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Abstract— Radio maps provide radio frequency metrics, such
as the received signal strength, at every location of a geographic
area. These maps, which are estimated using a set of mea-
surements collected at multiple positions, find a wide range of
applications in wireless communications, including the prediction
of coverage holes, network planning, resource allocation, and
path planning for mobile robots. Although a vast number of
estimators have been proposed, the theoretical understanding
of the radio map estimation (RME) problem has not been
addressed. The present work aims at filling this gap along two
directions. First, the complexity of the set of radio map functions
is quantified by means of lower and upper bounds on their spatial
variability, which offers valuable insight into the required spatial
distribution of measurements and the estimators that can be used.
Second, the reconstruction error for power maps in free space
is upper bounded for three conventional spatial interpolators.
The proximity coefficient, which is a decreasing function of the
distance from the transmitters to the mapped region, is proposed
to quantify the complexity of the RME problem. Numerical
experiments assess the tightness of the obtained bounds and the
validity of the main takeaways in complex environments.

Index Terms— Radio map estimation, radio environment maps,
spectrum cartography, wireless communications.

I. INTRODUCTION

ADIO maps, also known as radio environment maps,

provide a radio frequency (RF) metric of interest across
a geographical region [1]. For example, in power maps, which
constitute a prominent example of radio maps, the metric of
interest is the power that a sensor would measure when placed
at each location. An example of a power map constructed with
real data is shown in Fig. 1. Other examples of RF metrics
include the received power spectral density (PSD), outage
probability, and channel gain.

Radio maps are of interest in a large number of applications
such as cellular communications, device-to-device commu-
nications, network planning, frequency planning, robot path
planning, dynamic spectrum access, aerial traffic management
in unmanned aerial systems, fingerprinting localization, and
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so on; see e.g., [1], [2], [3], [4], [5] and references therein.
A recently popular application of power maps is to determine
how the coverage of a cellular or broadcast network can be
improved by deploying new base stations or relays, either
terrestrial or aerial [6], [7], [8].

In radio map estimation (RME), a radio map is constructed
using measurements collected across the area of interest. Many
estimators have been proposed in the literature, mostly based
on some form of interpolation or regression. By far, power
maps are the radio maps that garnered most interest. One
of the simplest kinds of estimators relies on kernel-based
learning (see [9] and references therein), which overcome
the limitations of (the simpler) parametric estimators [1, Sec.
“Linear Parametric RME"]. Other popular estimators are based
on Kriging [10], [11], [12], sparsity-based inference [13], [14],
[15], matrix completion [16], [17], dictionary learning [18],
and graphical models [19]. The most recent trend capitalizes
on deep neural networks; see e.g., [20], [21], [22], and [23].
Note that the aforementioned list of works is not exhaustive
due to space limitations. For a more comprehensive list of
references, see [1].

Despite the large volume of research in this area, the vast
majority of works adhere to a common profile: they propose an
estimator and validate it with synthetic data generated using
a statistical propagation model or with ray-tracing software.
A small number of works utilize also real data [24], [25],
[26], [27], [28]. However, no theoretical analysis on the
fundamental aspects of the RME problem as well as on
the performance of estimation algorithms has been carried
out. Indeed, the most related work in this context is two-
fold. On the one hand, the estimation error of some schemes
can be derived if the field of interest adheres to a certain
model [12], [20]. However, these models are generic, not
necessarily accurate for radio maps. On the other hand, the
wave theory of information (WTI) studied the problem of
reconstructing the electromagnetic field across space and time
using arrays of synchronized sensors [29]. Nonetheless, this
problem is fundamentally different from RME, where sensors
are not typically synchronized, the metrics of interest involve
temporal averages of the electromagnetic field, and the targeted
spatial resolution is much lower.

This paper! takes a step to address this gap by means of a
quantitative theoretical analysis of the RME problem. In par-

'A conference version of this paper was presented at the IEEE Vehicular
Technology Conference, Spring 2024. Relative to that paper, the present one
considers also 2D maps, contains Theorem 1, Corollary 1, Corollary 2, the
analysis of the reconstruction using sinc interpolation, the proofs of all results,
and further discussions and numerical experiments.
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Fig. 1. Example of power map where a spatially dense set of measurements
was collected using an unmanned aerial vehicle [24].

ticular, the difficulty of the RME problem is first assessed by
analyzing the spatial variability of power maps. An important
finding in this context is that the spatial variations of power
maps in free space are relatively slow. Most of their energy
is concentrated at low spatial frequencies, which motivates
estimators based on this property.

Second, the estimation performance of zeroth-order, first-
order, and sinc interpolators is quantified in terms of L!,
L2, and L error metrics. Many of these bounds turn out
to be proportional to a quantity referred to as the proximity
coefficient, which is directly proportional to the transmitted
power and inversely proportional to the cube of the distance
from the transmitters to the mapped region. As a result, the
analysis reveals that a larger spatial density of measurements
is required when the sources are closer to the mapped region.
Error analysis of the sinc interpolator yields bounds with a
faster decay rate than zeroth- and first-order interpolators, but
the latter are seen to be preferable in practice, where the
number of samples is finite.

Finally, although the aforementioned results assume free-
space propagation, their generalization to more involved
propagation phenomena is briefly addressed, both theoretically
and by means of a numerical experiment.

The rest of the paper is structured as follows. Sec. II
formulates the RME problem and introduces useful notation.
Sec. IIT analyzes the spatial variability of power maps. Sec. IV
derives error bounds for the considered interpolators. Finally,
Sec. V presents numerical experiments and Sec. VI concludes
the paper. The proofs can be found in the appendices. Extended
versions of the proofs can be found in [30]. A note on
the generalizability of the results here to non-free space
environments is given in Appendix H.

Notation: Symbol £ indicates equality by definition. If
A is a set in a metric space, A denotes its closure. If A
is a set in a vector space, span(A) denotes the set of all
linear combinations of finitely many elements of 4. N is the
set of natural numbers, Z the set of integers, and R is the
field of real numbers. Boldface lowercase (uppercase) letters
denote column vectors (matrices). Vertical concatenation is
represented with a semicolon, e.g. [a;b]. A function f is
represented by a letter, whereas the result of evaluating such
a function at a point « is denoted as f(x).
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II. ESTIMATION OF RADIO MAPS

This section introduces power maps and formulates the
problem of estimating them. Subsequently, useful notation is
presented for power maps in free space.

Let R C R3 comprise the Cartesian coordinates of all points
in the geographic area of interest. A set’ of S sources (also
referred to as transmitters) in a region ¥ C R? produce an
aggregate electric field e(r,t) € R? at every point » € R,
where t denotes time. The underscore notation r will represent
full location vectors in R3, whereas the notation r will be used
later when introducing restrictions.

Neglecting for simplicity polarization effects and modeling
e(r,t) as an ergodic wide-sense stationary random process
over t for all r, the power of the signal received by a sensor
with an isotropic antenna at » € R does not depend on ¢ so
it can be represented by a function v : R — R_. Function ~,
which therefore indicates how power spreads across space, is a
special case of a radio map termed power map and depends
on the transmitted signals, the transmitter locations, and the
propagation environment.

The problem is to estimate a power map given a set of
measurements in R. Specifically, let v1,...,yny denote the
power measured at a set of locations R £ {r,,....,75y} CR.
For the ensuing analysis, it is not relevant whether sensors are
static, which implies that each one measures at a single spatial
location, or mobile, which means that they can measure at
multiple spatial locations.’

Due to the finite observation time spent by a sensor at r,,
to measure the received power, -, does not generally equal
~(r,,). Instead, certain measurement error must be expected.
This is oftentimes expressed as v,, = y(r,,) + (n, where ¢, is
the measurement error.

The power map estimation problem can be formulated as,
given {(r,,,vn)})_,, estimate the function v or, equivalently,
the values y(r) for all € R. The map estimate will be
denoted as 7. In this formulation, no information is given about
the propagation environment, the positions of the sources,
the transmitted power, the radiation pattern of the transmit
antennas, and so on. This is why most estimators in the
literature are based on interpolation algorithms rather than on
electromagnetic propagation models. A detailed taxonomy of
these estimators along with relevant references can be found
in [1].

A. Power Maps in Free Space

Since many of the results in this paper focus on free-space
propagation, this section introduces useful notation for this

2 There may be other sources in the region so long as the measurement
process can separate out their aggregate contribution. This can be achieved e.g.
by means of spreading codes or pilot sequences. This allows the construction
of a wide variety of maps, including signal maps, interference maps, noise
maps, and signal-to-interference-plus-noise-ratio (SINR) maps. This is useful
e.g. to determine the coverage of a network; see [1] for a list of applications.

3Since e(r,t) is modeled as an ergodic wide-sense stationary random
process, the power is a constant, i.e., it does not depend on time. Thus, theoret-
ically there is not a maximum allowed difference between the times at which
the measurements must be collected. In practice, e(r, ¢) is non-stationary and
one can think of power as a function of time. Thus, one needs to specify a
time scale under which the power does not significantly change. All the N
measurements must therefore be collected within this time scale.
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class of maps. The case of general propagation effects will be
addressed when discussing some general results and it will be
the focus of Sec. V-B, Appendix H, and future work.

Recall that Friis’ propagation law establishes that the power
that a terminal at r receives from a transmitter at 7 when
propagation takes place in free space is given by

A 2
,], (D

:Px X X | 5 -
E) = PrlnGr Lﬂlr—rl

where )\ is the wavelength, Pry is the transmitted power, Gy
is the antenna gain of the transmitter, and Gy is the antenna
gain of the receiver.

Suppose for simplicity that both terminals use isotropic
antennas, i.e. Gty = Ggrx = 1. Upon letting o = Pr(\/47)2,
expression (1) reduces to

v(r) = 2)

Observe that, as per (2), ¥(r) — 400 as r — 7, which is not
physically possible. The reason for this disagreement between
(2) and the physical reality is that (2) is an approximation valid
only in the far field, i.e., when ||r — 7|| is significantly larger
than \. Thus, it will be required throughout that ||r — 7| >
Nmin,» Where iy 1S a constant sufficiently larger than .

In the presence of multiple sources that transmit uncor-
related* signals, the individual contributions of each one to
the total received power add up and, therefore, the set of all
possible power maps is given by

S

P ey

—q 1=

QFS{’Y R—Ry | ~(r

7, €V, QSZO,SEN}, 3)

where S denotes the number of sources, and a and 7, are
respectively the « coefficient and location of the s-th source.
Due to the minimum distance assumption introduced earlier,
V must be such that

duin(?) 2 inf{||r — 7| | # €V} > unVr € R.  (4)

B. 1D and 2D Restrictions

The maps in (3) are functions of three spatial coordinates.
However, most works in the literature consider restrictions of
such maps to one or two spatial dimensions. This is because
the case of two spatial dimensions is of interest when users are
on the ground, whereas the case of one spatial dimension is
relevant e.g. when one wishes to construct a map along a road
or railway. The case of three spatial dimensions is still rare in
the literature, but it has already been successfully applied to
deploy aerial base stations and aerial relays [6], [8].

4This assumption excludes setups with coordinated multipoint or with
multiantenna transmitters that use space-time coding or beamforming. Recall
also Footnote 2.
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Fig. 2. Visual depiction of the setup for estimating a power map in two
spatial dimensions. This is the most common setup in the literature.

1) 2D Restriction: To consider the restriction of power
maps to two spatial dimensions, focus without loss of gen-
erality (w.l.o.g.) on the values that ~ takes on the horizontal
plane H £ {[ry;ry;7r.] € R3 | 7, = 0}. To this end, the
domain R where ~ is defined must be a subset of H, i.e.,
R = {[ra;ryirs] | [re;ry] € R®, 7, = 0} for some
R(2) c R2. Since each point in R can be identified by its
x and y coordinates, which are collected in R(?), the sought
restriction of v will be defined on R(?).

Before presenting the expression for this restriction, some
notation is introduced. Upon letting © = [r,;7,;0] and 7 =
[Fz; 7y 7], equation (2) becomes

o . o A
'2_|_/g2_

V(r) = y(r), (&)

Iz =22 |

where © £ [r,;7,] and # £ [F,;7,] respectively contain the
horizontal coordinates of the evaluation and source locations,
whereas 32 £ 2 is the squared distance from the source
location to H. Thus, although the points where v will be
evaluated are on H, the source locations are not required to
be on H.

With this notation, restricting the maps in (3) to H yields

(2) _ @ LR
oK = {r R Rt an—r\\?m@’

7o € VP, B2 € B(#y), s >0, S € N}, (6)

where V() is the set where the horizontal coordinates of the
sources are allowed to be (which results from the projection
of V onto ‘H) and B(#) contains the allowed values of 3% for
each vector of source horizontal coordinates #, that is, B(#) =
{B% | 3 = [Fu;Fy; 7] €V 1 # = [Fy; 7] and 72 = 52}

Fig. 2 illustrates the main symbols used in the 2D restriction.

2) ID Restriction: Since it is the most insightful case, most
results in this paper focus on radio maps in a single spatial
dimension, i.e., when the functions in (3) are restricted to a
line. For the same reason, this approach has also been adopted
in the WTI [29, Ch. 8]. RME on a line was considered e.g.
in [31].

Consider w.l.o.g. the line £ £ {[ry;ry ;7] € R® | 1y, 7, =
0} and suppose that R is a subset of £. Thus, one can write
R = {[ra;ry;rs] | [re] € RM, 7y, r, = 0} for some R C
R!, where R! is the set of all vectors with one real entry.
Vector notation is sometimes used for scalars to simplify the
statement of some of the upcoming results.
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Fig. 3. Visual depiction of the setup for estimating a power map in one
spatial dimension. This is of interest e.g. when a map must be estimated
along a road.

1.24

1.01

0.8

Power

0.6

0.4 1

0.2 1

0.0

10

o 4
N
S
o 4
0

Ix

Fig. 4.  The black curve shows an example of a power map in Q(l)
where S = 3, [Tiz’l,fzyz,fzyg] = [1,5,8], [[31,,@2,53] = [1,37 2}, and
a1, a2, a3] = [1,3,3]. The blue lines correspond to the contribution of
each source. The maximum of each one is at the corresponding value of 74 .
Although source s = 1 has the lowest power, it is closer to £ than the other
sources and this results in the largest contribution to ~y and its derivative ~'.

When r = [r;;0;0] and # = [#*5; 7y; 7.], (2) becomes

@] @]
£ 5(r),

[ P e R R

Iz — 2|2
where r £ [r,] and 7 £ [f*,] are the longitudinal coordinates
of the evaluation and source locations, whereas 62 £ 7‘2 +r is
the squared distance from the source location to the mapped

line. Thus, restricting the maps in (3) to £ yields

Z IIT*T ||2 [lr — 7|2 + 52’

#o € VI, B2 € B(#s), as >0, S € N}, (8)

)

Gl = {7 RW SRy | A(r

where, similarly to the 2D case, V@) results from the orthog-
onal projection of V onto £ and B(7) is the set of allowed
values for 3 when the x-coordinate of the source location is
Py, that is, B(F) £ {32 | IF = [FuiFy;7s] €V @ 7 =
[7x] and 72 4+ 72 = (2} Fig. 3 illustrates the geometric
meaning of the main symbols in (8) while Fig. 4 shows an
example of a power map in géé).

ITII. SPATIAL VARIABILITY OF RADIO MAPS
Having formalized the classes of maps under study, this
section will analyze the variability of the functions in QF? and

gé?. Specifically, Sec. III-A and Sec. III-B will respectively
present high- and low-variability results. Subsequently, Sec. IV
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builds upon these results to derive performance bounds for
three interpolation algorithms.

A. High-Variability Result

This section establishes that power maps constitute a con-
siderably rich class of functions. It will follow that, under
general conditions, power maps cannot be estimated exactly
with a finite number of measurements, even in the absence
of noise. In other words, a certain error must be expected.
Importantly, these observations are not confined to free-space
propagation: they hold in the presence of arbitrary propagation
phenomena such as reflection, refraction, and diffraction.

These conclusions follow from the next result, which estab-
lishes that any continuous function can be approximated up to
arbitrary accuracy as the difference between two power maps
in free space.

Theorem 1: Let R'Y be a compact subset of RY, where d
is 1 or 2. Then, there exists V C R3 such that the following
condition holds: for every continuous function ~ : R(Y — R
and every € > (),

(y+(r) = 7=(7))] <e.

€))

sup |y(r) —
reR(D)

d
I4,v- € G

The set V can be chosen to be any set that satisfies
(c1) R c V@ gnd
(C2) there exists 3> >0 : 2 € B(+) Vi € R4,
Proof: See Appendix A. [

Several observations are relevant. First, function ~ need
not be a power map — it is an arbitrary continuous function
which can even take negative values. Second, conditions (C1)
and (C2) just require sufficient flexibility to find suitable
source locations. One simple example where both conditions
hold is to set V so that the sources are allowed to be
anywhere above a minimum positive height. Third, Theorem 1
establishes that span gé‘;) is dense in the space of continuous
functions defined on any given compact subset of R%. As a
result, gég” is clearly infinite dimensional. Thus, one should
not expect to be able to reconstruct a power map exactly with a
finite number of measurements, even if those measurements are
noiseless. Finally, let G denote the set of physically possible
power maps, that is, the set of power maps consistent with
Maxwell’s equations. Up to the simplifying assumptions in
Friis’ transmission equation, it holds that Ggs C G. Thus,
the family of functions G is at least as rich as Gps and,
consequently, the above conclusions carry over to arbitrary
power maps, not just free-space maps.

In view of Theorem 1, one may think that there is no hope
that power maps can be satisfactorily estimated when the set of
measurement locations is finite or even countable. Fortunately,
a closer look at Theorem 1 reveals that the variability of the
functions in gé‘;) may not be as large as it may seem. First
and foremost, Theorem 1 uses the difference v, — ~y_ rather
than a single map to approximate ~. This is because of the
requirement on non-negativity of the a,’s in (3). In other
words, if gé;” were a subspace rather than just a convex cone,
it would follow from Theorem 1 that it is possible to find
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two power maps that, given any arbitrary discrete set R of
measurement locations, (i) they take the same values at R and
(ii) they differ arbitrarily at any given point of R(%) — R. This
would imply that the error of any reconstruction algorithm
that relies on measurements at 7~€, even in the absence of noise,
would be unbounded. However, this is fortunately not the case
and is extensively discussed in the next section.

Second, Theorem 1 does not constrain the transmitted power
or the number of sources in 4 and ~y_. This means that some
of these quantities may arbitrarily increase as ¢ — 0. Thus,
in the presence of a constraint on the transmitted power or
number of sources, the variability of power maps may be much
more limited than it may seem at first glance from Theorem 1.

B. Low-Variability Results

This section provides upper bounds on the variability of
power maps. To facilitate the intuitive understanding of the
fundamental phenomena to be studied, the focus will be on
the case d = 1, in which case any v € gég“ can be written as

As

x T 7:.’1,',5)

s
y(r) =~(rg) = ; G T (10)
where 7, ; and (3 are such that #; = [F 5; 7y 57, 5] € V and

Bs = \[72 (472,
1) Spatial Change Rate of Power Maps:
upper bounds the first derivative of power maF
Lemma 1: Let R™Y) be open and let ~ € Grs . Then,

33 /2
Y (re)| < Z (11)
Proof: See Appendix B. n

The first result

The bound in Lemma 1 is tight. It can be seen that equality
is attained for a specific arrangement where all the sources lie
on a plane that is perpendicular to L.

To facilitate the interpretation of (11), recall that as can be
expressed as oy = PT(;?) (\/4m)?, where PT(;?) is the transmitted
power of the s-th source. Thus, (11) can be written as

Observe that this rate decreases cubically with the distance
Bs from the sources to £ while it increases linearly with the
transmitted power. Thus, the influence of the distance to the
sources is much more significant: reducing (s by a factor of
2 has the same effect as increasing PT(;) by a factor of 8.
Also, the fact that the derivative of v in (10) decreases to zero
as r, becomes arbitrarily farther away from 7, implies that
the largest variability occurs in the vicinity of sources. By the
above considerations, this variability is largest near the sources
that lie close to L. This suggests that radio map estimators
will generally benefit from collecting a larger number of
measurements in those parts of L that are near the sources.
Interestingly, this is fully consistent with the WTI, which
predicts that a larger spatial density of sensors is required near
the sources [29, Secs. 8.5.2 and 8.6].

33/2
= 1287T2

1Y (r2) (12)
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It is also interesting to express (12) after normalization by
A. In particular, consider the normalized distances 7, o /A
and B £ 3, /)\ The radio map expressed in terms of 7,
becomes ¥(7,) £ v(\r,) and its derivative satisfies ¥'(7,) =
d5 () /diry = (dy(Arg)/dry)(dry/dify) = Ay (Ary). Thus,
it follows from (12) that

33/2 P(S)
(Pl < 1555 2 5 (13)
s=1 ﬁs

As expected from electromagnetic theory, this expression no
longer depends on \. Thus, the variability of a power map in
the scale of the wavelength is just dependent on the distance of
the sources to L in units of A. The RME problem is invariant
to scaling both A\ and all distances by the same factor. This
means, for instance, that if one decreases A\ and wishes to
attain the same estimation performance, the distance between
measurements needs to be decreased by the same factor.
Conversely, for a given set of measurement locations, the esti-
mation performance will generally be worse the shorter A is.

The next result provides a different view on the variability
of radio maps in gé?. Unlike Lemma 1, which depends on
the parameters of each source, the next result provides bounds
on the values that a radio map can take at one point given the
value that it takes at another point:

Theorem 2: Let 7y € g}?. If [re], [re + Ar] € RW), then

c(Ar) — c(Ar)+1
’Y(TI)C(A’/‘) +1 S ’Y(TZI/’ + AT) < 7( )mv (14)
where
i 2
c(Ar) = 1+4{AJ : (15)

Furthermore, if V) = R and n?2,, € B([Fs]) V7s, the bounds
in (14) are tight, which means that, given r,, Ar, and v(r,),
there exists 7 € QI%) that satisfies either bound in (14) with
equality.

Proof: See Appendix C. ™

Fig. 5 illustrates the bounds in (14) for an example of power
map when 7, = 0. The areas above the upper bound and below
the lower bound are forbidden regions.

When seen as functions of Ar for fixed ~(r,), the only
parameter governing the bounds in (14) is 7. Thus, when
it comes to the relative change ~(r, + Ar)/y(r;), the
main factor determining the maximum variability of v is
the minimum distance between the sources and the mapped
region. Furthermore, since the lower bound increases with 7y
whereas the upper bound decreases with 7y, the maximum
variability of ~y is largest when 7, is smallest.

Recall that Theorem 1 established that the set of differences
of power maps is dense in the space of continuous functions.
It was mentioned that it would be highly problematic if this
applied also to the set of power maps themselves. Fortunately,
the following follows from Theorem 2:

Corollary 1: QI%) is not dense in the space of positive
continuous functions defined on R and with the uniform
metric.

Proof: Trivial. ]
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Fig. 5. Tllustration of the bounds on the variability of a radio map provided

by Theorem 2. Given the value of ~y at a point 7 (r, = O in the figure), the
values that «y can take at any other point are restricted by (14). Thus, the areas
above the upper bound and below the lower bound are forbidden regions. .

In other words, there are continuous functions for which a
power map cannot be found that is arbitrarily close to that
function.

A different proof technique can be used to establish a similar
result for the case where the map is defined on a circle.

Corollary 2: Let R = {[r,,r,] | r2 + r2 = R?}, where
R > 0. Then Qg) is not dense in the space of positive
continuous functions defined on R,

Proof: W.o.g. assume that R = 1. It follows from (4)
that the series in [32, eq. (0.8)] contains only a finite number of
terms, which implies that the resulting series cannot diverge.
Hence, it follows from [32, Th. 2] that QIE-? is not dense in the
space of positive continuous functions defined on R(?). n

2) Spatial Bandwidth of Power Maps: The rest of the
section establishes that radio maps in free space are approx-
imately lowpass in terms of spatial frequency. This is not
only relevant for purely theoretical reasons, but it is also
important to motivate the usage of estimators that rely on this
property. Such estimators would go along the lines of what
is discussed in [29, Ch. 8] about the spatial bandwidth of the
electromagnetic field itself.

Consider the Fourier transform of ~:

[(ky) = / h Y(ry)e k=T dr,, (16)

— 00

where k, is the spatial frequency. The following result’
characterizes the frequency content of ~:

Theorem 3: Let Bpin = ming B, Bax = max, Bs, and B >
0. The following holds:

S
™ — 3. .
[Pka)l < | 5D | et (17a)
min s=1
[e’s} 25 S 2
/ [T (k) 2k, < 2=l 2%;'—1 S o2 (17b)
B min

STt is considerably easier to establish that |T'(ks;)| decreases at least as
O(l/|kz\) ds kz — oo just by relying on the identity jk.I'(ks) =
foo (ry)e~Ik=Te dr,.. Theorem 3 is more involved to prove but it yields
a much stronger result.
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o0 2 S5 2 2y 2
™ a2 Ty«
T(ky)Pdk, > — Y —5 > =s=1L5  (17¢)
[ DI T
Proof: See Appendix D. ]

Expression (17) establishes that I' cannot be high-pass. More
precisely, one can combine (17b) and (17c) to quantify the
fraction of energy of I' at high frequencies:

fB |F ‘Qdk < Brnax ¥ —2Bmin B
NIRRT
0 'min

This shows that the energy of I is concentrated at low frequen-
cies. Furthermore, this concentration becomes exponentially
more pronounced as B increases. Besides, by increasing Guin,
the concentration of the energy of I" at low frequencies rapidly
grows. Finally, it is also worth pointing out that the WTI also
uses the relation between the counterparts of Gy and SBpax
therein to quantify the complexity of the field through a notion
of spatial bandwidth [29, Eq. (8.75)].

(18a)

IV. RECONSTRUCTION ERROR BOUNDS

This section analyzes the reconstruction performance of
three simple radio map estimators. The analysis for more
sophisticated algorithms will be addressed by future publica-
tions. The obtained bounds are summarized in Table I.

The reconstruction error has multiple components. One
is due to the specific variability of radio maps, which was
quantified in Sec. III. Another is due to measurement noise
and occurs in any interpolation problem. To focus on the first
of these components, it will be assumed that (,, = 0 for all n.

Recall that the RME problem formulation from Sec. II is to
estimate y given {(r,,,v,)})\_,, where 7, € R Vn. Focusing
on the 1D restriction introduced in Sec. II-B, one can rewrite
this formulation as estimating v given {(r,,7,)})_,, where
rn € RW is the x-coordinate of the n-th measurement loca-
tion. However, to simplify some expressions, it is convenient to
also allow a countable set of measurements. Thus, the problem
will be reformulated as estimating v given {(rn,Vn)}nen
where 7, € R™M Vn and N' C Z is a (possibly infinite)
countable set of indices. Obviously, the previous formulation
is recovered by setting A" = {1,..., N}. Besides, it will be
assumed w.l.o.g. that r,, < r,,4; for all n.

The performance metrics to be investigated are the conven-
tional L' and L? norms used in Lebesgue spaces as well as
the L norm used in spaces of continuous bounded functions:

Hv—whé/‘|Wma—wm»mm (19a)

R(1)

Hv—w@é/'|wm»—wwn%m (19b)
R(1)

=4l 2 sup [y(ra) —4(r)l.  (190)
re €RM)

Many of the bounds will be seen to be increasing functions
of the following quantity, which will be referred to as the
proximity coefficient:

2 5%

(20)
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TABLE I
UPPER BOUNDS ON THE RECONSTRUCTION ERROR
Zeroth-order interpolation First-order interpolation Sinc interpolation
~ AN
F(rz) = Tn, N A Ay N A o0 W)\ . NN
Interpolator ry) = 22 (re —Tn) + M (ry) 2 _ <r )smc e
P where n = argmin,,; [tz — 7,/ | i(re) Arn (re =mn) +m | A(re) = 2inz—oo ¥ (rn Ar
1 N— 1 27 N-1
L pz Ar? 25\sz Ar?
s 2
2 3 N-1 1442117 N—1 A,3 TS 301 A% L — 27 Bin/ AT
L 16 P\ 2na1 AT, \/ 2048 \/Z -1 Ary B "
3/2 3/2
L> 31—6p maxy, Ary 3 g pmaxnp Ary,

In view of this weighted sum of the terms 1/32, one will
conclude that a poor estimation performance is expected if
relatively strong sources are near the mapped region. This
agrees with the findings in Sec. IIL.

A. Zeroth-Order Interpolation

Suppose that N' = {1,...,N} and® R = [ry,7n).
The zeroth-order interpolator considered here is the nearest-
neighbor estimator. For each r,, this estimator produces

ey

A .
£ 4, where n = argmin |r, — r,|.
n/

'AY(TT)

Theorem 4: Let 4 be given by (21) and let Ar,, = 1y —
7. Then:

N-1
—3\/§p Z Ari

v =4l < (22a)
n=1

3 N-1
Iy =All2 < 55 0| D A (22b)

n=1

33/2

v = Alloo < TpmaXArn (22¢)
Proof: See Appendix E [

First, observe that the error becomes 0 if Ar, — 0 Vn.
This is expected since vy is continuous. Second, the bounds
for all these metrics depend on the quantities defining the
map (wavelength, transmit power, and source position) only
through the proximity coefficient p, which therefore condenses
the impact of these magnitudes effectively.

Applying Parseval’s theorem to (17c) yields

o 1 [ ™
i3 [ haPde == [0 Pk, >
—00 0

A2
=518
RIE

(24)

OStrictly speaking, R(1) does not contain 7, which violates the assump-
tions in Sec. II. This has clearly no impact, it just simplifies the exposition.

Interestingly, if a; = o Vs and 35 = § Vs, then the relative
error bound becomes

N-1 3
9 Ar
<S8 n
- 1287 21 { 0 ]

n=

lv =413
1113

This again suggests that, the closer the sources are to L,
the smaller the sample spacing Ar,, necessary for a target
relative error. It is also remarkable that (25) does not depend
on the transmitted power in this simple scenario. In fact, s
(equivalently PT(;?)) can be thought of as a factor in (24) that
weights the effect of each 5 on the error.

(25)

B. First-Order Interpolation

As in Sec. IV-A, let N = {1,..., N} and R = [ry,7y).
The considered first-order interpolator is the linear interpolator
returning a function on R(Y) that takes the values

2 A n
'Y(’I"z> é i(rm - Tn) + ’Yna (26)

Ar,
where A, £ (7 1) = y(ra). Ary 2 1y
the only integer such that r, € [rp, rpy1).
Theorem 5: The estimator % deﬁned in (26) satisfies:

— r,, and n is

27V3 2
-4l < Ar 27
=l < 222 2) (27a)
1442 — 117
—Alls <4 ———~— 27b
Iy =Alle <y o (27b)
33/2
v = Alloo < —pmaXArn (27¢)
Proof: See Appendix F. n

Observe that the bounds in Theorem 5 are the same as in
Theorem 4 except for multiplicative factors. Therefore, similar
observations to those in Sec. IV-A apply here. However,
contrary to what was expected, the constants in Theorem 5
are in fact larger than the ones in Theorem 4. This is because
the latter bounds are tighter than the former since the worst
cases implicitly considered in the proof of Theorem 5 are
more extreme. Notwithstanding, a more tedious derivation’ is

"The idea would be to enforce continuity and the derivative bound at the
midpoint of each interval [ry, 7n+1]. Then, one can maximize the worst-case
error with respect to the value that « takes at this point. Unfortunately, the
derivation becomes cumbersome due to the large number of cases that must
be considered.
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expected to result in upper bounds for first-order interpolation
that are lower than those for zeroth-order interpolation.

C. Sinc Interpolation

The sinc interpolator gives rise to an exact reconstruction of
a bandlimited signal given a set of uniformly-spaced samples
that satisfy the Nyquist criterion. Using such a sinc interpolator
for reconstructing «y is therefore motivated by Theorem 3,
which establishes that v is approximately bandlimited. This
interpolator also plays a central role in the WTI [29].

Suppose that v is observed at a set of uniformly-spaced
locations 7~2y £ {rﬁl”), n € Z}, where 7’7(1”) £ nAr +v are the
sampling instants corresponding to offset v € R and Ar > 0 is
the spatial sampling interval. Consequently, N = Z and let
R = R. In practice, R. may correspond to a scenario where
a vehicle moves along £ and collects measurements at regular
intervals.

The sinc interpolator is defined as

o )
)2 S (rﬁ,”)) sinc (”J”) (28)

n=—oo

where 'y(rﬁ,,y)) are the measurements. Consider the following:

Theorem 6: Let v be a function with Fourier transform I'.
If one lets

E() 2 ||y — 40| 2 / () = 49 () Pdrs, (29)

— 00

then

_ 1 Ar 9 00 )

E = —/ E(v)dv = —/ T (k)| dk..
AT 0 7T w/Ar

Proof: See Appendix G. ]

(30)

This theorem establishes that the average error across all
offsets v is proportional to the energy of ~ outside [—m/Ar,
m/Ar]. This is therefore an aliasing error, since there is no
physical way of spatially low-pass filtering « before acquiring
the measurements, as would be performed by an analog-to-
digital converter (ADC) in the time domain. It can also be
interpreted as the expected error when the offset is uniformly
distributed in [0, Ar), which captures the fact that the mea-
surement locations do not generally depend on the coordinate
system or 7y itself.

Observe also that (30) is an equality, i.e., it is not a bound,
and that it applies to arbitrary power maps, not necessarily in
free space. Substituting (17b) with B = «/Ar in (30) yields
the bound

S 2
E < S Z;:l - e—27rﬁ,“i“/Ar. (31)
min
This bound decreases much faster than the bounds in Theo-
rem 4 and Theorem 5 as [y, — oo or Ar — 0 upon setting
Ar, = Ar Vn. Furthermore, the error in (31) is the total
error in R, whereas the bounds in Theorem 4 and Theorem 5
apply only to a bounded interval [ri,7y). In fact, the latter
bounds diverge as one considers a longer support (just let
N — oo with constant Ar). Thus, the performance guarantees
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for the sinc interpolator are much stronger. A more detailed
comparison between these bounds is provided in Sec. V.
Remark 1: The case of a single transmitter is a relevant
special case of the general problem formulated in Sec. II,
where the number of sources is arbitrary. Some of the results
in this paper can be readily specialized to this case by setting
S = 1. This is the case of Lemma 1 and the bounds in
Sec. 1V. Theorem 2 remains unaltered if one sets S = 1.
In contrast, other results, such as Theorem 1, Corollary I,
and Corollary 2, inherently require an arbitrary number of
transmitters, so they do not apply to the case S = 1. Further
considerations regarding the case S =1 can be found in [1].

V. NUMERICAL EXPERIMENTS

This section provides experiments that empirically corrob-
orate the theoretical findings of the paper.

A. Tightness of the Reconstruction Error Bounds

This section verifies and assesses the tightness of the
bounds in Sec. IV. To this end, v € Qéé) is generated by
placing 3 transmitters at a distance 3 from L. Let A = 1 to
express all lengths in terms of the wavelength and consider
{(fm,s» 657 as)}§:1 = {(10007 ﬂa (47'()2)7 (50001 ﬁa (477)2)7
(8000, 3, (47)?)}. The N = 11 measurement locations are
rn = (n—1)Ar, n=1,...,N, where Ar = 1000. Using
these measurements, each algorithm returns an interpolated
function 4, which is evaluated at 1000 uniformly spaced points
in the interval [r1, 7] to approximate the error metrics in (19).
The values of these parameters are set to capture typical cases
in cellular communications.

Figs. 6 and 7 depict these metrics for zeroth- and first-order
interpolation along with their upper bounds in (22) and (27),
respectively. Observe that the decay rates of the bounds accu-
rately match the decay rate of the corresponding error metrics.
Second, the error decreases more slowly than exponential,
which would manifest itself as a straight line. Also, the bounds
are considerably tight: observe for example that the upper
bounds for the L? error are lower than the L' error. As antici-
pated, the bounds are tighter for zeroth-order interpolation than
for first-order interpolation. However, the error for the latter
is lower than for the former. Thus, first-order interpolation is
preferable in terms of performance.

The third experiment investigates the error of sinc interpo-
lation. Since the upper bound in (31) pertains to the average
of the L? error across sampling offsets v (cf. (30)), the error
is approximated for 20 different offsets uniformly spaced in
[0, Ar) and then averaged. It is observed in Fig. 8 that, for
a sufficiently small 3, both the error metrics and the bound
decrease at the same rate, which furthermore is seen to be
exponential. Thus, the decrease rate of sinc interpolation is
much faster than for zeroth and first-order interpolation. There
is, however, an important caveat: as described in Sec. IV-C,
the bound in (31) is applicable when the sampling grid spans
the entire real line, which will be abbreviated as N = oo.
However, in practice and in a simulation, the number N of
sampling locations r,, is finite and, therefore, confined to an
interval with finite length. Thus, for the upper bound to hold,
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Fig. 6.  Error metrics along with their upper bounds (22b)-(22c) for the
zeroth-order interpolation estimator (21).
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Fig. 7. Error metrics along with their upper bounds (27a)-(27c) for the

first-order interpolation estimator (26).

it is necessary that the interpolation error with finite N is
sufficiently close to the theoretical interpolation error when
N = oc. For this to hold, the energy of v must be sufficiently
concentrated on the observed interval. Otherwise, the omitted
terms in (28), i.e. those corresponding to unobserved values
of 'y(rﬁf' )), have a significant impact on the interval where
the error metric is being approximated. Fig. 8 shows the
sharp transition between both regimes when [ increases.
For sufficiently small 3, function  is concentrated in the
observation interval. Remarkably, the transition occurs at a
rather small value of 3: just note the difference between the
scale of 75 s and the scale of the 8 at which the transition
occurs. Thus, although the sinc interpolator is very promising
from a theoretical perspective, the finite length of the sampling
interval may render it impractical.

B. Experiment With Ray-Tracing Data

This section presents an experiment where a power map is
generated using ray-tracing software. The goal is to verify the
claim that power maps are more difficult to estimate the closer
transmitters are to R in a 2D scenario with a realistic channel
model.

To this end, a collection of power maps was generated, each
one for a different height of the transmitters. The values of
the map are obtained using a 3D model of downtown Ottawa
on a rectangular grid with 1 m spacing constructed on a
horizontal region of size 47 x 56 m and height 2 m. In all
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Fig. 8. Error metrics along with the upper bound for the L? error (31) for
sinc interpolation.
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Fig. 9. Norm mean square error vs. transmitter heights.

maps, 5 transmitters are deployed. The x,y-coordinates of these
transmitters are the same across maps. Their z-coordinates
are equal within one map but they differ across maps. The
transmitters use isotropic antennas and operate at 2.4 GHz
with power P\) = P, = 10 dBm Vs.

At each Monte Carlo iteration, a smaller map is generated
by drawing a sub-region of size 32x 32 m uniformly at random
from the large map of the considered height. The locations of
N = 100 measurements collected by receivers with isotropic
antennas are then drawn uniformly at random from the grid
points that lie inside the sub-region but outside the buildings.

Three simple estimators are used: (i) The K-nearest neigh-
bors estimator with K = 5 [1], (ii) simple Kriging with o, =
3,0s = 50 m [24], and (iii) kernel ridge regression (KRR)
with a Gaussian kernel of width 10 m and a regularization
parameter of 0.001 [33].

The performance metric is the normalized mean square error
(NMSE) defined as

E{lly — 4113}
E{[lvlI3}

where ~ and 4 are respectively the vectors collecting the
values of the true and estimated power maps at the grid points
that lie outside buildings. The expectations are, as indicated,
over choices of the sub-region and the measurement locations.

Fig. 9 plots the NMSE of the three aforementioned estima-
tors vs. the height of the transmitters. As expected, the NMSE
decreases for all estimators as the transmitters become further

NMSE £ (32)
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away from the mapped region, which provides evidence in
favor of the aforementioned claim.

Although it was analytically shown that this always occurs
in free-space and it was empirically observed that it holds in
Fig. 9, it is important to note that this is not necessarily the
case in all situations. For example, in a setup with S = 1,
if the transmitter is placed above the center of a building with
a horizontal metal rooftop, the transmitted signal will not reach
the ground when the transmitter is right on the rooftop. This
results in the map being identically O and, therefore, the esti-
mation error for the considered estimators will be 0. However,
if the transmitter is a certain height above the building, the
rooftop will not block the signal everywhere. Thus, the error in
this case will be strictly positive and, therefore, it will violate
the claim. The conclusion is that this claim can be used as a
guideline but it need not be accurate in all situations.

VI. CONCLUSION

This paper studied the problem of reconstructing a power
map produced by a set of incoherent sources. The variabil-
ity of these maps was characterized via upper and lower
bounds. Remarkably, power maps are seen to be spatially
low-pass. Three function reconstruction error metrics were
upper bounded for estimators based on zeroth-order, first-
order, and sinc interpolation. A simple numerical experiment
demonstrates that the bounds are tight and accurately predict
the decrease rate with respect to the distance of the sources
to the mapped region. This justifies the introduction of the
proximity coefficient, which is proportionally related to most
of the reconstruction bounds and indicates that the difficulty
of the RME problem increases with the transmitted power
and decreases with the distance from the sources to the
mapped region. The analysis suggests that the sinc interpolator
results in a much smaller reconstruction error than zeroth-
and first-order interpolators. However, the finite length of the
sampling interval in practice implies that the error of the sinc
interpolator will be significantly large unless the sources are
very close to the mapped region. An experiment with ray-
tracing data reveals that the difficulty of the RME problem
also tends to increase with the proximity of the sources in
non-free space propagation environments.

Being the first theoretical analysis in this context, this work
suffers from several limitations. As a result, future work may
address the estimation of radio maps in higher dimensions
and account for noise, correlation among the transmitters, and
propagation effects such as reflection, refraction, absorption,
and diffraction. Bounds for more sophisticated estimators
would also be of interest. It is thus the hope of the authors
that this paper opens the door to a fertile research topic in
this context.

APPENDIX A
PROOF OF THEOREM 1

If conditions (C1) and (C2) hold, it is clear that G.¥
contains the set

(d,%)
Grs {”'” ZIIT*TII”BQ’
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Fs € RD a, >0, SEN}. (33)

Lemma 2: For any (3° > 0, Span QI(ECSI’HQ) is a
reproducing-kernel Hilbert space (RKHS) with kernel

a 1

ey G

k(r,r")
Besides, k is universal.
Proof: Tt was shown in [34] that functions of the form
k(r,r") = g(||r — 7'||?) are positive definite kernels if g can
be written as

g(t) = /R e " du(o) 35)

for some finite Borel measure p. Noting that, in (34), g(t) =
1/(t + ) and selecting y such that

M(B):/ e do
B

for all Borel sets B C Ry, it is easy to see that (35) holds for
K in (34). Therefore, « in (34) is a positive definite kernel.
Noting that

(36)

S

>
lr — 74

spang@” = {5 | () = —
s=1

FseRD a,eC, Se N} (37)

shows that span gég’ﬁ %) is an RKHS with kernel .

Finally, observe that the Borel measure associated with
in (34) is not concentrated at zero; cf. (36). Thus, it follows
from [35, Theorem 17] that ~ is universal.

[ |

Due to the universality of k, for any € > 0 and continuous
v, there exists 7 € span g( )

A(r)| < €/2. Since 7 € span QFS’B ), it follows that there
exists 4 € span ng’ﬁ ) such that SUp,er@ |Y(1r) — ()] <
€/2. Besides, since vy takes real values, it follows that

such that sup,.cgw |y(r) —

sup [y(r) —Re{y(r)}|
rcR)
< sup [y(r) —y(r)| (38a)
reR(d)
< sup [y(r) —F(r)|+ sup [y(r) —F(r)]  (38b)
TER(d) reR(d)
5 + 5 = (38¢)

where the second inequality follows from the triangle inequal-
ity and the properties of sup.

Thus, it remains only to write Re{¥} as the difference
between two functions in ggg”. To this end, note that, since
4 € span g}EfsW 2), it follows (cf. (37)) that there exist 7 €
R@D oy € Cand S € N such that 5(r) = Zf:l ask(r, 7).
If 74 and v_ are such that

S
= max(0,Re{a,})r(r,7,) (392)
s=1
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S
= max(0, - Re{a,})r(r,7,), (39b)
s=1

then, it is easy to verify that y,,vy_ € gé‘;’ﬁ 9 - gﬁfs“ and
v+ —7v— = Re{¥}. Substituting this last expression into (38a)
yields (9), which concludes the proof.

APPENDIX B
PROOF OF LEMMA 1

as|7éac,s - Tx‘

S
Y (re)| = 22

40

(7 — Fa s+ 21 o
as|74xs_7"x|

<2 d 40b

;:13& o rLFrEE GO
QsT 33/2

D I e 2 O BT

APPENDIX C
PROOF OF THEOREM 2

Without loss of generality, assume that r, = 0 and Ar > 0.
Proving the upper bound in (14) can be equivalently phrased
as finding an upper bound for the value that a power map can
take at Ar given that it takes the value g at 0, where g € R
is arbitrary. Formally, one needs to find an upper bound for

sup{y(Ar) | v € G, ~(0) = g}. 41
Clearly, this supremum is upper bounded by
sup{y(Ar) | v € Gig', 1(0) = g}. (42)

where ng is any set such that g(” C Q(é). Due to (4),
this condition is satisfied if one enlarges Q]% so that V() =
R! and n2,, € B([Fz]) V7s.

From (10), the sup in (42) can be expressed as the solution

to
S «
maximize 5 43a
S{(Fa,s, ﬁ?yas)}s sz_: (Ar — 7’,‘1‘78)2 + 63 (43
Z Ep 62 =9, B> mnVs.  (43b)

Now introduce aux111ary variables g1, g2, . ..
the problem as

,gs and rewrite

e

maximize (44a)
S{9: Y5 (e e B2 a)}s, i (AT =7, e) + 52
s
ngzgv gs: 2, a2 Bs = Nmin Vs.
s=1 ﬁ
(44b)
By optimizing first with respect to {(7 s, 32, as)}5_, it is
easy to see that (44) is equivalent to
s
maximize 9" (gs) (45a)
S, {gs}é 1 ;
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5
2 9:=9 (45b)
s=1
where g*(g) is the optimal value of the problem
rTr’lfailﬁrgloie (Ar — 74(3:;)2 + 32 (46a)
s.t. gs = Qg > Do Vs, (46b)

g s
rz,s + ﬁg

To solve (46), optimize first with respect to o; to obtain

s (7‘275 + ﬁg)

maxinze (Ar —F,0)? 1 B2 @7
St Ba > foin- (47b)

Setting the derivative of the objective with respect to 7, s equal

to zero yields
Ar 4/ Ar? + 432

s = 48
i, 5 (48)
The + solution is a maximum and the — solution is a
minimum. Substituting the former in (47) results in
2
(Ar +/Ar? + 4ﬁ§> + 432
9" (9s) = 9s sup 3 . (49a)
e (Ar —\/Ar? 453) + 432
Letting b = \/Ar? 4 432/ Ar yields
. Ar 4+ bAF)® + Ar2(B? — 1
g"(g9s) = gs sup ( >2 2( ) (50a)
b>c(ar)  (Ar —bAr)” + Ar¢(b2 — 1)
b+1 c(Ar)+1
= — =gy ————— 50b
9 bZScL(IET) b—1 9 C(AT) - ( )

Substituting (50b) into (45) and using (45b) yields a problem
that does not depend on S and {g,}5_,. Its optimal value is
therefore the desired upper bound in (14). The lower bound
in (14) can be obtained by following a similar reasoning.
To see that the bounds are tight, it suffices to note that (41)

equals (42) if g]:s = G}%)

APPENDIX D
PROOF OF THEOREM 3

Let us start by considering the following result, which
provides an explicit form for the Fourier transform of ~:
Lemma 3: It holds that:

_Wzas —Gkota,s o= Bslkal

(D

Proof: 1t is easy to show that, for any a > 0, it follows
that
2a
- —alkg|
{7‘2 pr } 2Te (52)
where F denotes the Fourier transform. Therefore,
D(ks) £ F{7(ra)} (53a)
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S
- 53b
{Z_; R +ﬂ3} (43
= ie—j’fmvsf G (53¢)

po i+ 02

5 «
= S g Tkata s g=Balkal (53d)

25
]

It follows from Lemma 3 that

2= WZ% el O] (540)
%efjer‘m,sefﬁs\km\ (54b)

S a . S
:ﬂ'zieiﬁg‘kr‘ S Zas efﬁmin‘km‘7
s—1 65 ﬁmin s—1

(54¢)
which establishes (17a).
The high-pass energy of « can be upper bounded as
/ T (ks ) [ dk
B
| Soo0 2
:/ my e Ihelesem Rkl g, (552)
B s=1
oo [ S 2
@
gqﬂ/ e ket s Belkal || g, (55b)
B [; ﬁs
s [S 2
_ 2 As Bk
=7 —Ze Pk | dk, (550
A 1
S & asa o
— 2 Ts B’ = (Bs+Bs1)ka g (55d)
m € T
Y5,
5 E ~(Bs+B.)B
9 Qs Qgr € s
- - (55e)
; z:: 6 ﬂs/ ﬂs + ﬂs’
=712v" Av, (551)
where v £ [a1/B1;...;a5/Bs] and the S x S

matrix A is such that its (s,s')-th entry is Asy =
e~ Bs+B:)B /(3. 4+ [.). Since A is symmetric, its eigenvalues
are real. In particular, its largest eigenvalue Ap.x(A) is real.
Since all entries of A are positive, it follows necessarily that
Amax(A) > 0 and

o0
100 Pk < 72 0] A (A).
B
Furthermore, since all the entries of A are positive, Apax (A)

is a Perron-Frobenius eigenvalue and, therefore, satisfies [36,
eq. (2)] that Apax(A) < max, >, As s It follows that

/ T (k,)|2dk, < M ~2BunB3
B

2ﬁr§un
which establishes (17b).

(56a)

(57a)
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Finally, to upper bound the total energy, note that
| iw P,
0
1 o0
— 5/ IT(ky)|*dk, (58a)
—r / Iy (o) 2drs (58b)
_oo S @ 2
> 2 dr, 58
SIS e KO
S oo o 2
:WZ/W [7‘2+ﬁ2} dry (58d)

It is straightforward to verify that, for any a # 0, it holds that

/ 1 d 1 Ty n 1 + (rm)
— dr, = — | —%— + —arctan(— ) | .
(r2+a2)2" " 22 |12+a2 a a

(59
Hence,
o0
/ IT(ky)|2dE,
0
S 0[2 r oo
> s  _ 4+ —arct 60
,Wgzﬁg [T%—FﬁQ ﬁéarc an(ﬁé)] (60a)
S 2 2 2
as T T «
= 5 = — == (60b)
2 557, 22@
which proves (17c).
APPENDIX E
PROOF OF THEOREM 4
Let
33/2
ma2-__ (61)

Qg
8 ;@

be the upper bound on the derivative of v provided by (11).
To prove Theorem 4, it is convenient to first establish the
following result:

Lemma 4: If vy € [rp,Tni1), then

max| —m(ry —rp), =M (Tni1 = Tz) + A, (62a)
<y(rz) = (62b)
< min[m(ry — ), m(rps1 —r2) + Ay,],  (62¢)

where Ay, £ y(rni1) = v(rn).
Proof: Given that « is differentiable, it follows from the

mean-value theorem [37, Th. 5.10] that, for any 752<1J“x,

J L

Sy € (Fa ) | 7/ (rg) = 102000 g
Ty — Ty
From |/ (r3)| < m, it follows that, for all 7, <7,
'Y(ij) - 'Z(rac) <m. (64)
Ty — Ty
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Setting 7,= 7, and 7= ry > 7y, yields [v(re) —y(rn)| <
m(r, — ry,) or, equivalently,
—m(ry — 1) <Y(re) —y(rn) <mlry —ry). (65)

On the other hand, setting f“x: Tnt1 and 751: Ty < Tptl
results in |y(rp41) — Y(rz)| < m(rp41 — ry), which can also
be written as

— (1 — 1) + Ay, <y(r2) — (1) (662)
<m(rp41 —7z) + Ay,. (66b)
Combining (65) and (66a) yields (62) for r, € (7, 7n+1)-

The cases r; = 7, and r, = r,4; follow from continuity.
[

To prove Theorem 4, it is also convenient to first establish
the following result:
Lemma 5: Let 0 < a < b and let A € R. It holds that

max [ min(a,b — A),min(a,b+ A)] = a
Proof: To prove (67), consider the following cases:

(C1) A < —b+a: In this case, it clearly holds that b— A >
2b—a > a, which implies that min(a,b—A) = a. On the other
hand, it also holds that b + A < a, which in turn implies that
min(a,b+ A) = b+ A. Therefore, the left-hand side of (67)
becomes max [a,b+ A] = a.

(C2) —b+a <A <b-—a: Since b — A > a, it follows
that min(a,b — A) = a. Furthermore, since b + A > a, one
has that min(a, b+ A) = a. Hence, the left-hand side of (67)
becomes max [a, a] =a.

(C3) A > b—a: Since b— A < a, it follows that min(a, b—
A) =b—A. Since b+A > 2b—a > a, it holds that min(a, b+
A) = a. Thus, the left-hand side of (67) becomes max [b —

(67)

A, a] =a.
Noting that (67) has been proved for all values of A
concludes the proof. [

For r, € [rp,Tn+1), the nearest neighbor interpolator is
given by
if 7y < o
ifr, <7 68)

Yn+1 lf Ty Z 'Fn’

Y(rn) £ {%L

where 7, = (7, +75,41)/2. It follows from (62) and a < z <
b = |x| < max(—a,b) that, for r, € [ry, s,
v(rz)

_’7n|

< max [min [m(r,; — rn),m(Tn+1 —ry) — A%l],

min [m(rw — )y m(rpp1 — 7e) + A’yn] (69a)
Now applying Lemma 5 yields
[v(rz) = Yn| < m(ry — rn), VAr,. (70)
Similarly, for r, € [y, 7n41], One obtains
[v(r2) = Ynt1] S m(rpe1 — 72), VAP, (71a)
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Thus, combining (70) and (71a) produces the bound

— ) if r, <7, <7y

m(rps1 —Tz)

m(ry
if 7, <7y <t
(72a)

[Y(ra) = A4(ra2)] < {

The rest of the proof involves integrating (72a) to obtain
the L' and L? errors and obtaining the suprema on each
subinterval to obtain L°°. It is omitted due to lack of space.

APPENDIX F
PROOF OF THEOREM 5

Using Lemma 4, it is possible to prove the following:
Lemma 6: The estimator % deﬁned in (26) satisfies:

— Al < Ar? 7
Iy =l < 32am Z r (73a)
) 16\@ —13
ly =45 < ————— Z (73b)
~ m -
H7 - 'Y”oo <+ mSXATn (73¢)
Proof: Tt follows from (62) that, for r, € [ry, rni1],
FP(ra) < v(ra) = A(rz) < f59(ra), (74)
where
fﬁl)(rx) £ min[m(ry —7n), M(rng1 — 12) — Av,,]
Av,,
- Ar, (re rn) (75a)
f$9(rz) & minm(re — rp), m(rnp1 — ra) + Ay,)]
Av,,
~ A (re —mn) (75b)

Letting 7, = (7, +7,41)/2, it is then straightforward to verify
that fu")(ry) = fu(ras Av,) and f1)(ra) = —fu(ra: =O7,).

where
A
(m — ZZ) (re —mn)

ifr, <r, <7n+Av,/2m

Ay,
<m + A”Zn> (rn—&-l - rz)

if 7 + Ay, /2m <71y < Tpgq.
(76)

fn(rm; A7n) £

It can be readily shown that that both coefficients m —
Ar,, /Ary, and m + A~,,/Ar, in (76) are non-negative (just
substitute 7, = 7, and 7, = Tnt1 in (64) to note that [Avy, | <
Ar,m).

Since a < z < b implies that || < max(—a,b), it follows
from (74) that

[y(rz) = A4(r )|
< max|[—f (r,), £ (1)) (77a)
= 1rnax[fn(rgc7 —A5,), fn(res; AY,)] (77b)
= max|fn(re; =A%, 1), fu(ra; [Ay, )] = fn(rx) (77¢)

for all 7, € [ry, rpi1].
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Using (76), it is also easy to verify that f,(ry;Av,) =
fn(2F, — 5 —An,). As a consequence, it is easy to see
from (77) that f, (27, — ry) = f, (rz). Thus, (77) can be
alternatively expressed as

) — A ful(rz)
Y(re) = 4(ra)| < {fn(an )

ifr, <r,<r,
if 7 <7y <7Tpya.
(78a)

Observe that 7, € [F,, n41] if and only if 27, —r, €
[rn, 7). Hence, it suffices to consider f, (r;) in 7y € [ry, Tp).
In this interval, it is easy to see that f, (5) = fn(r2; —|A7,|).

The rest of the proof involves integrating (78a) to obtain
the L' and L? errors and computing the suprema on each
subinterval to obtain L°°. It is omitted due to lack of space. m

Finally, combining (73) with (61) completes the proof.

APPENDIX G
PROOF OF THEOREM 6

Lemma 7: Let y[n] £ v(nAr) and

. N d . Ty — AT
’v(u)—n;m'v[n] sinc (AT ) (79)
Then
E= / A(re)|?dry (80a)
=5 Z / o) dk, (80b)
m=—o0,m#0
2
1 [™ >
+5- . > Tp(ks)| dks, (80c)
m=—o00,m#0
where
. T
o [remE b L DD g
otherwise.
Proof: From Parseval’s relation
T 2
B [ M) - TP 62
Note that
> T
v ) = o - — A S _r .
A(re) n;oov(m)é(m n r)*smc(Ar) (83a)
In the frequency domain:
. 1 2T 27
T =— |T — —m— 4
(k) %[ e g 3 o mmﬂ 54
Ay -1 (k) (85)
where
1 if k,
0 () é{ if kg E' [a,b) (86)
0 otherwise.
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Therefore,
. = 27 w/Ar
[(k,) = [ Z P(kx mm>] 0N (Be) - (8Ta)
= 3 Dk, (87b)
On the other hand, it is straightforward to see that
> 2w
I'(k;) = Lo | ke —m— ). 88
(k) m;w ( m Ar) (88)
Substituting (87b) and (88) into (82) yields
2
T[> > 21
pogf | 32 Pn(som)| o
m=—o00,m%#0
2
1 [* >
ol > To(ka)| dke (89a)
m=—o00,m#0
1 > o 2
=5 2 /_OO\ (ka)[" ke (89b)
m=—o00,m#0
2
L LT i T, (k)| dk (89¢)
271_ . m xr xZ- Y
m=—o00,m#0
]

For the following result, consider the shifted signal

#“)(r,) 2 4(r, — v) and its reconstruction
~(v) R ) . re — nAr
o) 2 Y) (nAr) sine [ 220
o (ry) n;mqﬁ (nAr) sinc Ar (90)
Lemma 8: Let
E'(v) é/ 10" (r,) —é(”)(rI)Pdrm. o1
It holds that
IV B 1 )
E = — E'(v)dv = = | |T(ks)|"dk,, 92)
AT 0 Y B
where B =& (—oo, —1/Ar| U [1/Ar, o).
Proof: Let
27 T
W) (k =2 ifky € [———, —
W) (k,) £ (x+mAr) if ke €1 Ar’Ar)
0 otherwise.
93)
From Lemma 7, it follows that
E'(v) = E{(v) + E5(v), (94)
where
rova 1
Ei(v) £ - Z dkm (95a)
m=—o00,m7#0
2
rova b / = .- )
B o | | X (k)| dke O5H)

m=—o00,m#0
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Letting £, £ (1/Ar) [2" E)(v)dw, it follows that

E = E| + E,. (96)
Noting that ®*)(k,) = e 7%+*T'(k,) yields
O (k) = e F I, (K. (97a)
From (95a), it is then easy to see that
Ei(v) = % /B D (kz) Pdk, = E. (98)

On the other hand, from (95b), it follows that
=/
E,

- ZWAT —00 JO

1 o) 27 9
- v
e /_OC/O (0, k,)|? ddk,,
where V(0. k,) = >

m=—oo,m#
discrete-time Fourier transform of

2

e IMENT L (ky)| dvdk,

oo

>

m=—o0,m#0

99)

(100)

0 €M, (ky) is the

To(ky) ifm#£0
(k) = 101
¥ (ko) 0 otherwise. (101)
Applying Parseval’s identity to (100), it follows that
_ 1 [° &
E, = %/m m;oomm(kx)\?dkx (102a)
1 [ >
=— U (ky) | dkes 102b
o B DR ] (1020)
m=—o0,m#0
1
= —/ T (k,)|*dk,. (102c¢)
2 B

Substituting (98) and (102c¢) into (96) concludes the proof. m

Finally, noting that qz’;(y) (re) = 47" (r, — v) shows that
E'(v) in (91) equals E(—v) in (29). Since both functions are
periodic with period Ar, it follows that £ in (92) equals E
in (30), which completes the proof.

APPENDIX H
ARBITRARY PATH-LOSS EXPONENT

The results in this paper were obtained for free-space propa-
gation, where the channel gain adheres to (1). In more complex
scenarios, the presence of obstacles introduces propagation
phenomena such as reflection and diffraction. As a result,
the channel gain no longer depends on the transmitter and
receiver locations only through their distance. Still, one may
be interested in predicting the channel gain of a given link
based on its distance. To this end, a common trick is to use (1)
after replacing the square with a constant v termed path-loss
exponent that is empirically adjusted. Although the resulting
expression is not physically accurate, one may wonder whether
the results in this paper can be extended to an arbirary v.

The answer is yes for the most part. For example,
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expressions (10) and (11) become

S
Qs
V() =(rz) = ; R (103a)
2w —1 v—1/2 S s
()] < ¢ Uzv_l)vv PP (103b)

s=1 195

as a result of this generalization. Setting m equal to the
right-hand side of (103b) and following the same steps as
in Appendices E and F, one can readily generalize the error
bounds for zeroth- and first-order interpolation. On the other
hand, the variability bounds in Theorem 3 and the error bounds
in Sec. IV-C are not easily generalizable to arbitrary path-loss
exponents. This is because of the different nature of the proof
techniques used therein.

To sum up, some of the results in this paper can be
extended to arbitrary path-loss exponents, but this is not fully
meaningful as the model with v # 2 is not physically accu-
rate. An analysis that accurately captures actual propagation
phenomena will be the subject of future publications.
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