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Solutions Homework 1

1 Use suffices.
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Finally, u x (V x u) = V(3u-u) — (u-V)u

The left-hand side vanishes if u and V x u are parallel. This is clearly true
if the flow is irrotational (V x u = 0). But other velocity fields satisfy this
property, for example u = (sin z, cos z,0). For this field, u = V x u and the

left-hand side of the equation is zero, but u is not irrotational.

2 Use components.
e Divergence:
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e Strain rate tensor: e;; = %(g“; ‘3’;1 ). This tensor is symmetric, so we

only need to compute 6 components.
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Note that e¢;; = V-u.



3 Att = 2r, the equations for the streamlines are
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Parameterize with s. Then we need to solve
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The solution to the first two of these equations that passes through the point
(20,0, 20) is

T = T(CosS§ — Ypsin s, Y = xpsin s + Yo cos S.

Hence 22 +y? = 2 + y2 which is independent of s, and the solution to the final
equation is
s
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Note that in the above equation, there are actually only 2 independent free
parameters. We can for example set 1 to zero by redefining s. (This only
changes the origin on the streamline not the streamline itself).

The equations for particle paths and streamlines are

+ 2p.
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The solution to the first two of these equations passing through (1,0,0) att = ¢,
is
x = cos (t — ts), y =sin (t — t,).

Once again 2 4+ y? = 1 is a constant. The final equation then has solution
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The particle paths correspond to ¢, = 0 so
x = cost, y =sint, z=1log (1 +1/2).
for 0 < ¢ < 2. For streaklines, ¢t = 27 and
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T = COS s = —sint, z=1lo .
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where 0 < ¢, < 2.



4 The circle can be parameterized by

x(0) =1+ 2cosf
{y(a):6+2cos0 ) 0<6<2m.
On the circle, the tangent unit vector is eg = — sin 6 e, +cos 0 e,. The circulation

is hence
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= 4.



