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Final Solutions

1 This is an equidimensional equation. Taking f = r* and applying the operator in
parentheses once gives

[w(a—1) = 2]r* 2 = (a+1)(a — 2)r* 2.
Applying the operator again leads to
(a+1)(x—2)[(a —2)(x —3) —2)r** =0.

This factors to give
(0 —4)(a —2)(a —1)(a+1) =0.

The general solution is therefore
4 2 D
f =Ar"+Br ~|—(fr—|——r.

The boundary condition for large r forces A = 0 and B = —U/2. The solution now has
the form f = Cr + Dr~! — (U/2)r?. Applying the condition at r = a leads to C = 3Ua/4
and D = —Ua®/4. The final result is
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2 The equation has constant coefficients and solution

f = AsinVAx + Bcos VAx.

The boundary condition at the origin requires B = 0, so the eigenfunctions are

f = AsinVAx.

The condition f’(1) = f(1) leads to an equation for the eigenvalues A:

Asiny/ A, = A/ Ay, cos \//\—n,
tan /Ay = v/An.

There are an infinite number of intersections of the curves y = tan x and y = x, then there
are infinitely many solutions. The orthogonality relation between the different eigenfunc-

tions is . 5
/ sin (/Amx) sin (/Ayx) dx = % sin? v/ Ay,
0

which can be written as



3 The origin is an ordinary point, so substitute in w(x) = Y, a,x" to obtain

Y [n(n—1)ayx""2 + 2na,x" + 2a,x"] = 0.
n=0

Shifting variables gives the recurrence relation
(n+2)(n+1)ayo+2(n+1)a, =0,
ie.
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From the recurrence relation, it is clear there is one even and one odd solution. The
relation can be iterated to give
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for the even solution; this can be summed to give e™ *_ The odd solution has coefficients

_(_1)" 2" _(=nm@2n)(2n—2)---2  (=1)"2%"n!
ant1 = (=1) 2n+1)2n—1)-- .3”1 - (2n+1)(2n)---2 a = Wﬂl'

4 This is an equidimensional-in-x equation. Let x = el and find

2 2 1
Yu—Yr+ Yt Ty =Yn+y = —.

y
Now this is autonomous and we introduce u = y;, which leads to
o1
dy  y*

Now separate variables and get

ye=u(y) = £/C—y2

0 =o' s+ o)

5 Characteristic equation:

Integrate and obtain

dx
x2+1
We find p = y — tan~! x with u = f(p). The boundary condition gives f(y) = 1/(1+y?),
SO

=dy.
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The characteristic curves
x = tan(y —p),

cover the whole plane.



6 Solve Laplace’s equation with boundary conditions u = 1—-y/bonx = 0 and u =
1 —x/aony = 0. The solution for the first case

Uy = Z Ay, sin m;fy sinhmn(;_a).

m=1

Computing the coefficients in the Fourier series gives

_ 2 b Yy My
Am = _bsinh(mmz/b)/o (1=3)sin == dy =

mrsinh (mma/b)’

The solution to the second problem can be written down immediately as

> —-b
Uy = Z B, sin m;tx sinh mn(i )
m=1

with
2

b .
~ bsinh (mmtb/a) /0 (1- E) >

The total solution is

mrcx
dx =

B = ~ mmsinh (mmh/a)’

u(x,y) = uy + up.



