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Quadratic
Forms
R @ A quadratic form Q of the vector x with real components z; is given by the
Plot of matrix representation A of that transformation that satisfies
Change of
E!asi:
n n
Preview of T
Using Q=x"Ax= E E QLT Tk (1)
Change of
Basis for j=1 k=1
Gaussian
Random
Variabl o . . . .
ariables @ The matrix A is called the coefficient matrix
gfa":; o learn in probability that a covariance matrix is an example of a coefficient matrix
o @ Sum leads to n "diagonal terms” when j = k and n? — n “off-diagonal terms "
when j # k
Inner J #
Product
Distance in o For a vector x with complex components
a Signal
Space n n
Q=x"Ax= E E ajKT; Tk
j=1 k=1
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Symmetric (Hermitian) CoefficientMatrices

From previous lecture, when A is symmetric (hermitian) it has an orthonormal
set of eigenvectors

Forming a matrix from these the unit norm column eigenvectors gives a matrix X
that is orthogonal (unitary)
o For an orthogonal (unitary) matrix X' = X7 (or X7! = X#)

The transformation be viewed as a rotation (or a generalized rotation) that
preserves the norm (length)

The generalized rotation matrix X can be used to diagonalize A as follows
A = XDX! = XxDXT 2)

where the diagonal elements are the eigenvalues A,
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Symmetric (Hermitian) Coefficient Matrices

@ Substitute (2) into (1) to give
Q = xTXDXTx (3)
=y'Dy :Aly% + )\ng +...+ )\nyﬁ

where
y =XTx yT =xTX

@ Because X is orthogonal, X7 = X~1. Substituting into first equation gives

y =X"!x

or

o Expression states that by performing a change of basis expressed by the matrix

X( from the “new” coordinate system y to the “old” coordinate system x)

o The change of basis transforms the original quadratic form (with both

on-diagonal and off-diagonal terms) can be transformed into a canonical
quadratic form that has only “on-diagonal terms” as given by (3).
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Using 72® + 6zy + Ty? — 200 = C
Change of
Basis for
Gaussian
Random
Variables

(This is a family of ellipses instead of a single ellipse)

: o Rewrite as
S 722 + 3zy + 3y + Ty? — 200 = C

Basic
Definitior . . . .
o o Coefficient matrix is then

Inner

Product A = |:

Distance in
a Signal
Space °

7 3
3 7

Eigenvalues are solution to (7 —A)2 —9 = 0 and are A\; = 4 and Az = 10
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Example-cont.

Quadratic o Because matrix is symmetric, normalized eigenvectors form an orthonormal basis

Forms given by

Example & 1 [ 1 i| & 1 [ —1 ]
: 1= — 1= —
Change of V2Ll Va2l 1

Basis

B@view of @ Form the matrix that describes the change of basis using eigenvectors
sing
Change of
Basis for 1 1 —1 1 1 1
aussian X=— [ :| X_l = XT e — [ :|
gandom \/i 1 1 \/5 -1 1
Variables
e @ So that
pace
Basic
efinitions 1 1 1 7 3 1 -1 4 0
Def T _ L _
e D_XAX_Q[A 1“3 7“1 1} [o 10]
Product
Si;it;:ac\ein @ New x’ axis can be determined using change of basis transformation as given by
Space
f =1 1] 1] _ 1T 1 1]r1]_171
X*X[O*XO*\@—11 0]zl
o Therefore | + | — L | 1 |. This is a rotation of 45°
erefore | =11 | is is a rotation o
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Preview - Multivariate Gaussian Random Variables

Quadratic
Forms o A multivariate gaussian probability density function is a joint probability density
Bemk function for a block x of real random variables with components z, given by
Plot of
Change of 1 1, Te—1(.
Basis fx(x) _ . 2(x (x))"C™(x (x))7 (4)
Preview of - (271-) N det C
Using
Change of
Basis for :
Gaussian o Argument of gaussian is a quadratic form
Random
Variables
— @ The coefficient matrix C is the real covariance matrix defined for any
Space multivariate probability density function as
Basic
Definitions
T
ner C = (x—()-)T). (5)

Product

Distance in
a Signal
Space

@ The square symmetric matrix C has a determinant det C.
@ The diagonal matrix element Cj; is the variance of the random variable z,.

@ The off-diagonal matrix element Cj; is the covariance of the two random
variables z, and z;.
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Preview - Multivariate Gaussian Rando riables-1
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Example

el o A zero-mean bivariate gaussian random variable consists of two random,
zero-mean gaussian components z and y, which may be correlated.

Preview of -

Using

Change of @ The covariance matrix given in (5) is

Basis for

Gaussian 2

Random g Oy 0

Variables C = |: r Pay 2:6 & ) (6)

PryOzOy Oy

Signal
Space

s where

Definitions

Inner Pzy = <ﬁ> /Uza'yy (7)

Product

Di;_tanc‘e in is defined as the correlation coefficient.
a Signa

Space
o Describes value of the off-diagonal elements of covariance matrix.
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Preview - Multivariate Gaussian Rando
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Forms

Example An example of a two-dimensional joint gaussian probability density function is shown
Plot of . . . .
u.;ng”f in plan view in Figure 1.

Basis

Preview of
Using
Change of
Basis for
Gaussian
Random
Variables

Signal
Space

Basic
Definitions

Inner
Product @

Distance in
a Signal Figure: Contours of the joint gaussian probability density function f. ,(,y) as a function of the

RIS correlation coefficient pry: (a) poy = 0, (b) pzy = 0.5.
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Plot of
Change of
Basis

Preview of
Using
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Gaussian

Random
Variables
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Space

2 2

% — 20zyTY + Y
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Signal Space-Basic Definitions

Quadratic
Forms

el @ The set of all complex signals of finite energy on an interval [0,T] defines the

E'r.‘f of signal space over that interval.

Basis

B:::W & @ Two elements within the signal space are deemed to be equivalent or equal, if the

Change of energy of the difference of the two signals is zero.
Basis for
Gaussian

Sandom @ A countable set of signals {1 (t)} of a signal space spans that signal space if
ariables . . L

every element of the signal space can be expressed as a linear combination of the
Signal
S Yn(t).
Basic

Definitions

o This means that every s(¢) can be written as

Inner

Product

Distance in S(t) = Z s"wn (t)7 (9)

a Signal
Space &

in the sense that the difference between the left side and the right side has zero
energy.
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n a Signal Space

Quadratic

s o The set {¢n(t)} is called a basis if the elements of the set are linearly
Example independent and span the signal space. Every basis for a signal space is
[ countably infinite.

Change of
Basis

o An orthonormal basis {¢, (¢)} satisfies the additional requirement that

Preview of
Using
Change of T

Basis for .

Gaussian / ’I,Z)m(t)d):b (t)dt = 6mn, (10)
Random 0

Variables

Signal for all m and n, where ., is the Kronecker impulse
Space

Basic

Definitions @ This means that each basis function satisfies

Inner

Product T
2
Distance in / |¢n(t)| a = L (11)
a Signal 0

Space

and

T
/ bm(OULOA = 0 (m£n). (12)
(0]
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mal Basis in a Signal Space

Quadratic
Forms

e For an orthonormal basis, the coefficient s, of the expansion in (9) is given by

Example
T
S = s(t)r (t)de. (13)

Preview of
Using

Change of
Basis for . . . .
Ganesin @ A set of basis functions must span the entire signal space,
Random
Variables

o implies that the number of functions in any basis for signal space is infinite.
o For a finite time internal (like Fourer series) this is a countable infinity - can be

Signal B
Srce mapped onto the integers

- o For and infinite time interval (like a Fourier transform) this is an uncountable infinity
asic

Definitions

@ A basis must be infinite, but not every infinite orthonormal set is a basis for the
set of square-integrable functions.

Inner
Product

Distance in

a Signal @ A linear transformation on a signal space is a mapping from the space onto itself
Sacs that satisfies the linearity properties.

o With respect to a fixed basis, a linear transformation can be described by a
matrix, called the transformation matrix.
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Inner Prod

Quadratic
Forms

Example

Plot of
Change of
Basis

B e e For any orthonormal basis {1, (t)} a signal s(t) in the signal space over [0,T] is
Using completely determined by an infinite sequence of complex components s;,, which

Change of ., q A a
(Bt far are the coefficients of the expansion given in (9).

Gaussian

Random - . o

Variables @ These coefficients may be regarded as forming an infinitely long vector s called a
Signal signal vector.

Space

Basic

s o Given a signal vector s with complex components, define the conjugate transpose
Inner vector as the vector st whose components are the complex conjugates of the
[Pl corresponding components of the vector s. If s is a column vector, then s is a

Distance in row vector.
a Signal
Space
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Inner Product-2

e Using a(t) = Zm am®m (t) (cf. (9)) and b(t Z brntn (t), define the inner

Quadratic pI’OdUCt as
Forms T
Example a- b = / a,(t)b* (t)dt
Change o 0
Basis T
LPJ::‘/igew of = E E tlmb; / d’m(t)w: (t)dt
Change of 0
Basis for mon
e
R:z:??nn = E E amb;&mn
Variables
m n
Signal
S:::{e — E amb:n, (14)
Definitions
m
e where (10) is used in going from the second line to the third line.
Distance in o Setting a(t) = b(t) in (14) immediately gives the energy statement

a Signal

Space T
/ Ja(t) dt meﬁ (15)
0

o For a finite-energy signal a(¢), this implies that \am|2 goes to zero as m goes to
infinity.
o For some integer N, an arbitrarily small amount of energy is discarded by
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The term an, is a component of the (column) signal vector a. The term b, is
the component of a (row) signal vector bf. Therefore,

a-b = bfa, (16)
where bfa is the matrix product of a one by N matrix and an N by one matrix.

Using (15), the energy in the signal s(t) is

T
E = /Is(t)Ith = DIl = sl (17)
0 n

Similarly, the component sy, in (13) is determined using a(t) = s(t) and

b(t) = ¢n(t)

T
o = / SOUEDA = 5oy, (18)
0

This expression defines the projection of s(t) onto ¥y, (t).

The vector 1, has the nth component equal to one and all other components
equal to zero.

It is a basis vector that corresponds to the basis function w,?gm()%dﬁféna&élﬁn@).
&
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Distance in a Signal Space

Quadratic
Forms

Example

Plot of )

i o Using (14) and (17), the squared euclidean distance d3., between two signals
P & s1(¢) and sa(t), or, equivalently two signal vectors s and sz, is defined as
Using

Change of

Basis for 2 . T 2
Gaussian d12 ‘Sl(t) — 82 (t)' dt
0

Random
Variables

Signal
Space

Basic
Definitions

T
/ (s (®)1% + ls2(6)1* = s1(t)s5(t) — s7 (¢)s2(t) ) dt
0

= FEi+Es—2Re[s1-s2]. (19)

Inner
Product

a"';:::f D @ This expression states that the squared euclidean distance between two signals

Space depends on the energy of each signal as well as their inner product.
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