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Problem 1) [35 pts]

Determine the minimum sampling frequency f; in Hz needed to sample the following signals without
aliasing:

a. [5 pts] f(t) = cos(6000mt) + 2
b. [10 pts] h(t) = £(t) (

C. [10 ptS] x(t) _ (sin(lOOO T t)) N (sin(lOOO T t))

mt mt

sin(1000 T t))
t

d. [10 pts] Determine the energy of the signal h(t) i.e. f_°°m |h(t)|?dt



F(w)=m[é(w —6000m) + §(w+ 6000 m)] + 27 6 (w)

2w
= Wpax = 6000 > f; >

e = 6kHz
.y _ (1 |w|<1000m
Gjw) = {0 lw| > 10007
1 1
H(w) = EF(ja)) *G(jw) = > [6(j(w — 6000m)) + G(j(w + 60007))] + G(jw))
2 wmax
= Wpax = 7000 - f; > = 7kHz

. o . 1 |w| < 10007
X(jw) = G(w)G(jw) = G(jw) = {0 :w: S oo s wnar = 1000m
2w
- fi> 277’;“" = 1kHz

[ee] 1 [oe]
| n@rde=o [ 1HGw)Pdo
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2T J5000m 21 J_1000m
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27 J_7000m 2

111 1
=— [—2000 m+—2000m + 200071'] =1500
2w 14 4



Problem 2) [40 pts] Suppose you are trying to play your favorite song for your friend who lives very
far away. Unfortunately, your friend does not have a computer, so we are forced to send the analog,
continuous time signal of the song, x,(t). We are able to model the connection to your friend as the LTI
system H; (w). In order for your friend to be able to correctly hear your song, we must have y(t) =

xo(t) for the system below.

where FT(x,(t)) = Xo(jw) # 0 when |w| < 2 10* and X,(jw) = 0 when |w| > 27 10*

4< < 5

a. [10 pts] Show that with this set up, your friend will not correctly hear your song.

b. [30 pts] Luckily, you have taken ECE45 and propose that, with some modifications to our system,
your friend can hear your song. You claim that we can select f; (t), f>(t), and H,(w) such that y(t) =
xo(t). What should these functions be? Show that your friend can correctly hear your song.

(Hint: consider using modulation/frequency shifting)

xo(t) x1(t) Hy(0) x2(t) x3(1)

Ha(o) —> y(0)

fi(0) f2(t)

Note: x; () = xo(¢) f1(t) and x3(t) = x,(¢) f2(t)



a. Hy(w) = 0 whenever X,(jw) # 0,50 Y(jw) = Xo(jw)H;(w) = 0 = y(t) = 0 # x¢(t)

2 |w| < 3m10*

b. f1(t) = f2(t) = cos(7m 10*t), Hy(w) = {0 |w| > 3m10*

F,(jw) = F,(jw) = n[6(w + 7710%) + §(w — 7710%)]

1(8) = %(8) Fi(8) © X, 0) = 5= Xo(j) = Fy ()
= % [Xo(j(w — 7w 10%)) + Xo(j(w + 7 7w 10%))]
Xaje) = Hy (@)% (0) = 7 Xo(j(w — 7 7 10%)
00 = (0 1) © Xa(j) = 5= Xa(j0)  Fj)
= % [X:(i(w =77 10%) + X, (j(w + 7 10%))]
= % [2 Xo(w) + Xo(j(w — 77 10%) + Xo(j(w + 7w 10%))]
S V(o) = Hy(@)Xs () = Xo(e)

= y(t) = x0(t)



Problem 3) [55 pts]

a. [35 pts] Compute and sketch x(t) = f(t) * g(t) where

gt —1<t<1
g(t)_{O else

b. [15 pts] Determine y(t) = f(t) * h(t) where

1 0<t<?2
and f(t):{O else

t—1 0<t<?2
h(t) =4{3—-t 2<t<4
0 else

(Hint: this can be done without any additional computation. Try to write h(t) in terms of g(t)
and use the result from part a.)



a.

x®) =f®*g®) = [ g@f(t-1)dr

o(7) Region 1
1
-1 . 1 ]
t-2 t 1
-1 1
(1) Region 2
1 1
-1
T T
t-2 1
-1
f(t-7) Region 3 1
-1 /
t-2 /-2 1
-1
Region 4 ,
-1
1 t-2
-1
Region 1: No overlap

Region2: -1 <t<1

Region 3:

Region 4:

1<t<3

Overlap fromt = —-1tot
Overlapfromz =t —2to 1

No overlap



([ 1
|frd1' -1<t<1 { f(tz_l) -1<t<1
-1

x(t) =1 (? =<1

i.f tdt 1<t<3 5(1—@—2)2) 1<t<3
t—2
\ 0 else 0 else

x(t)

1 \ / 3

-1/2

Note: h(t) = g(t—1) — g(t —3)

soy(t) =f(O*gt—-1) = f(©)xg(t—3)=x(t—-1) —x(t—-3)



Problem 4) [30 pts]

a. [20 pts] Write y(t) in its simplest form, where y(t) = x(t) * (u(t + 1) —u(t — 1)) and
FT(x(t)) =X(jw)=n[6(w—21)+ §(w—1) +6(w + 1)]

b. [5 pts] Is x(t) periodic? If so, what is its period?

c. [5 pts] Is y(t) periodic? If so, what is its period?



let f(£) = (u(t+1) —u(t—1)) = {(1) -1 eSlste< U P = 250@)
Y(]w) = X(](U)F(]a)) = 77-'[6((1) — 27‘[) + 6(w — 1) + 6‘(0) + 1)] 2 Sil’l((;))
=1 |6(w — 27) e—jZn'ZSin—(zn) b 8(w—1) 2sin(1) 46w+ 1) 2sin(—1)

21 1 -1
=nmd(w — 1) 2sin(1) — wd(w + 1) 2 sin (—1)

= 2w sin(1) [6(w — 1) + §(w +1)] < y(t) = 2sin(1) cos (1)

j2mt

2

Xjw)=n[6(w—2n)+ §(w—1)+6(w+1)] = x(t) =

_ (cos(2mt) + j sin(2mt) + 4 cos(t))
B 4

+ cos(t)

X(t) is not period. cos(2mt) and j sin(2mt) are periodic with period T; = 1, and
4 cos(t) is periodic with period T; = 2m, but there does not exist a T such that T is an integer
multiple of both T; and T,

y(t) = 2sin(1) cos(t)

y(t) is periodic with period 2



Problem 5) [45 pts]

5Q
= -

X(t) 0.4F y(t)

R

a. [10 pts] Determine the impulse response h(t) of the above circuit
b. [15 pts] What is y(t) when the input to is x(t) = e ™2 u(t)

c. [20 pts] If the output of a (different) system is y(t) = e~2(t=Dy (¢t — 1) when the input is x(t) =
u(t), find the transfer function H(w)

10



1

. . JaC ~_ 1/RC
(o) = X(jw) oy 1 (lw)jw T 1/RC
JjwC
Y(ow) 1 1 1 _t 1 1,
— - = = — RC = — 2
H) =iy " RCjo+rire = MO =gce ™ =32°¢
X(jw) =

2+ jw

1/2 A B

Y(jw)=X(w)H(w) = 2+ jw)(1/2 + jw) - 2+ jw + 1/2+jw

1/2 =A/2 +2B

1 1, .
—>E—A(E+]w)+B(2+]w)—> 0= A+B

Vi) 1/3 13 © 1(_% _2t>
= — - = — _
(o 2+j0 12+je Y T3\8 T T
e @
Y(jw) =
() 2+ jw

dy(®) _ du(t)

y@O =u@®)*h(®) > —— =—2

« h(t) = 8(t) * k() = h(t)

dy(t)

. o e JO®
h(t) = T - H(jw) =jowY(jw) =e®

2+tjw
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