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Solution II

D 4.1 The equations are exactly the same as before, with the difference that the pressure
in the fluid is now po, and the dynamic boundary condition becomes

|
Pr= (Z_z + a—znéwnéz) :

since the normal (which goes out of the fluid) has changed direction. The solution to
Laplace’s equation bounded at infinity is p = AK,(ar) (it should really be |a| so use
« > 0 to avoid that problem) and the only difference in the boundary conditions is the
minus sign. Hence
- 2% Ka(w)

Now aK},(«)/Ky(«) < 0 for all & so modes are unstable if and only if # = 0 and 0 <
a < 1. The maximum dimensionless growth rate can be found (e.g. using MATLAB) as
s(pa3/v)1/? = 0.8201 at « = 0.4839 (see Figure 1).

!/
2 — i “Kn(“)(l _ 2 _az)'

alpha=0.01:0.01:1;

% note that f is minus s”2 to use matlab’s fminbnd command; plot -f
f=inline(’-sqrt(-alpha.*(-besselk(1,alpha))./besselk(0,alpha).*(1-alpha."2))’);
plot(alpha,-f(alpha))

xlabel(’\alpha’)

a=fminbnd(f,0,1)

-f(a)

D 6.10 (i) Substituting into the continuity equation gives
V-u =2Y2(k 4 1)k 1 XkCC, — 21/2(k* + 1) XC,C, = 0.
(i) Sz(0) = Sz(71) = S22(0) = Spz(71) = 0 so the boundary conditions are satisfied.
(iii) The nonlinear terms are
Uy + Wi, = kil(k2 + 1)2X2 sin 2kx, UWy + WW, = (k2 + 1)2X2522.

The vorticity is g = —21/2(k? + 1)2k~1XS,S,. The curl of the momentum equation takes
the form 3 30
% Vg = —o 2
5 T (u-V)g 05 + oAg.

The nonlinear term (u - V)gq is in fact zero. We read off

2V2(k2 +1)%7 X = o (K2 4 1)3k 2V 2y (—k) — 2V2 (K2 +1)%k 1 X (—K* — 1).
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Figure 1: Nondimensional growth rate s(pa3/)'/? forn =0and 0 < & < 1.

Simplifying gives

dx
- ==Y +X).

(iv) The convective terms are

u-Vo = (K +1)*% 2XS,C[—Y(=kCy)S; + YC:C, +2Y2Z(2Cy,)]
= (K24 1)*% 2(XYSy, +23/2ZXC,S,Cyy).

Note that 5,C,, = %(532 — S;), the first term of which will not appear in the truncations

used here. Identifying the C,S, and Sy, terms in turn gives
— (K +1)%k 222y, + (K + 1)*%22%/2ZX (- })
—R2V2(K2 +1)X — (K> +1)3%k 2212y (—Kk? — 1)

and
— (K +1)%2Z + (K +1)*%2XY = — (K +1)%k22(—4).

Simplifying gives

dy Rk?

dz 4



C2.8.4 1. Since K and p; are constants, U; can be written as the gradient of a velocity
potential ®@;. The continuity equation then gives VZQD]- =0.

2. Uniform ascension means U; = (0,V). This corresponds to 5]- = Vy + C, where
C is a function of time. For convenience, use the new variable z = y — Vt so that the
unperturbed boundary between the fluids is at z = 0. Then ®; = Vz and equating
potential and pressure from Darcy’s law gives the second relation.

3. From Darcy’s law and continuity, the perturbation potential and pressure are both
harmonic functions with V247] V2 pj = 0 (no linearization required). The conditions at
infinity are decay for ¢; and p;. The conditions at the front become (kinematic and Darcy’s
law)

84)1 . 84)2 . Dh Hi . ]/lzv .
% = 9~ DI —<—+p1g h+p=— K P8 h+p2 atz = h(x,t).

Linearizing about z = 0 leads to

o1 _ 9 _oh [V __ (Y _
dz 9z ot ( toig = g P8 )htpy atz=0.

4. This form is appropriate since the coefficients of the governing equations do not de-
pend on z or t; k is the wavenumber and ¢ is the growth rate. Writing all quantities as

f(z) exp (ikx + ot) gives

2 2.5
‘PJ 2 d*p; 5.
7 —KH =0, L -Ep=0

as field equations. Solve to get 431 = A1e|k‘z, 432 = Aze_‘k|z, p1 = B1e|k|z, gf)z = Bze_‘k|z.
The conditions at the interface give

A~ A |4 A
M = —lklae = of, (B4 4 prg) By = — (127 + pag ) B,

while Darcy’s law corresponds to

Hence

(%V+(Pz—01)8)h—32—31 P;(l %Az: (H1+ pi2) |k\h
Hence o is as required, although with |k| to be precise.
5. These curves are straight lines. For p; = p», the slope is positive if (i — u1)V > 0,
i.e. there is instability if the front moves into the more viscous fluid. For p; # pp, the
curves are still straight lines but the condition of instability is more complicated. The
divergence at large k is not physical. The model is no longer valid beyond wavenumbers
of the order of the inverse of the viscous or surface tension length scales, depending which
is smaller.



6. Instability when
V> M —10"ms!
H2 — M1
which is small. For a speed of 1 cm/s, o = 1 (the gravitional term is negligible), corre-
sponding to a time of t = ¢~ 11log 10 = 2.3s.

4

C 2.8.5 1. Conservation of mass; conservation of momentum; continuity of tangential
velocity; continuity of normal velocity and definition of front velocity.

2. The Euler equations are trivially satisfied since the variables are constant. The normal
velocity is zero and the fourth jump condition shows that U; = U;. The third is trivially
satisfied since the normal is in the same direction as the base flow. The two other jump
conditions reduce to

— — —2 —
p1Uy = palUy, Py + p1U7 = Py + paU,,

and are clearly satisfied.
3. Small perturbations satisfy

V~u]' =0, p](atu] +U]~8xuj) = —Vp]
Linearize (2.30) and (2.31):
n=(1,-7ny) wW-n = 947].
at z = 0. The jump conditions become

pi(ur—9mm) = p2(uz —9m),
p1+201Uq (ug — 0s17) p2 + 2p2Us (uy — 0¢1p),

—Ulﬂy -0 = —Uzﬂy — 02,
up—omy = 0
at z = 0. These simplify to
Uy =1up =04, p1=p2 Uiy +o1=Uiy+0y, atz = 0.

4. This form is appropriate since the coefficients of the governing equations do not de-
pend on Y or ¢t; k is the wavenumber and ¢ is the growth rate. The amplitudes of the
normal modes satisfy

di; . N T dp; LTI A .
5. Now take k > 0 and ¢ > 0. The divergence of the momentum equation shows that
pressure is harmonic, so we have p; = Bie** and p, = Boe**. The momentum equations

in the x-direction give

i = Alekx, ) = Aze_kx + Cze_ox/uz,



with o B
p1(0'+ kUl)Al = —kBl, pz(U’— kUQ)Az = sz,

The homogeneous solution for il; vanishes because of the boundary condition as x —
—oco. The continuity equation gives

A . R . _ i o /T
01 = lAlekx, Uy = —1A2e ke _ —Cze O’X/UZ.
kU,

6. The jump conditions become the four algebraic equations
0y =1y =0f), p1=py kU1 +0; =ikUsfj+0,,  atz=0.
The last equation can be replaced by
ikUy iy + 001 = ikUply + 005,  atz =0,

The quantities By and B, can also be eliminated. The final result is three equations in three
unknowns:

A = A+ (G,
p1(0'+kU1)A1 = —pz(O’— kUQ)Az,

ikU1A1 +icAy = ikUz(Az +C) —io (Az + %Cz) .
2

This can be rewritten as the matrix system

1 —1 —1 A
1’(0’ + kUL) o —rkUp, 0 As =0.
oc+kU, o—rkU, oZr kUt - rkUy G

In order for a non-trivial solution to exist, the determinant of this system must vanish.
This leads to the cubic

o — kU [(1 4 7)o + 2rkUpo + (1 — r)kK2U?] = 0.
L

The first factor is uninteresting.
7. The solution to the quadratic is

21
ku_Lrj: V(2 +r 1).

v= 1+7r

For r > 1, the square root is real. Hence the system is unstable since it has (at least)
one positive root. The divergence at large k is not physical: this analysis neglects surface
tension and viscosity and below the larger of these two length scales the model is no
longer valid.



