10 > vgg — Vi, = 1 V, NMOS is in Saturation:

ip = 0.5k (W/L)(vas — Vin)? = 0.2 x 1073(1)? = 0.2 mA

Problem 17. In circuit below find vgq, ip, vsp, and state of the transistor (Use kI, (W/L),, =
K (W/L), = 04 mA/VZA =0, Vi, =3 V and V;, = —3 V),

This is a PMOS transistor with vgg = —1 V and vpg =5 V. 5\/]

Since vgg = —1 < 3 = |Vj,|, PMOS is OFF and ip = 0. 1—“;1
1V

Also, vgp = vgqg +vgp = —1—-5=—6 V. -

Problem 18. In circuit below find vsq, ip, vsp, and state of the transistor (Use k/,(W/L),, =
K (W/L), = 04 mA/VZA =0, Vi, =3 V and Vi, = —3 V),

This is a PMOS transistor with vgg =5 V and vpg = —6 V. 5V

+l|

Since vsg =5 > 3 = |V;,|, PMOS is ON.
6V

Vsp =Vsg+vgp =5+6=11V.

Since vgp = 11 > vgg — |Vip| =5 —3 =2 V, PMOS is in saturation:

ip = 0.5k, (W/L),(vas — [Vip|)* = 0.2 x 107°(=5 + 3)* = 0.8 x 107° = 0.8 mA

Problem 19. In circuit below find vgs, ip, vps, and state of the transistor (Use k/,(W/L),, =
kiy(W/L), =04 mA/V* X =0, V;, =3V and V;, = =3 V).
This is a NMOS transistor with vgg =4 V and vpg =1 V. +

Since Vgg = 4 > 3 = V;,, NMOS is ON e
4V -
Since vps =1 =vgs — Vi, = 1 V, NMOS is at the boundary of -

saturation and triode modes. We can use either formulas for ip.

ip = 0.5k, (W/L),(vas — Vin)? = 0.2 x 1073(1)*> = 0.2 mA
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Problem 20. In circuit below find vgs, ip, vps, and state of the transistor (Use k/,(W/L),, =
K (W/L), = 04 mA/VZA =0, Vi, =3V and V;, = —3 V).

GS-KVL: 7 =wvgg + 10%p 10V

DS-KVL: 10 = vpg + 10%ip 7V o]

Assume NMOS is in cut-off: ip =0, vgs < Vi, =3 V.
GS-KVL gives vgsg = 7 > Vi, = 3 V. Therefore, NMOS is NOT in cut-off. —

Assume NMOS in saturation: ip = 0.5k (W/L),(vas — Vin)? and vpg > vgs — Vip. Substi-
tuting for ip in GS-KVL, we get:

GS-KVL: 7 =wgs +10° x 0.2 x 10 (vgs — 3)* = vgs + 0.20%¢ — 1.2vgs + 1.8
Vg —vgs —26=0 — wvgg=—462V and wvgg =562V
Negative root is unphysical so vgs = 5.62 V. GS-KVL give ip = 1.35 mA. DS-KVL gives

vps = 10—1.35 = 8.65 V Since vpg = 8.65 > vgs — Vi, = 5.62—3 = 2.62 V, our assumption
of NMOS in saturation is justified.

In sum, NMOS is in saturation with vgg = 5.62 V, vpg = 8.65 V, and ip = 1.35 mA

Problem 21. In circuit below find vgs, ip, vps, and state of the transistor (Use k/,(W/L),, =
K (W/L), = 04 mA/VZA =0, Vi, =3V and V;, = —3 V).

Since ig = 0, the two 1 M2 resistors form a voltage divider and 20V
ve = 20 x (109)/(10% + 10°) = 10 V. M "
GS-KVL:  vg = vgs + 10%p
DS-KVL: 20 =vpg+ 2 x 0%p
M 1k

Assume NMOS is in cut-off: ip =0, vgs < Vi, =3 V.
GS-KVL gives vgs = 10 > V,,, = 3 V. Therefore, NMOS is NOT in cut-off. —

Assume NMOS in saturation: ip = 0.5k (W/L),(vas — Vin)? and vpg > vgs — Vip. Substi-
tuting for ip in GS-KVL, we get:

GS-KVL: 10 = vgg + 10* x 0.2 x 103 (vgs — 3)* = vas + 0.20%¢ — 1.2vgs + 1.8
Vag —Vgs —41=0 — vgs=-592V and wvgs=16.92V
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Negative root is unphysical so vgs = 6.92 V. GS-KVL give ip = 3.08 mA. DS-KVL gives
vps = 20—6.16 = 13.8 V Since vpg = 13.8 > vgs — Vi, = 6.92—3 = 3.92 V, our assumption
of NMOS in saturation is justified.

In sum, NMOS is in saturation with vgs = 6.92 V, vps = 13.8 V, and ip = 3.08 mA

Problem 22. In circuit below find vgs, ip, vps, and state of the transistor (Use k/,(W/L),, =
K (W/L), = 04 mA/VZA =0, Vi, =3 V and Vi, = —3 V),

3. 15v
GS-KVL: 0 =wvgs + 10%ip — 15
1k
DS-KVL: 15 =10%p + vpg + 10%ip — 15
30 =2 x 10%p + vpg
1M 1k
Assume NMOS is in cut-off: ip =0, vgs < Vi, =3 V. —= _15\

GS-KVL gives vgs = 15 > V,,, = 3 V. Therefore, NMOS is NOT in cut-off.
Assume NMOS in saturation: ip = 0.5k, (W/L),(vas — Vin)? and vpg > vgs — Vip. Substi-
tuting for ip in GS-KVL, we get:
GS-KVL:  0=1wvgs+10°x 0.2 x 103 (vgs —3)* =15 — 0= 5vg5 + (vgs — 3)* = 75
Vgg —Ugs —66 =0 — vgs=-7.64V and wvgg=28.64V
Negative root is unphysical so vgs = 8.64 V. ip relationship gives ip = 6.3 mA. DS-KVL

gives vps = 17.5 V. Since vpg = 17.5 > vgs — Vi, = 8.64 — 3 = 5.64 V, our assumption of
NMOS in saturation is justified.

In sum, NMOS is in saturation with vgg = 8.64 V, vpg = 17.5 V, and ip = 6.3 mA

Problem 23. Find v, when v; = 0 and 12V (Use k/,(W/L),, = 0.5 mA/VZ A =0, V;, =2 V).

12v
GS-KVL:  vgs =v;
DS-KVL:  12=2x 10%p + vpg ok
VO
A)v; =0V. From GS-KVL, we get vgs = v; = 0. As vgg < v
Vin = 2 V, NMOS is in cut-off, ip = 0, and vpg is found from DS- o
KVL:

DS-KVL: v, =wvps=12—2x10%p, =12V —
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B) v; =12 V. From GS-KVL, we get vgg = 12 V. Since vgg >
Vin, NMOS is not in cut-off. Assume NMOS in saturation mode.
Then:

ip = 0.5k, (W/L),(vas — Vin)* = 0.25 x 1073(12 — 2)* = 25 mA
DS-KVL:  wpg=12—-2x10%p=12—-25x2x 10> x 1073 = -38 V

Since vps = —38 < vgs — Vi, = 12 — 2 = 10, NMOS is NOT in saturation mode.

Assume NMOS in triode mode. Then:

ip = 0.5k, (W/L),[2vps(vas — Vin) — vhe] = 0.25 x 1073[20ps(12 — 2) — v} ]

ip =0.25 x 107*[20ups — v} ]
Substituting for ip in DS-KVL, we get:

DS-KVL:  12=2x10%p +vps — 12=2x10%x 0.25 x 1073[20vps — v}s] + vps
vhe — 22upg +24 =0

This is a quadratic equation in vpg. The two roots are: vpg = 1.15 V and vpg = 20.8 V.
The second root is not physical as the circuit is powered by a 12 V supply. Therefore,
vps = 1.15 V. As vpg = 1.15 < vgs — Vi, = 10, NMOS is indeed in triode mode with
v, = vpg = 1.15 V and

Problem 24. Show that this circuit is a NOR gate with a LOW state of 0.2 V and a HIGH
state of 12 V (Use k,(W/L),, = 0.5 mA/V?, V;, =1 V).

12V

By KVL and KCL:
10k

oV,

Vgs1 = U1, Vgs2 = V2, Uo = UpS1 = UDS2 Q1 ()
11 =1p1 + ip2 Vlo_":‘, VZO_"—_*TQZ

12 = 10, 0001 + v,

Case 1: v1 = vy =0.2. Since vgg1 = 02 < V,,, = 1 and vgge = 0.2 < V,,, = 1, both
transistors will be in cut-off: ip; = ips = 0. Then, 74 = ip; + ipo = 0 and from KVL,
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v, =12 V.
So, When v; = 0.2 (LOW) and v, = 0.2 (LOW), v, = 12 V (HIGH).

Case 2: v1 = 0.2,v9 = 12 V. Since vgg1 = 0.2 <V}, = 1, ) will be in cut-off and ip; = 0.
Since Vggo = 12 > V,,, = 1, M, will not be in cut-off. Assume M, is in saturation mode.
Then:

ipa = 0.5k, (W/L),(vasa — Vin)? = 0.25 x 1073(12 — 1)* = 30 mA
Upse = Vo = 12 — 10, OOO(ZDQ + iDl) =288V

Since Vpgo < vgsa — Vin = 12 —1 =11 V, Ms is not in saturation mode. Assume M, is in
triode:

ips = K[20psa(vasa — Vin) — Vo] = 0.25 x 107°[22upg0 — v%)gy)
12 =10,000ips + vpse — 12 =2.5[220pgs — Vhgy) + Ups2
U%SQ — 22.41)1352 + 4.8=0

The two roots are: vpgs = 22.2 V and vpgo = 0.22 V. First root is not physical as the circuit
is powered by a 12 V supply. So, vpgs = 0.2 V. Since vpgo = 0.2 < vggo — Vi = 12—1 =11,
our assumption of M, in triode mode is justified.

So, When v; = 0.2 (LOW) and v, = 12 V (HIGH), v, = 0.2 V (LOW).

Case 3: v = 12,v9 = 0.2 V. This is similar to case 2. By symmetry:
When v; =12 V (HIGH) and vy = 0.2 (LOW), v, = 0.2 V (LOW).

Case 4: v;1 = 12,v5 =12 V. Since vgs1 = 12 > V;, = 1, and vgge = 12 > V,,, = 1, both
transistors will be ON. Since the two transistors are identical, 1p; = ipy = 0.54; and vpg; =
vps2 and both transistors will be in the same state (we only need to analyze one of them).

Assume both transistors are in triode mode:

ips = K[20psa(vasa — Vin) — Vo] = 0.25 x 107°[22upg0 — v%g5)

12=2x10,000ips +vpsa — 12 =5[220pg0 — Vhgy) + Uns2

U%SQ — 22'2UD52 + 24=0
The two roots are: vpgs = 22.1 V and vpgo = 0.11 V. First root is not physical as the circuit
is powered by a 12 V supply. So, vpgo = 0.11 V. Since vpgs = 0.11 < vggo—V}, = 12—1 = 11,

our assumption of M, in triode mode is justified. Similarly, we find vpg; = 0.11 V.
So, When v; =12 V (HIGH) and v, = 12 V (HIGH), v, = 0.1 V (LOW).

Since the output is HIGH only when both inputs are LOW, this is NOR gate.
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