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Homework 4

Due May 13, 2015.

1 Heat equation in a square. Solve the heat equation for u(x,y,t) in the square 0 <
x < L,0 <y < L. On the boundaries, assume the normal derivative vanishes, that is
Jdu/on = fi- Vu = 0 (where fi is a normal vector to the boundary pointing out of the
domain), which implies

g—z:O atx=0,L,
and 3

M—0 aty=0,L.

dy

Take a general initial condition u(x,y,t = 0) = ¢(x,y).

Solution. The heat equation is

a—u:kvzu:k(
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With the given initial and boundary conditions, we can solve the heat equation using

separation of variables. We first propose u = S(x,y)T(t) and insert this into the heat
equation. After dividing by kST, we obtain

T V2
kT S
where we have indicated that, because either side is a functions of ¢ or (x,y), but not
both, the only way they can be equal is if they are both equal to a constant. We denote

this constant “—A" so the t-equation yields exponentially decreasing solutions. The t-
equation is

A,

T +kAT =0,
and the solution is
T = Ae kM,
We turn to the equation in (x,y), which is
V25415 =0.

We separate variables again by proposing S(x,y) = f(x)g(y). and dividing by f(x)g(y).
This yields
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where we have noted the existence of a second separation constant, y, which arises for
the same reason as the first. Note that the boundary conditions on u imply that

f0)=f(L)=0, and §'(0)=g"(L)=0.
The equation for g(vy) is
g"+ug=
This equation has sine and cosine solutions; however, the only solution that can satisfy
the condition g’(0) = 0 is cosine; therefore

g = Beos (Viiy)

Applying the condition ¢’(L) = 0 implies that u must be u,, = (nm/ L)Z, where 1 is an
integer. The solution for g(y) is therefore

g = By cos ( n—fy) .
We move on to the x-equation, which is

f"+ A —wua)f =0.

Remember that we found p;, in the equation for g. We leave it as y, here to save some
effort in rewriting it. As for ¢(v), the only solution for f(x) that satisfies f'(0) = 0 is

f = Ccos (Mx) .

Then, the condition that f'(L) = 0 implies that the combination A — y, must be equal to
mrt 2
= ()
where m is a second, different integer from n. This further implies that
mrt 2 nm\2  rmm\2
d =gt () = () + (7)

and that the solution for f(x) is

mrx
f(x) = Cmcos( T )
We can thus construct the total solution for u(x,y),

[cORENN o]

u(x,y,t) =y Z A cos( fx) cos <H_Z]/> e KAmit

n=0m=

where Ay, = (%T)z + (%T)2 We apply the initial condition to determine the constant
Amn. Taking t = 0 in our expression for u(x,y, t), this implies

ZZAmncos< Z)cos(nij).

n=0m=




The above expression is an infinite sum over two indicies n and m. We isolate the x-index
by multiplying one of the spatial modes, which can be written

cos <p_7gx> :

Multiplying by this and integrating over x gives

£ con (") | [0 (77 ax

We now isolate the y-index by multilplying by a y-mode, which for this problem is iden-
tical to the x-modes. We write this mode as cos(g7ty/L). So, multiplying by cos(g7ty /L)

and integrating over y yields
bt prix YN dedy— A [ co2 (T aul | 15 eos? (PTYY 4
Jy Jy ocos (FF) cos (P7) ddy = Ay | [[cos? () ay) | [eos? (FFF) x|

This is a general expression for A,;, and solves the problem. We can go a step further,
however, because we can evaluate the integrals. When p > 0 and g > 0 each integral is
equal to L/2, and thus their product is L?/4. When p = 0 but g > 0, or when g = 0 and
p > 0, one of the integrals is L and thus their product is L?/2. Finally, when p = g = 0,
both integrals are L and their product is L?. The general solution to the heat equation in a
square with the given boundary conditions is therefore

u(x,y,t) Z Z A COS <m£tx> cos <n7Lty> exp [ k[ (%)2 + (%)2]] p

n=0m=

/ gbcos dx =

where the Ay, are given by

Lo % when n>0,m>0
Amn:/ / c[)cos( >cos(n—7Lty> dxdy % when (n:0,m>0>or<m:0,n>0>
0 /0 &  when n=m=0.

2 Wave equation in a rectangle. The wave equation in Cartesian coordinates is

u  , (Pu  u

7 = \sz+t33) -

o2 dax2  dy?
We consider solving this equation in a rectangular domain, where 0 < x < Land 0 <y <
H. On the boundaries we use the condition u = 0, which implies

u(0,y,t) =u(L,y,t) =u(x,0,t) =u(x,H,t) =0.

Proceeding as in class, find the solution satisfying the initial condition

u(oy,0) = x(L-x)y(H—y),  S(xy,0)=0



Solution. The procedure for the wave equation is essentially identical to the heat equa-
tion, except that the t-equation has oscillatory solutions rather than exponentially decay-
ing ones. We begin by separating variables with u = T(t)S(x,y), inserting this into the
wave equation, dividing by ¢2ST, and introducing a separation constant. Going through
the motions, we find

" VS,

ar - s T
Above we have defined the separation constant suggestively as k2. Of course, we can
use whatever form for the separation constant that we like. x2 seems like a nice choice,
because then the solution to the T equation is

T = Acos (ckt) .

In the above we have eliminated the other solution, sin(cxt), because it cannot satisfy the
initial condition du /ot = 0 att = 0. The S(x, y) equation is

V23S +x25 =0.

The procedure for S(x,y) is identical to that for the heat equation, so we move more
quickly through this solution. We separate variables by proposing S(x,y) = f(x)g(y),
inserting it into the governing equation, dividing by fg, and identifying a separation
constant, which we define A2. This implies
1/ 2
f— + %2 & A%,
8
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The boundary conditions on f and g are

f(0) = (L) = g(0) = g(H) = 0.

The y-equation is g” + A2g = 0, and the boundary conditions imply that the eigenfunction
solutions are § = B, sin(nmty/H) and that A = n7t/H. The x-equation is

f”+<K2—/\2>f=0-

Similar to the y-equation, the solutions satisfying both boundary conditions have the form
f(x) = Cysin(mmx/L), and that

2
A VA (%) which implies Kmn = \/ mT FH

The total solution for u(x,y,t) can then be written

(x,y,t) Z Z Amn sm( fx) sin (n_;y> cos (ckmnt) ,

where

.



To find the coefficients A, we apply the initial condition, which implies

f(L-x)y(H-y) = L 3 Awsin (") sin (")

n=1m=

As before, we isolate the coefficients by multiplying by a spatial mode and integrating.
We take a more accelerated route than in the discussion for Problem 1 by multiplying by

in (7)o (2)

and integrating over both x and y. This yields

/ / y(H — y)sm(pLx)sin <q17§y> dxdy
Mo (17 P (P 4
/Osm(H>y/sm<T)x.

Note that we do not have the cases p = 0 or g4 = 0 as in the heat equation. Also note that
the integral on the left side can be performed over x and y separately, or in other words,

prtxyN . (q7ty
/ / y(H - ?/)Sln< T )sm< H)dxdy
H L
— 7y N (PTTX
- [/0 i ym(H)dy”/o iy () ]
Therefore the general form for qu is

Apg = %[/OH]/(H Y) sm(qHy> dy] [/OLx(L—x) sin <?> dx] .

Now we calculate the y-integral. We use integration by parts, where in terms of the rule
[vdw = wv — [wdvwe define

= Aw;

~y(H-y), w=—cos (1)
do=H -1y, dw:sin(%>.

Notice that v = y(H — y) vanishes at both 0 and H, and therefore the term vw term does
not contribute to the integration by parts. Therefore,

/OHy(H y) sin (qHy> dy = —/vdw:/OHqEN (H—%y) cos (%) dy.



We iterate again with

H\? 7T
—H-1 w= in (174
v=H-3y, (qn> sin H>’
H qrt
- _1 - 17
dv = —3, dw anOS<H>'

Notice that this time, w vanishes at 0 and H and again the term vw does not contribute to
the integral. We thus get

[ (1) () o= 1 (1) em(O5)
3
- (A e (B!

-1 (qﬁﬂ)g (1 cos(gm)).

The x-integral is exactly the same with H replaced by L. Therefore

/OL x(L — x) sin (p_7er> dx = % (p%)s (1 - cos(pn)) .

The general solution for u(x,y, t) can therefore be written

(x,y,t) Z Z Apn sm( Zx) sin (n_;y> cos (ckmnt) ,

n=1m=

where

7T 7'(
Kmn—\/ﬁ F

(HL)2)3 (1 — cos(mn)) (1 — cos(nn)) :

(mn7?

and
Amn -

It is possible to simplify this expression further by noting that 1 — cos(m) is either 0 or
2, but we leave it in this form here, which is perfectly valid.

3 Wave equation on a circular membrane. Consider the wave equation on a circular
membrane of radius a. The wave equation in polar coordinates is,

az_u — C 1 a ra_u _|_ laz_u
oz~ |ror \' or 12002 |
Use the boundary condition du/0dn = 0 on the boundaries, which implies

ou

gzO atr=a.

Answer the following;:



1. Use separation of variables to derive three equations, one depending on ¢, one de-
pending on r, and one depending on . Write down the solution to the t-dependent
equation and the 6-dependent equation.

2. Your r-dependent equation will take the form

d2f df
20 4 2,2 2\ f_
rdrz+rdr+</\r n)f 0,

where A is an eigenvalue and 7 is an integer. If we introduce the substitution z = Ar
and divide by z2, we obtain Bessel’s equation from class. The solution bounded at
r = 0is therefore f(r) = AJ,(Ar), where A is a constant and ], is the Bessel function
of the first kind. The eigenvalues A, are determined by the boundary condition at
r = a and requires finding the zeros of the Bessel functions (or the derivatives of the
Bessel functions). For now, don’t worry about finding the A;;;,.

Now, rewrite Bessel’s equation in Sturm-Liouville form and, using the results of
Sturm-Liouville theory, derive the orthogonality relation for the functions J,,(Aynr)
over the interval (0, 4).

3. Using the orthogonality relation for the functions J,(Aa) over (0,a), write the gen-
eral solution to the wave equation when the initial conditions are

Mir0t=0)=0, and  u(r,0,t=0)=g(r0).

4. Take n = 1 in Bessel’s equation and change variable to x, where x = r/a. Write
down the transformed version of Bessel’s equation and the corresponding Rayleigh
quotient (notice that the boundary terms vanish from the Rayleigh quotient, leaving
only terms that involve integrals).

5. Now consider the test function F(x) = 2x — x2. First, taking into account that

x = r/a, confirm that F(x) satisfies the condition on the x-dependent solution f(x).
Next, use the Rayleigh quotient for Bessel’s equation to generate an estimate for the
first zero of J{(x), which corresponds to Aja. [Hint: Your answer should be a fraction
which is quite close to the exact result 1.84118378134054... |.

Solution.

1. Initial steps

The wave equation can be written



To separate variables, we first propose that u = S(r,0)T(t), substitute this form into the

wave equation, and divide by ¢?ST. We obtain
T 2
r= e ==,
ccT S

where we have made the additional step in observing that, in this form, the wave equation
has a solution only if both left and right sides are equal to a constant, and defined that
separation constant “—A2”. The time dependent equation is

T+ AT =0,
and the solution is
T = acos(cAt) 4+ bsin(cAt).

The time dependent equation is simple. But solving the spatial equation requires yet an-
other application of separation of variables. We introducing the form for V2, the equation

for S(r,0) becomes
10 [ S 1925
o (%) tage TS =0

To make further progress, we propose S = f(r)g(6). Substituting this into the S-equation
yields

/
£(r) + s
Next, we divide by fg and multiply by r>. Moving the g-dependent part onto the other
side of the equation, we find
2

§<rf’>/+/\2 2 _ _8?

The left side is a function of r and the right side is a function of 8; therefore they must
be equal to a constant. Because we expect periodic solutions for g(6), we denote this
constant n? (we can later verify that 7 is indeed an integer). We thus write

%(rf’)l—k)\zrz _ _%ﬂ — 2,

and the g-equation, or 0-dependent equation, is
g// + n2 g = 0,

which has the solutions
g = ccos(nf) + dsin(nb).

Both of these solutions satisfy periodic conditions at 8 = 0,27 if n is an integer. The
r-dependent equation is
/
r(rf’) + </\2r2 — nz)f =0.

8



or
er//+rf/+ <)\21"2—7’12>f:0

In summary, the three equations are

t: T +c*A*T =0,
0 : ¢ +n’g=0,
ro rzf”+rf'—|—</\272—n2)fzo.

The solution to the t-dependent and 6-dependent equation are
T = acos(cAt) 4+ bsin(cAt).
and
g = ccos(n) + dsin(nb).
2. Bessel’s equation as a Strum-Liouville problem
Using d/dr for derivatives, Bessel’s equation is
d*f df
24 YT 2,2 2\ _
r drz—i—rdr—l—(/\r n)f 0.

If we divide by r and note that

(Y)Y

v \ar ) T T ar

we can write Bessel’s equation in the form

d (df\ n? 2.0

This is the Strum-Liouville form with p = v, g = —n?%/r, 0 = r, and boundaries at r = 0

and r = a. The Sturm-Liouville eigenvalue is A2.

This is a “singular” Sturm-Liouville eigenvalue problem because g goes to infinity as r —
0. However, for this particular, problem, we can still use the results of Sturm-Liouville.
Note that “n” is a parameter in the problem. Thus, we know there will be an infinity
number of solutions for every n. The eigenvalue relation in lectures and book was given

as

a
/ Pmippdr =0,
0

where m # p, so that ¢, and ¢, are different eigenfunctions. The solutions to Bessel’s
equation are f = J, (Aunr). Plugging in these eigenfunctions and using ¢ = r, the or-

thogonality relation is

/Oa Jn(Aun?) Jn(Apnr)rdr =0,



when m # p.

Note that n is constant. Thus, for example, when n = 1, two eigenfunctions of the cor-
responding Bessel eigenvalue problem are J1(A117) and J;(A17). Thus for a given n, the
solutions have the same form — |, — while the argument of |, changes. This situation is
much like that for the eigenproblem

y'+y=0, y(0)=y(2nr)=0.

In this case, every eigenfunction is a sine function with a different argument; for example,
sin(nx) and sin(2nx). In the Bessel function case, the m values of A, corresponding to
each n-eigenproblem must be determined numerically (in contrast to the simple case with
sines and cosines, where the arguments are integers).

3. A general solution

The solution to the t-problem is
T = acos(cAt) + bsin(cAt).

The initial condition
ou
ot

implies that b = 0. The solution to the 6-problem is ¢ = ccos(n0) + dsin(nf) and the
solution to the r-problem is f = AJ,(Aunt). Thus the total solution for u(r,6,t) is

=0

o0

u(r,0,t) =Y Z Jn (Aunt) cos (cApnt) (Amn sin(n0) + By cos(n@)) )
n=0m=0

Applying the initial condition for u(r,6,t = 0) implies
Z Z Jn (Amnt) <Amn sin(n0) + Bun COS(n@)) .
n=0m=

Similar to problems 1 and 2, we multiply by modes in § and r to isolate the m and n. If we
multiply by sin(p6) and integrate from 6 = 0 to 6 = 271, we obtain

(0]

27
¢sin(p0)do = Y mwAuplp (Ampr) -

m=0

Next we multiply by r],(Apr) and integrate from 0 to a. This multiplication allows us

to use the orthogonality condition for Bessel functions shown in part 2 to isolate the g
mode from the sum over m. We find

a p2n a
/0 /0 ¢sin(pd) ], (Apgr) rdodr = n/o r];% (Agpr) drAgp,
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or, in terms of m and n

2 ¢ sin(nb) ], (Amnr) rdf dr
7 fo 1J2 (Amnr) dr
Notice that the formula for the B, is identical with cos(nf) swapped out for sin(n6) —

except for n = 0, since in this case the 0 integral produces a factor of 27t rather than just
7t. Therefore,

a
Amn - fO

27 b cos(18) [ (Amr) 7 dO dr

an - foa
ﬂfoa rJ2 (Appr) dr

forn > 0, and

fo T oTn (Aynr) rd dr
BmO .
27T fo rJ2 (Apnr) dr

With A, and B,;;;, and

(r,0,t) Z 2 Jn (Amnt) cos (cAynt) (Amn sin(n6) 4+ Bun cos(nG)) ,

n=0m=

we have solved the problem.

Transformed Bessel’s equation and the Rayleigh quotient

Bessel’s equation with n = 1 is

P ( j—{) —%f+)\2rf:0.

The transformation » = ax = x = r/a implies that dx = dr/a, so that dx/dr = 1/4,

and
d ddx 1d

dr dxdr  adx’
Thus in terms of x we have

dx ( j_i) —%f+(Aa)2xf=o.

The boundary condition at 7 = a is now applied at x = (r = a)/a = 1, and therefore the
boundary condition is df /dx = 0 at x = 1. With the test function F (x) = 2x — x2, we

have

dF
=2-2
dx X

and therefore dF /dx(x = 1) = 0. Atx = 0, F(x) is bounded, which satisfies the condition
on J1. In fact, F(x) was chosen so it matches the fact that J;(x = 0) = 0, which means it
will make for a particularly good test function.

11



The general Sturm-Liouville form for the Rayleigh quotient for a domain between x = 0
and x = 1, in terms of a trial function F, is

FdF

< ) — gF?dx
fo F20 dx '

Forp = x,q = —1/x,and o = x, we have that R < (Aa)?, and the Rayleigh quotient gives
an estimate for quantity (Aa)?. Note that the boundary terms disappear because p = 0 at
x =0and df/dx = 0 at x = 1. Therefore the Rayleigh quotient can be written

2
) x (3—5) + 1P2dx
fol xF2dx .

R =

We use the test function F(x) = 2x — x2. Notice that dF /dx = 2 — 2x, and that

r? :x4—4x3+4x2,

dF\?
(—) —4x2 —8x+4.

and that

dx
The Rayleigh quotient becomes

[ 5% — 12x% 4 8x dx
fol X5 —dxd +4x3dx
3 -4+4

L
7

22°

R =

Notice that Aqqa is the first zero the derivative of the first Bessel function, since the condi-
tion at r = a requires that

d
ah(hﬂ)‘ﬁg =0,

Since the Rayleigh quotient gives an estimate for (114)?, this implies that

75
Mg~ 22 = 1.846.
e~ 5

The actual value of the first zero of J{(x) is 1.8411... which means that 1/75/22 is off by
just 0.28%.
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