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Solutions V

1 From class,

1+x (1—x)(1+3x)
— — € .
x 2x3

In the inner region with x = €!/2& and y = e~1/2Y, the governing equation becomes
E+Y)Ye+Y=¢"2
The equation for the leading-order term can be integrated to give

1
Yo+ 55 =4,

where A is a constant. Hence

Yo = —&+1/&2 + 2A.

Van Dyke’s rule gives

e 1/2 €A
y 00 = B YO0 — _=1/2y 4 7172y (1 + ?> :

Hence we take the plus sign and A = 1.

2 Start with the outer solution. At leading order, we find
xXyo + yo = 2x

with solution yg = x + Ax~!. One can look for a boundary layer near x = 1: the resulting
equation can be solved, but the solution becomes singular within the boundary layer. So
there is a boundary layer near the origin, and A = 0. The next equation is

itm=-y—y=-x, y(l)=0,

with solution y; = %(x’1 — x%). We see that the expansion becomes disordered when

x = O(e'/?). In that region, yy ~ €'/, but the boundary condition at the origin is O(1),
s0 it’s probably best not to rescale y near the origin and write y = Y. Write x = €'/2X in
the boundary layer. This leads to

Yxx + XYy +€/2Y5 + Y +eY? = 2e!/2X.
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The leading-order problem is
Yoxx + XYox + Yo =0, Yp(0) = —1.
This equation can be integrated once to give
Yox + XYy = A,
where A is a constant. Now consider van Dyke’s rule: the outer solution gives
y0) = l/2x.

Hence y(%0) = y(00) — . This means that the limit of Yo (X) for large X is zero. Hence the
constant value Yyx 4+ XY) vanishes for large X, and A = 0. We now integrate the resulting
equation and apply the boundary condition. The result is Yy = —e X*/2, We expand in
powers of €1/2, so at the next order,

Yixx + XYix +Y; =2X — Y3, =2X + X% 32 y,(0) =0.
We can integrate again, giving

le—l—XYl:Xz— 9

+ B.
Writing Y1 = X + F gives

3X* + 2 -3X2/2

1+ Fx+ XF=— 5

+ B,

Our goal is to find B simply. For large X, the form of y(x) indicates that F will be an
expansion in negative powers of X,i.e. F= Fp+ X !+ -, sothat Fx = —-F; X2+ - -
Plug this into the above relation and find Fy = 0 and 1 + F; = B. Now Van Dyke’s rule
gives

€F1

y(l’l) — €1/2X + —61/2 = Y(l’l) = X + —_—.
4X X

Hence F; = 1/4 = B — 1. We can now solve for F
F=_eX/2 /X —3u2 + Ze_“2 du + le_xz/2 /u e’ /2 du.
0 9 4 0
Finally

36 4
(avoiding using error functions of imaginary argument).
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3 The equation becomes
e*yrr —eTe Tyr +y =0

in T. Inserting an LG approximant gives
¢§T —Te Tpor +1 =0, dorT + 2¢ord17 — Te 17 = 0.

The first equation can be solved to give

T e T4+ ivV4 — 22T
¢o = / drt.

2

Once again there are two roots. The equation for ¢; can be solved using an integrating
factor, which gives a double integral, and is not nearly as simple as in the standard WKB
case. Liouville normal form (LNF) for the general equation y” + ay’ 4+ by = 0 comes from
writing y = e’z and removing the term in z’. One obtains I’ = a/2, so that

1 1
=3 /eTerT = —5(T+1)e

Then

/ 2
4 (b-5-F)z=0

Here this leads to

T?e72T e T(1-T)
1 + > e) z=0.

The WKB solution is not standard because of the term in €. The equations are

ZTT + <1 —

T2e2T e T(1-T
$or=1— 1 dorT + 2¢oTP1T + —(2 )

=0.

The first leads to

T
$o = :i:%/ V4 —12e 2T dr.

We see that we get the same answer, taking into account the multiplying factor e!. The
same will happen for ¢;.

4 The WKB solution that satisfies the connection formulas at x = —a is
X
y~ (1—x*/E) "4 cos (El/z/ V1—u*/Edu — %)
—a
where a = E!/4. Even solutions require

X —X
COS<E1/2/ vl—u4/Edu—g>=cos<E1/z/ \/1—u4/Edu—%>.
s .



Now cos A = cosBif A = B+ 2nmor A = —B + 2nm. Changing variable in the second
integral gives

X a
El/z/ \/1—u4/Edu—%:i(El/2/ \/1—u4/Edu—%>+2n7T.

The plus sign is too restrictive. The minus sign leads to

172 /_“a V1—u4/Edu = g + 207,
For odd solutions, the same procedure leads to
El/z/_aa \/mdu = —%+2n7t.
Now change variables inside the integral using u = E'/#v and include both odd and even

cases: ,
E3/4/ \/1—v4dv:—g+nﬂ.
-1

Hence the eigenvalues are
E~ 743743y — %)4/3

forn=1,2,..., where

1
I:/ V1 —vtdo.
-1

(The integral I = 1.748038369528080. . . is related to the complete integral elliptic integral
of the first kind.)



