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Final Exam

This is a three-hour examination. You may use two hand-written sheets of paper with
notes that you have prepared. The six questions each carry the same number of points.

1 Saving the Terminator from a pool of molten metal (10 points). You are interested in
rescuing the Terminator from drowning in a pool of molten metal when only his arm is
sticking above the pool. A sketch of this scenario is given below.

We model the temperature distribution in Terminator’s arm using the one-dimensional
heat equation. Assume the length of the arm above the molten metal has length L. The
heat equation is

ou  d*u

— =Kz .

ot dx?
Let’s use a constant temperature boundary condition for the extremity of the arm touch-
ing the molten metal, so that

u(0, t) = Umetal

where U peta is the temperature of the pool of molten metal. We model the other side of
his arm with the Newton cooling boundary condition, so that

_ o
ox

Answer the following:

(L,t) = H (1 — Uair) at x=1L,

1. What are the units of x and H? Assume u is in K, t is in seconds, and x is in meters.
Explain physically why H > 0.

2. Assume that du/dt = 0 (the Terminator’s temperature is not changing in time).
What is the temperature distribution #(x) in the Terminator’s arm?

3. As the Terminator sinks into the pool, L decreases. Does the decrease in L increase
or decrease the temperature at his fingertips u(x = L)?



Solution.

1. The units of x are

%u 2
_ t
el = [%ax

The units of H are

K s

[K%] _ m?’s'Km™! m
u

2. The temperature distribution is found by solving

0%u
oz =V
which yields
u=uax-+>ob.

Satisfying u = et at x = 0 implies b = U yeta1, and the condition at x = L implies

u 1 — Uai u 1 — Uai
—ka = H(aL + tmetal — Uair) = a= _Hw B _%
The solution is U U
u = —wx + Umetal

3. The temperature increases.

2 Laplace in an annulus (10 points). Consider Laplace’s equation in an annulus. The
annulus has an inner radius of 1 and and outer radius of 2; a sketch of the annulus domain
is given below. Laplace’s equation in polar coordinates is

ror \ or 2002

The boundary conditions are

Answer the following:
(a) Use separation of variables to find the general solution u(r, 6).

(b) Find the solution which satisfies the boundary conditions atr = 1 and r = 2.



(c) If u is temperature, the total heat flux flowing toward the origin at radius r is

Q(r) = /Oznq(r,e)rde,

where

ou
q(r,0) = kg

is the inward heat flux density (the flux in the negative r-direction). Determine Q(r =
2) and Q(r = 1). What do you observe? How could you have predicted this from the
governing problem without computing the integrals?

Solution.

(a) To separate variables we propose u(r,0) = f(r)g(0) and plug this into Laplace’s equa-
tion. This yields

To isolate terms dependent on r and 6 respectively, we multiply by 72/ fg and move
the g-terms to the other side of the equation. This yields

/!

Ly = 28 =
Py =5 =,

where we have defined a separation constant A. The #-equation is
¢ +1g=0.

¢(0) must be periodic such that g(0) = g(27) and ¢’(0) = ¢’(27). The solution is
therefore
g = Asin(nb) + Bcos(nf),



(b)

where we have determined the eigenvalue n = VA = 0,1,2,3.... Here, we choose
n > 0 for simplicity; we must choose either n > 0 or n < 0. The r-equation is then

2" frf —n?f =0.

To solve this for n > 0, we propose f, = Cr%, to yield an equation for «,

which implies « = £n. Thus f,(r) is
fu(r) =Cr'"4+Dr .

The condition at r = 1 implies that C + D = 0, or that D = —C, and
fu(ry=C(r"—=r7").

When n = 0, this form only gives one of the solutions for f(r). To find the other
solution, we return to the r-equation for n = 0,
r2fl +rfy=0.

This is a first-order equation for f’, whose solution is f; = E/r. We can thus integrate
to find fo:
fo(r) =ElInr+F.

The condition at » = 1 implies that F = 0. Putting f and g together, and adding all
the solutions for every n yields

u(r,0) = Elnr + i (r" —r™") [Ay sin(n6) 4 By, cos(nd)) .

n=1

The boundary condition at r = 2is u(r,6) = In2. Applying the boundary condition
implies that

In2=EIn2+ ) (2" —27") [Aysin(nf) + B, cos(nb)] .

n=1

First, we simply integrate this condition from 6 = 0 to § = 27. This eliminates all the
terms inside the summation and yields

27 27
/ In2d6 = Eln2d6, which implies E=1.
0 0

Now, if we multiply by either sin(m0) or cos(m#@), the boundary condition on the left
side disappears. Thus the solution is just

u(r,0) =Inr.

This also follows from the fact that u = In r satisfies the boundary conditions at r = 1
and r = 2 as well as the governing equation, and so must be the full solution.



(c) The origin-flowing heat flux density is

ou 1

Therefore, the total origin-flowing heat flux at r = 1 is
27
Q1) = kd6 = 2k .
0

The total origin-flowing heat flux at r = 2, on the other hand, is

21 ko
Q(Z):/ £2d6 = 2kr.
0o 2

They are equal. This must be true, because if they were not equal, the corresponding
heat conduction problem would not have the steady-solution (which we were able to
find).

An alternate, mathematical reason for this fact can be given by integrating Laplace’s
equation over the volume of the annulus. This would yield the fact that the total
integral of fi - Vu over the boundary of the annulus must be zero. Finally, notice
that Q(r = 2) is exactly that integral for the part of the boundary at r = 2, whereas
Q(r = 1) is the negative of the integral corresponding to the boundary at r = 1. Thus
this fact implies that Q(1) = Q(2).

3 Fourier series (10 points).

(a) Find the Fourier sine series of
flx) =e*,

on the interval 0 < x < L.

(b) Find the Fourier cosine series of f(x) on the same interval.

Hint: consider the real and imaginary parts of the integral fOL e¥Hnmx/L gy,

Solution.

(a) The Fourier sine series on 0 < x < L is the representation

fx) = i a, sin (?) ,

n=1

where the a, are given by



(b)

With f(x) = e*, the integral can be written

S E/Lex(1+inn/L)dx
n L O 7

where $[z] is the imaginary part of z. We find

2 (L x(1+inm/L) 2 x(1+inn/L) | L
z e — 1
L/o e dx - o/ 1)

Z(L — ii’lTC) n L
=" /(= -1 . 2
L2 + (nm)? [( 1)'e 1} @

Therefore,
7 (L : 2nm
_ x|z x(1+inm/L) _ _1)"el _
an J[L/o e dx] 25 (n)2 [( 1)% 1} .

The Fourier cosine series on 0 < x < L is the representation
ke nrx
xX) = b, sin (—) ,

where, the b, are given by

for n > 1, while by is
L
by = Z/o f(x)dx.

Similar to the sine series above, with f(x) = e* the integral can be written

b, = R 2 /L X (17T /L) 4,0
L Jo !

where R[z] denotes the real part of z. With the result we calculated above we find
immediately that

_ 2 L x(14inm/L) _ 2L n_ L
bn—%lz/o e dx —m[(—l) e 1

For by, we just take n = 0 and divide by 2 to get

b(,:%[L—q.



4 Green’s functions (10 points). Consider steady-state heat conduction in a rod with
an arbitrary source Q(x), non-uniform cross-section, and length L. At x = 0 the rod is
insulated, so there is zero heat flux out of the rod at x = 0. At x = L the rod is held at
constant temperature.

(a) Explain why the governing equation is

d du
a(Aa)m_o.

(b) The rod is insulated at x = 0 such that the heat flux is zero there. What is the corre-
sponding mathematical boundary condition on u at x = 0?

(c) Explain why we are mathematically justified in taking u = 0 at the end x = L, rather
than requiring the actual value of the temperature there.

(d) Find the Green’s function for the above inhomogeneous equation with A = (2L —
x)~L,

(e) Express the solution a sum of two integrals. [Hint: be very clear about which variable is
the variable of integration as well as its range in each integral.]

Solution.
1. It's the heat equation for variable area.

2. Insulation at x = 0 implies

ou

-0

ox
there. Constant temperature at x = L implies u = 0 there . We can use u = 0 because
adding or subtracting a constant from u leaves the governing equation unchanged.

3. The Green’s function is defined by
d dG

We have A = (2L — x) 7!, integrating once yields

dG
a = C(2L — X) .
Integrating again yields
G=c <2Lx— %x2> +b.
Notice that the left side of ¢, G is constant because of the condition dG/dx = 0 at
x = 0. On the right side of ¢ we find b = —3cL?/2. Defining a = c/2, we can write
G as
b for x<¢,

alx (4L — x) —3L?] for x> ¢.

cns-|



We have that G(¢") = G(¢~), which implies b = a[¢(4L — &) — 3L?], and

al¢(4L — &) —3L?]  for x < ¢,
a[ (4Lx — x?) —3L% for x> ¢.

cns-|

and G:

, o for x<¢,
G(xlé)_{Za(ZL—x) for x>¢.

The jump condition is
G'(¢") -G ) =(2L-2),

which implies a = % Good. The Green’s function is then

_ | 3le(4L—¢) —3L%  for x<Z¢,
G(x’g)_{;[(éle—xz)—?)Lz] for x>¢.

4. The general solution is

L
v = [ Q)68 de, ©
L

— - x) -3 @ de -1 [ FUL-) -3Q@ . @)

X

5 Fourier transform: wave equation with damping (10 points). Consider the equation

82_1/[+ a_u—czaz_u
o2 " Vor TS o2

with initial conditions

u(x,0) = f(x) and aa—btl(x,O) =0.
(a) What are the units of 7? What sign do you expect y to have for well-behaved solu-

tions? [Hint: You can ignore the right-hand side to answer this.]

(b) Obtain the equation for the Fourier transform U(w, t) of u(x,t). [ Hint: you will find
that both solutions for U have the form U ~ e*. To save yourself some ink, write a as
« = — £ ic, and give the form of o in terms of ¢, y, and w. ]

(c) Let f(x) = 6(x) and find the physical space solution u(x,t). You may leave your
answer as an integral.

(d) Define the physical space solution found in (c) as G(x, t). Write the general solution
for u(x, t) as a convolution integral involving G(x, f) and an arbitrary initial condition

f(x).



Solution.
1. The units of y are
%u
= =—.
St time
v should be greater than zero. This produces solutions with exponential decay,
rather than exponential growth.

2. The Fourier transform of the wave equation is

02U ou 5 5
— + 27— u=o0.
o T g T
The solutions are exponentials of the form U = Ce*!. The characteristic equation for

« is
oc2—|—2'yoc—i—c2w2:0.

The quadratic equation then implies that
&= —y=x \/m .
Define 0 = \/m, so that & = —v = ic. The general solution is
U=e1 (Aeiat + Be—iat) _

The initial condition 0U /dt = 0 requires

ou
which implies
o . _. 2
p_a—2tic __ ,(y—i0)”
v +io Y%+ 02

The solution is therefore
. — 1 2 .
U= Ae (ew‘t o (:))//2 +1Zg e—10’t> .
The condition U(w, 0) = F(w) then implies that
Flw)=A(1- (r=io)*\
,),2 + 0-2
or in other words,

’)/2—|—0'2

The solution is therefore

2 4 52 L2
T to ot [ ot (¥ —i0)° i
t) = F g
U(w,t) 1)) (w)e (e vy e



3. When f(x) = §(x), we have F(w) = (271) "}, and

) 2 2 )
G(x,t) = (Zn)*le*'ﬂ u o i(wx—ct) _ (v —io) eilws+at) | g
—00 20(0 +1i7) 2+ o2

where

o (cw)? — 2.

6 Using D’Alembert’s solution (10 points). Consider the wave equation in an infinite
domain:

_82u 2 _82u h <x<
= , where — 00 0,
ot2 dx?
and the initial conditions on u(x, t) are
ou

u(x,0) =0 and g(x,O) = g(x).

1. Write down the general solution u(x, t) for arbitrary g(x).
2. Compute and draw the solution at two later times when

g(x) =x e /2,

[ Hint: because the function x e /2 is an exact derivative, it can be integrated in closed

form. ]
Solution.

1. The general solution is

et = [ gl de,

—ct
2. When g(x) = x e™/2 the general solution is

x+ct
=e
x—ct

x+-ct 1 .
u(x,t) = /x ; gefgz/z dg = _e,,§2/2 ,z(x,ct)z B e*j(erct)z'

The solution looks consists of two Gaussians, one positive and propagating in the
positive x-direction, and the other negative and propagating in the negative x-
direction.
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