UC San Diego J. Connelly

ECE 45 Discussion 1 Notes

Phasor Representation of Sinusoidal Functions

e Phasors are used to represent sinusoidal functions and allow for easier representation of linear
(resistor, capacitor, and inductor) circuits with sinusoidal voltages and currents.

e Represent A cos(wt + ¢) as A el?,
e We do not include the frequency w in the representation, but it is implicit.

e Differentiation and Integration:

f(t)=Acos(wt+ @) «— Ae?? = F

df (t)

— F
dt<—>w

/ f(r dr<—>—F

Note: We can only use phasor representation when our function (input to circuit) is sinusoidal!

Impedance

When the inputs to our circuit are sinusoidal, we can represent resistors, capacitors, and inductors as
generalized components called impedances. This allow for linear Voltage/Current relationships in the
phasor domain.
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We can lump together the terms to end up with a general expression: V = I Z so

1
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Please report any typos/errors to j2connelly @ucsd.edu



Steady State Analysis

Because the impedance equation (V' = [ Z) has the same structure as Ohm’s Law (v = 7 R), we can
use circuit analysis techniques from DC circuit analysis such as:

e Parallel/Series Combinations

e KCL and KVL Analysis

e Source Transformations

e Voltage/Current Dividers

e Thevenin and Norton Equivalence

Example 1

Represent the following sinusoidal function as phasors as a single complex number in rectangular
form:
2 cos(drt +m/4) — 3 sin(drt —7/3).

Solutions

Both terms have w = 47 so we can write the function in phasor form:

9eI/4 — 3e~I/6 = 9 (%+%) —3 (—6—1) - % (2v2+3v3+j [2v3+3])

2 2
Example 2
Assume w = 21 and represent the following phasor in sinusoidal form: X = T e=I7/6,
J

Solutions
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Example 3

For what frequencies is the circuit component below purely resistive? (i.e. Z.sp = X +j0 = X) What
is the effective resistance at each frequency?
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Where Ry = /8§, Ry =20, C =1/4F, L=1H



Solutions

Ry : RiCw
Ze =77 Zp,+ 2 =...= (R —_— L——o0nr—
11(@) = Zeo/ [Zm + Zra + 21 ( 2+(R10w)2+1)+](w (Rle)2+1)

The impedance is purely resistive if the imaginary portion of Z.;;(w) equals 0:

RICw e o -
W_leLC +W(L—Rlc)—w(§w —1)

" UJO:O, wlz\/§7 w2:_\/§

and so the effective resistance at each frequency is:

0=wlL —

Zer(0) =Ry + Ry = 320

Ry
Zeopf(£EV2) = Ry + —5——— =221
1(EV2) > PRI V2
Example 4
In the circuit below, find i,(t) as a sine function.
i C vin(t) = cos(2t) V

WW I I iin(t) = sin(2t) A

Ry =
iin(t) CD io(1) vin(t) CD R(,l* = i /(; F

L L=1/2H
Ry =10

Solutions

Since the current and voltage sources are both of the same frequency, we can represent the voltages and
currents as phasors and the resistors, capacitor, and inductor as impedances:

Vin =1
L ==
R, =
Zo=—]
Zp =]
g, =1
V —Vy

- Zp, +Zc



and by KCL we have: [;, + I, = I,. By substituting in /, and [, expressions, we have

I +% —Va  Vy
" Zp 2o Zp + 2L

Solving for V4 gives us:

VA = (ZRQ + ZC) (ZRl + ZL)

Zpy + Zc+ 2L+ Zr,
We can substitute this value of V4 into our expression for /; from Ohm’s Law:

I, = —
ZR2+Z0+ZL+ZR1 1—]+]+2 3 3
converting back to the time domain gives us:

io(t) = % cos(2t —m/2) = % sin(2t).

Example 5

Let v(t) =2 cos(3t +m/6)V, i(t) = cos(3t —w/6) A, R=2Q,C=1/6F,and L =1H.

Determine an equivalent circuit as a voltage source in series with a resistor and an inductor.

R L R L,

MW Y|

o) c= (1) o o

Solutions

Since the voltage and current sources are both sinusoidal of the same frequency, we can represent the

circuit using phasors and impedances:

%] ) Via = 2677/°

n I =e /6
CORN IO
Zo = —2j
B Zr,=3)

To solve for Z;;, set voltage sources to 0V (short) and current sources to 0A (open).



] =

° I
ZnZo .. =4 2 (14 242
Ty = Zn)|Zc+ 2y = Z + —22C — 3 —3j— L (L) =35
m=Zrl)bet 2= 2ot g =8t o =3 5 1 2

=142
To solve for V;;,, leave the output open and solve for V;,:

Iy,
—>

Ig

-

[ =eim/6
" Zp =2

4 (‘) le l[za I Vin Zo=—=2j

Zy,=3j
By Ohm’s Law: By KCL:
I = Vin —V)/Zr Ir+Ic+1+1,=0
Ic =Vin/Zc
I, =0

Substituting the expressions for /g, I, and I, into the KCL equation yields:

Vin—=V Vi
— +71=0
ZR +Zc+

Solving for V};, gives us:

7 — 1 14 . -
V;th — Zr — (_ _]) (ZC//ZR) — (6]7r/6_6—]7r/6) :
7Tz \Zr 2—2j

) @*%‘ <§—§)> (1=j)=j(1—j)=1+j=V2e/

We could have instead solved for the short-circuit current /. by connecting the terminals (shorting) at
the output as follows:



In general, we only need to calculate two

I Zn I { Z, I out of the three of V}y,, Z;;,, and I,.. The
third quantity follows from the equation
- Vin, = 1 Zy,. In our case:
1% C) EZE] G I Lse ‘ ‘ ‘ .
;oo Ve 145 (+5)A-2)) 3-J
 Zy 1425 5 5

We know Vy, = V2674 and Z;, = 1 + 27 = Ry, + jwLy, so converting to the time domain we have

Rth = Re {Zth} =10

v (t) = /2 cos(3t + 7 /4)

Alternatively, we could a series of use source transformations and series and parallel combinations to

solve for Z;;, and Vy,,
ZR ZL B +

v 4 ®r v

+
Vin \ = Vo

Zth:ZL+ZR//ZC:...:1+2j

Vin = (V) Zp — 1) (Z) | Z¢) = - - = /2654



