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Abstract:Thispaperdemonstratesaprocedureto designanoptimalmassto stiffnessratiotensegrity structure.
Startingfrom aninitial layoutof thestructurethatdefinesanallowedsetof elementconnections,theprocedure
definespositionsof thenodalpointsof thestructure,volumesof theelementsandtheir restlengthsyielding a
tensegrity structurehaving smallercompliancefor a givenloadappliedthenaninitial design.To satisfydesign
requirementsstrengthconstraintfor all theelementsof thestructure,bucklingconstraintfor barelementsaswell
asconstraintongeometryof thestructureareimposedyieldinganonconvex nonlinearconstrainedoptimization
problem.Structuralstaticresponseis computedusingcompletenonlinearlargedisplacementmodel.Examples
showing optimallayoutof a2D and3D structureareshown.
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1. INTRODUCTION

A tensegrity structureis a prestressablestable dy-
namicaltruss-like systemmadeof axially loadedel-
ements.What differentiatesthem from regular truss
structuresis thatall tensileelementsarestringscapa-
ble of transmittingload in only onedirection.Unlike
regulartrussesa setof admissibletopologiesis much
smallerthanthesetof topologiesthatyield astructure
containingmechanisms.

Tensegrity structuresas an art form were first intro-
ducedby Snelson(1965).Fuller (1962)wasthe first
one to recognizetheir engineeringvalues.Over the
courseof the

� �
yearsfrom the momentof their first

creation,tensegrity structureswere analyzedmostly
in a descriptive manner. Experimentalandgeometri-
cal analysistechniquesprevailed. No systematicde-
sign and analysisprocedureswere defined.All the
designswereusuallyobtainedby ingenuityof theirau-
thors.Theimportanceof developingsystematicdesign
techniquesfor the tensegrity structuresis recognized

in works of several authors(Pellegrino and Calla-
dine,1985),(Hanaor, 1992),(Skeltonet al., 2001).

Someof theadvantagesof tensegrity structuresare:

(1) all elementsareloadedaxially only, this typeof
loadcanbemoreefficiently carriedthanbending
loads,

(2) thechoiceof materialcanbespecializedonaxial
loads,andsplit further in materialoptimizedfor
compressiveandtensilestressesandstrains.The
sameholdsfor elementgeometry.

One of the propertiesthat setstensegrity structures
apartfrom most of the structuresusedin practiceis
that they arevery suitablefor shapecontrol.By con-
trolling restlengthsof thestringelementsit is possible
to controladesiredshapeof thestructure.Tensegrities
caneasilybestowedin a smallvolumetransportedto
the desiredlocation anddeployed. This makes them
applicablefor differentspacestructures,like deploy-
able antennas,mirrors aswell as deployabledomes.
MasicandSkelton(2001)defineanopen-loopcontrol



law for shapecontrol of stableunit tensegrity struc-
tures.

Tendonsin tensegrity structureshave multiple roles,
they:� rigidize andstiffen thestructure� carrystructuralloads,� provideopportunitiesfor actuation/sensing(Skelton

andAdhikari, 1998).

Actuation can improve propertieslike stiffness or
stiffness-to-massratioanddamping,andenablesshape
control strategiesto be used.Sensingprovidesinfor-
mationaboutthegeometryof thestructureandthede-
formations.Actuationcanbecarriedout by changing
thelengthof thetendonsor thebars.Thiscanbedone
in severalways,by:� shapememoryalloys that enablethe tendonsto

shortenandlengthenby changesin temperature,� linearor rotarymotorsthatcanshortena tendon
by haulingit, e.g. insidehollow bars,� extensiblebars.

Optimizationof topologyof structureshasbeenstud-
ied for a long time. One of the results is the for-
mulation of Optimality Criteria (Save et al., n.d.),
which has beenworked out almost completely for
grillageswhile for trussesthereis alsoa setof con-
ditions, but not nearly as completeas for grillages
(Rozvany, n.d.). Furthermore,several approachesfor
numericaloptimizationare known, while recentap-
proachesare, e.g. free materialmodeling (Bendsoe,
1989;Bendsoe,1995;SprekelsandTiba, 1998;Ben-
Tal et al., 1999;Sigmund,2001),or optimizationof
trussesstartingfrom a fully populatedgrid (Ben-Tal
and Nemirovski, 1997; Jarreet al., 1998). Practical
purposesrequireto:� incorporateconstraints(nonlinear)for failureof

thestructure,like yield andbuckling,� tackle a wide classof geometriesand bound-
ary and loading conditionswhich excludesap-
proachesusinglocal linearization,� stabilizethesystemby requiringpre-stressin the
structure.

The goal of the paper is to reducethis gap in the
knowledgebaseandto:� outline the topology/geometryoptimization,in-

corporatingrequirementsfor staticequilibriafor
pre-stressedmechanicalstructures,both loaded
andunloaded,� show the influence of incorporatingnonlinear
failureconstraintsin theoptimization,like yield
andbuckling,� provide evidencethat theapproachyieldsphysi-
cally relevanttopologiesandgeometries,� investigatethe handlingof requirementsof in-
stalling actuatingdevices to control the length
of the tendons,by excluding a certainrangeof
tendonlengths.

The paperis structuredasfollows. First, a modelfor
staticequilibriafor pre-stressedstructuresis outlined.
Then the optimizationproblemis formulated,which
will be comparedwith an LP approachbasedon a
linearizationof the problem.This is followed by an
application for a planar tensegrity beam structure.
A discussionwith conclusionsandrecommendations
finishesthepaper.

2. FORMULATION OF THE PROBLEM

Theobjective of this analysisis to designa tensegrity
structurethat for a given massof the materialavail-
able has an optimal stiffness.In other words mass
to stiffnessratio is minimized.Assumingthat all the
elementsare madeof the samematerial,fixing the
massavailableis equivalentto specifyingtotalvolume� � � � � � of the material used.The optimization algo-
rithm to atensegrity structurewhosenumberof nodes,
strings and total number of elementsavailable are	�
� 	�� � 	�� � respectively, assignsstructuralparameters
collectedin vectorsof the volumesof the elements����� 
 � � , rest lengthsof the elements� � ��� 
 � �
andnodalpositions� ����� 
 � . For a givenvectorof
appliedexternalnodal forces � ����� 
 � , this set of
parametersdefinesa structure,whosestaticresponse,
definedin thevectorof nodaldisplacement� � ��� 
 � ,
yields a complianceenergy !" �$#$� , that is guaranteed
to be improved from the the valuecorrespondingto
an initial design.Note that complianceis usedas a
measureof thestiffnessof thestructure.

2.1 Tensegrity constitutiveequations

Oncea maximumsetof allowedelementconnections
of a tensegrity structureand its associatedoriented
graphhave beenadopted,the correspondingconnec-
tivity information is written in a form of a member-
nodeincidencematrix, % �&��� 
 � � ' � 
 � . Matrix M is
a sparseblock matrix whose( � ) block is * � or +,* � if
the element( endsat or emanatesfrom the ) � - node,
otherwiseit is . � . After expressingelementforce / 0
of a prestressedelement ( of a tensegrity structure
as a productof an elementvector 1 0 , and a scaling
factors20 , calledaforcecoefficientandwriting vector1 �3��� 
 � � , formed by stackingup all the element
vectors 1 0 , as a linear mappingof a nodal position
vector, � �4��� 
 � ,
1657%�� � %85 9 +,: #; #�< � : � � � 
 � ' � 
 = �

balanceof the elementforcesat eachof the nodesof
theprestressedtensegrity structureis writtenas,> ?2$%���57. � 20A@�. � > 5�B : ;DCAE



FHGDI�J K L
is formedby stackingup forcecoefficientsFM

. LinearoperatorN O P Q is definedas:O P R I J6S I�T JU T J$V OF W7X Y Z [ \ ] ^ _ `a FM b T c V ^dWfedg g g h
(1)

Dependingon the material model chosen,the rela-
tionship betweenforce coefficients,

F
and physical

parametersof the structuremaybe different.For this
analysisthelinearelasticmaterialmodelis used.Then
force coefficientsof the tensegrity structure

F
and iF ,

at configurationsdefinedby thevectorsof nodalposi-
tions j andj6k&l , arecomputedas,FMAW3m n M m oY M W7p M q M r MY M Y os t N Y M$u&Y s t Q V (2)iFMAWvm in M m oiY M W7p M q M r MiY M Y os t N iY M$uHY s t Q (3)

Lengthsof theelements
Y M V iY M , at configurationsj andjwk&l respectively arecomputedas,Y MAW m ` M m o V iY M�W m i` M m o V i`6W7x N jwkHl$Q V (4)p�G&I�J K L

is a vectorwhosê
y z

entry is
e

or
u{e

if
^ y z

elementis a string or bar respectively end q G7I�J K L
is a vectorof Young’s modulusof the elements.The
constraint

FMA|�}
is equivalenttou,p M N Y M�u&Y s t Q,~ } g (5)

2.2 LargeDisplacementStaticResponseof theStructure

Once the force � is appliedon the structurethat is
properly supportedand constrainedfrom rigid body
motion, its static responsel is computedfrom the
changedforce balanceequationin the configurationjwk&l ,� OiFx N jwkHl$Q�kH�6kD� � W7} V ��� l W7[ � g (6)iF is definedin (2) and � � GDI T J � is unknown nodal
constraintreactionforce,

��� GfI T J � U T J �
and

[ � GI T J �
are given to constrainnodal displacementsas

a result of the presenceof the supports.Note that
thesetwo constraintscanjointly behandledby delet-
ing the rows of the force balanceequationinvolving
constraintforces.

Since string elementscan not transmit compressive
load their elementforce in the loadedconfigurationjwkHl mustnot reverseits sign.In otherwordsstrings
mustremainstretched,which is written in thefollow-
ing form, u�p M N iY M$uHY s t Q�~ } V ^�G b � V

(7)

where
b �

is a setof indicesof stringelements.

2.3 DesignConstraints

A naturalconstrainton restlengthof all theelements
requiresthat

Y s td� } . Moreover, for themtobesuitable

for manufacturinga morerestrictive constrainthasto
beimposedrequiring,Y s t |�Y s � M J t�� } V (8)

for agivenvector
Y s � M J G I�J K L .

2.3.1. StrengthConstraint All elementstressesin
both loadedandunloadedconfigurationmustnot ex-
ceedtheiryield stressvalue.Sinceall theelementsare
axially loadedthisconstrainttakesthefollowing form:p M q M N Y M$u&Y s t Q u&Y s t � M ~ } V (9)p M q M N iY M$u&Y s t Q u&Y s t � M ~ } g (10)

Note that this constraintis directly derived from the
Hooke’s law that relatesstressof an axially loaded
linear elasticelementto relative deformationof the
element, � MAW�p M q M N Y M$uHY s t QY s t (11)

Since bar forces may reversetheir direction in the
loadedconfigurationthey areadditionallyconstrained
by, q M N iY M$u&Y s t Q u&Y s t � M ~ } V ^�G b �

(12)

where
b �

is a setof barindices.

2.3.2. Buckling Constraint To ensurethat stability
of theelementsis preservedundertheprestressforces
andafteranexternalloadis applied,barelementshave
to beconstrainedfrom buckling.Thebarforcesin case
of a linearelasticmaterialmodelmustnotexceedval-
uesgivenby Euler’sformula.Expressingbarforcesin
termsof forcecoefficientsandcorrespondingelement
lengthsthis requirementis writtenas:FM Y M ~ m n M � � t � t � � L m o V iFM iY M ~ m n M � � t � t � � L m o V ^�G b �m n M � � t � t � � L m o W�� o q M b M � t �Y os t V (13)

where
b M � t � is a minimal momentof inertia of the

crosssectionof the element.Assumingthat all bar
elementshavearoundcrosssection

b M � t � is computed
as, b M � t � W r oM� � Y os t V (14)

sothatthebuckling constraintfinally becomes:u�Y os t N Y M$uHY s t Q u � � r M ~ } V ^�G b �
(15)u,Y os � N iY M$u&Y s t Q u � � r M ~ } V ^dG4b � g
(16)

2.3.3. ShapeConstraints To ensurethat designed
tensegrity structurecanbe supportedat certainavail-
able locationsand that the load acting at specified
locationcanbeattachedto it, theunloadedtensegrity



structurehasto satisfyshapeconstraintswritten in the
following linearform,�,� � �7� �

(17)

where

�����4��� � � � � � �  � ��� ��� � �
aregiven.

If adesignedtensegrity structureis to becontrolledby
changingits elementlengths,it is necessaryto con-
straintheirminimal lengthto makeroomfor actuators
to be attached.This constraintalso guaranteesthat
Jacobianof theconstraintsis well definedbecause,as
it will beshown, it involvesinversesof the lengthsof
theelements.

3. NONLINEAR PROGRAM FORMULATION

Now that theobjective functionandall theconstrains
aredefinedthetheoptimizationproblemis writtenas:

Given

��  ¡f  ¢ £   ¢ ¤   ¥   ¦   §  ¨  © ª « ª ¬    ® ¯ °,± �   ® °�± �²w³ ´µ ¶  · ¶ ¸ ¶ ¹{º» §$¼$½¿¾ À Á À� ÂÃ ¡����7ÄÃ ±A��® Å�Æ± ® Å �¯ Ç ¥ ± ¦ ± © ± È ® ±$É&® ¯ Ç Ê  d® ±���Ë Ì ± Ë �  AÌ6��¡��� � Æ � ��� Æ  � ÂÍÃ ¡�È �6Î&½$Ê�ÎD§ �7Ä  ÍÃ ±A� Í® Å�Æ± Í® Å �¯ Ç ¥ ± ¦ ± © ± È Í® ±$É&® ¯ Ç Ê  Í® ±A��Ë ÍÌ ± Ë �   ÍÌ6�7¡�È �wÎ&½$Ê  ��� ½4��� �  É,¥ ± È ® ±$É&® ¯ Ç Ê,Ï�Ä  ® ¯ Ç�É Í® ±dÏDÄ  ÑÐ�� ¢ £  É,® ¯ Ç$ÎD® ¯ °�± � Ç�Ï�Ä  É,® ±ÎD® °,± � Ç�Ï�Ä  É Í® ±Î Í® °,± � Ç�Ï�Ä  ¥ ± ¦ ± È ® ±$É&® ¯ Ç ÊdÉ&® ¯ Ç ¨ ±dÏDÄ  ¥ ± ¦ ± È Í® ±$É&® ¯ Ç ÊdÉ&® ¯ Ç ¨ ±dÏDÄ  ¦ ± È Í® ±$É&® ¯ Ç ÊdÉ&® ¯ ¨±AÏ�Ä  ÑÐ�� ¢ ¤  É,® �¯ Ç È ® ±$É&® ¯ Ç ÊdÉ7Ò Ód© ±dÏ�Ä  ÔÐ�� ¢ ¤  É,® �¯ Ç È Í® ±$É&® ¯ Ç ÊdÉ7Ò Ód© ±dÏ�Ä  ÔÐ�� ¢ ¤  É�© ±AÏ�Ä  Ë ©$Ë Æ É4© ª « ª ¬ ��7Ä À
The designvariablesenter the constraintsin a very
similar way. It is easyto seefor example,that they
appearsimilarly in theminimallengthandthestrength
constraints,up to a multiplicationwith

¦ ±
. This prop-

ertysimplifiesanalyticalcomputationof theconstraint
Jacobianand suggestshow to scalethe problem to
improve its conditionsinceit otherwisemight be ill-
conditionedif realisticmaterialdatawereused.

The solutions of the problem defined are obtained
using SNOPT 6.1 (Gill et al., 1999) software for
large scalesparsenonlinearoptimizationthat usesa
sequentialquadraticprograming(SQP)method.
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Fig. 1. Sparsitypatternof the the analytically com-
putedconstraintJacobianfor thegiven3D exam-
ple

4. NUMERICAL RESULTS

The basic2D problemusedto illustrate the optimal
massto stiffnessratio tensegrtiy designis given in
Figure 2.
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Fig. 2. Initial not optimized tensegrity beamdesign
in unloadedstate;unstressedelement:light gray,
pre-stressedbars: dark gray, pre-stressedten-
dons:black

This tensegrity beamis:Õ built up from 3 planartensegrity crosses,Õ with anaspectratioof 7,Õ supportedat thenodesº and
»
, andÕ is loadedby a unit vertical load at the top right

node º » .
After applyingtheoptimizationprocedurethefollow-
ing designillustratedin Figure3 is obtained.

We notethefollowing:Õ theoptimumtendsto includeclasstwo elements
(i.e. nodeswhere two bars are connected)be-
causesomenodesmovecloseto eachother.Õ requirementfor the stringsto be uncompressed
in theloadedconfigurationis sometimesa bind-
ing constraintyielding an optimal structurethat
hasslackstringsat loadedconfiguration.Õ thesameoptimumis obtainedconsistentlywhen
startingfrom differentinitial conditions.

Enumerative types of designstudies(de Jagerand
Skelton,2001)tendto concludethat for optimalstiff-
nessthis structurehas long bars, forming almost a
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Fig. 3. Initial vs. optimized tensegrity beamdesign
in loadedstate,showing deformationunderload;
unstressedelement:light gray, pre-stressedbars:
darkgray, pre-stressedtendons:black
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Fig. 4. Initial vs. optimaldesignwhenstringmaterial
is strongerthen bar material ; unstressedele-
ment:light gray, pre-stressedbars:darkgray, pre-
stressedtendons:black

super tensegrity cross, while for optimal mass-to-
stiffnessratio, the barstendto be muchshorter. This
studydid not incorporatesignificantchangesin geom-
etry, nor did it include constraintsfor failure of the
structure.Heretheseshortcomingsarereaddressed.

Fromtheexampleshown in Figure4 whereadifferent
materialsareusedfor barsandstringsit appearsthat
the results are sensitive to the different parameter
choiceascouldbeexpected.

To make a comparisonof this NLP approach,to an
optimal mass-to-stiffnessratio trussdesign(Jarreet
al., 1998)thatcanbeformulatedasanLP-problem,a
solutionobtainedusingthelatterformulationis given
in Figure5.

In Figure 6 a 3D designexampleis illustrated.This
tensegrity structureis madeof four 6-bar tensegrity
units.It is supportedatnodesÖ × Ø × Ö Ö andloadedat the
oppositeendat thenodeÙ Ù with a verticalunit force.
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Fig. 5. Optimal topologystartingfrom a densegrid;
compressiveload:darkgray, tensileload:black

It seemsthatthegeometryof theoptimaldesigntends
to mimic the planardesignby concentratingmostof
theelementsin oneplane.
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Fig. 6. Initial vs. optimal design of a 3D tenseg-
rity beamsystemin loadedstate;unstressedele-
ment:light gray, pre-stressedbars:darkgray, pre-
stressedtendons:black

5. CONCLUSIONAND FURTHER RESEARCH
GOALS

Theconclusionsareasfollows:Ú tensegrity topologicalandgeometricaloptimiza-
tion, castin the form of a nonlinearprogram,is
effectively solvable,



Û if the problem is feasiblethe optimization ap-
proachis anappropriatedesigntool thatguaran-
teesmonotonicstiffnessimprovementcompared
to aninitial design,Û classtwo tensegrity topologiesareadvantageous,Û optimaltopologiesarehighly asymmetric.

5.1 Further research

The following needsto be addedto the problemfor-
mulation to better fulfill practical requirementsof a
designerof controlledtensegrity systems:Û includesymmetryin thedesignobjective by pe-

nalizing utilization of too many different ele-
mentsto reducemanufacturingexpensesÛ optimizeparameterizedgeometrywhichguaran-
teesdesiredlevel of symmetryÛ add buckling constraintfor the structureas a
whole.
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