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Probability density functions (pdfs) of surface velocity and surface velocity gradients in the ocean are
calculated using altimetric data from the Topex/Poseidon satellite. These provide information about
turbulence in a high-Reynolds-number geophysical flow. Both velocity pdfs and velocity gradient pdfs
calculated over small regions are Gaussian but have more exponential shapes as the size of the region
increases. We develop a simple explanation for the non-Gaussianity of velocity pdfs based on the
inhomogeneity of eddy kinetic energy in the ocean. [S0031-9007(98)07902-2]

PACS numbers: 92.10.Lq, 02.50.—r, 47.27.—i

Two-dimensional turbulence is a natural paradigm forto describe fully the ocean mesoscale, which supports
the high-Reynolds-number fluid flows that dominate ocearRossby wave motions and has a finite Rossby radius. Re-
variability on scales of 50—80 km, the “mesoscale.” Satelcent studies of Lagrangian data from floats and numerical
lite altimeters offer a new means to study two-dimensionamodel output have revealed Lagrangian velocity pdfs that
turbulent motions of the ocean. In this paper, we usare significantly non-Gaussian [8]. Using satellite obser-
altimeter data to calculate probability density functionsvations, we will show that Eulerian ocean velocity pdfs
(pdfs) for the ocean: pdfs are Gaussian locally but expoean be Gaussian if only a small region of the ocean is con-
nential over the global ocean. sidered, but take on a more exponential structure if eddy

Numerical and theoretical studies have shown thakinetic energy (EKE) varies significantly through the re-
two-dimensional turbulence is characterized by coherergion considered. Gradient pdfs follow a similar pattern,
vortices separated by irrotational regions of strainingwith Gaussian distributions for small regions and more
motion [1]. This phenomenology provides a good con-exponential structure for regions large enough to have
ceptual model of the mesoscale and larger-scale oceamsignificant variability in root-mean-square (rms) velocity
circulation, which is dominated by two-dimensional gradients. To our knowledge, this Letter represents the
motions associated with the constraints of strong stratififirst calculation of Eulerian velocity and velocity gradi-
cation and the earth’s rotation [2]. We therefore expecent pdfs for a two-dimensional geophysical flow on the
two-dimensional turbulence theory to illuminate processeglobal scale.
such as eddy-induced transports of heat, chemical tracers, The Topex/Poseidon satellite was launched in 1992
and biota, which are important to the earth’s climate[9]. We will employ data from the Topex radar altimeter
system [3]. In addition, observations can show us howwhich measures the distance from the satellite to the ocean
notions of two-dimensional turbulence fail to describesurface, providingO(10°) observations over the global
the oceans and atmospheres. We therefore consider pdfsean every ten days. From this can be calculated the sea-
as measurable quantities that can be used to compaserface height anomaly relative to time—mean sea-surface
real-world turbulence with better understood physicalheight.
analogs. The geostrophic relation = —(g/f)dn /ol gives the

Pdfs are a standard statistical tool for analyzing threevelocity perpendicular to the satellite ground tragkis
dimensional turbulence [4]. They have been used lesthe local gravitational acceleratioff, is the Coriolis pa-
often to study two-dimensional turbulence [5], althoughrameter,y is the sea-surface height anomaly, drid the
there has been some work on vorticity pdfs [6]. Recentlydistance along a ground track. Altimeter measurements
however, the pdfs of the flow caused by an ensemblare subject to errors due to atmospheric effects, solid earth
of identical point vortices have been calculated andides, ocean tides, and responses due to surface pressure.
compared to results from numerical two-dimensionalWe apply only the tidal corrections to avoid introduc-
turbulence simulations [7]. The theoretical velocity pdfsing high wave number noise into the velocity estimates.
are Gaussian, and the velocity gradient pdfs have &Ve also discard data within 10of the equator where
truncated Cauchy distribution. the geostrophic relation is more sensitive to measurement

While the results from point vortex models provide noise. “Transverse” velocity gradients are determined by
a simple model for oceanic behavior, they are unlikelycomputing the first derivative o along satellite ground
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tracks, while “longitudinal” velocity gradients cannot be or the Kuroshio Extension. If we increase the size of the
determined from altimeter measurements. Details of th&oxes, the velocity pdfs are increasingly likely to be more
data processing are discussed elsewhere [10,11]. exponential than Gaussian: only 54% of°3@oxes are
We first calculate velocity and velocity gradient pdfs better represented by a Gaussian pdf.
over 2.5 boxes in the ocean. Each box contains on Velocity gradient pdfs sometimes show exponential be-
average 5400 data points. For both velocity and velocityhavior at midlatitudes (typically around 20but boxes
gradients, the resulting pdfs usually resemble Gaussianaving exponential pdfs are not strongly associated with
distributions, though in some cases the decay for largéocations of energetic western boundary currents. Ap-
velocities is slower, and the pdfs are more exponentialproximately 80% of boxes sized between 2&nd 40
Figure 1 shows examples of velocity pdfs for three®2.5 have Gaussian velocity gradient pdfs. In contrast, fér 60
boxes. The first two, from the South Atlantic and Southboxes, all of the velocity gradient pdfs are more exponen-
Pacific, show Gaussian distributions of varying widths,tial than Gaussian.
as is typical of most of the ocean. The third, from Why should the observed global pdfs fail to match the
the Malvinas Current, a region of strongly varying eddyGaussian and Cauchy distributions predicted by simple
activity, is more exponential. point vortex models? We begin by looking at velocity
Figure 2 shows examples of velocity gradient pdfs. Thalistributions. Our observations suggest that regions that
first, from the South Atlantic location also depicted in encompass broad ranges of EKE have velocity pdfs that
Fig. 1, has a Gaussian distribution that is typical of most ofare more exponential.
the ocean. The second, from the midlatitude Indian Ocean, In this paper, we will argue that velocity pdfs are in fact
is an example of an exponential gradient pdf. GradienGaussian over small regions of the ocean, as suggested by
pdf width varies strongly with latitude; low latitude pdfs Fig. 1, so that locally the pdfs can be represented as
are wider than high latitude pdfs. In no cases are gradient 1 o2
pdfs well represented by a Cauchy distribution. pe(v) = —— exp(——2>, 1)
Sophisticated statistical tests exist to measure departure V2ms 2s
from normality [12], but the presence of outliers in the pyt we allow the width of the distributions, to vary
data makes these tests too stringent for the present proproughout the ocean. Pdf width is equivalent to rms
lem. The simple approach of comparing the goodness Gfe|ocity (or the square root of EKE). Thus this is
fit of a Gaussian and of an exponential distribution showghe same as assuming that the energy dissipation is
that, for both the velocity pdf and the velocity gradientintermittent [13], which was the basis of K62 theory [14].
pdf, a Gaussian distribution fits the data better in aboufye shall draws from a general set of pdis(s). The pdf
80% of the cases. Velocity pdfs are typically exponentiaknat we expect to measure is then given by

in regions of high eddy activity such as the Gulf Stream "
(v) = L f ex ——v2 q(s) d (2)
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FIG. 1. Observed velocity pdfs for three 2.6oxes. Open -1.0 05 0.0 05 1.0

circles are from the South Atlantic, black triangles from the
South Pacific Ocean, and gray diamonds from the energetically
varying Malvinas Current in the South Atlantic, an exponentialFIG. 2. Observed velocity gradient pdfs for two 2.boxes
distribution. Solid lines show best fit Gaussian or exponenwith fitted functional distributions (solid lines) and global
tial pdfs. velocity gradient pdf (heavy dots).

velocity gradient (104 s'1)
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If we takeg(s) = 8(s — sg), the velocity pdf reduces weighted by the number of samples in each box, but the
to a Gaussian distribution with varianeg. This corre- data were too noisy. Sinagds related to the square root of
sponds to the observation that small boxes have Gaussi&KE, in principle it would be possible to use observed EKE
pdfs. In general, the pdé(v) will depend on the form of density to determing/(s). However, such a calculation
the functiong(s). requires knowing both components of velocity, which are

For the altimeter observations of the global oceannot simultaneously available from altimetry.

Fig. 3 shows probability densities of the width of the The exponential behavior of velocity pdfs in some
fitted Gaussian pdf. Although the most frequent widthof the small boxes might be explained using the same
is 0.2 ms !, much larger widths are observed in somestatistical framework that we used for the global pdfs, in
of the 2.5 boxes. The distribution is noisy, but may be this case allowing(s) to represent variations in pdf width
fitted approximately by a function that is parabolic nearover time in high-variability areas of the ocean.

the origin, and exponentially decreasing for lasgeHere, Finally, since velocity gradients, like velocity, are
we shall consider the gamma probability distribution, withobserved to have Gaussian pdfs in small boxes, the same
the origin shifted tos,: statistical framework as for the global velocity pdfs can

H(s — so) . Is — sol be used to.e>'<plain the g'lobgl'gradient pdf.

m (s — so)" ex I Our statistical model justifies why observed pdfs from

the global ocean are not Gaussian, but what accounts for
the fact that local velocity gradient pdfs have distributions
where H(s — so) is a Heaviside step function. Fitting that are nearly identical in shape to velocity pdfs? The
(3) givesa = 0.10, so = 0.12, andm = 0.54, shown in  Cauchy distribution of velocity gradients predicted by
Fig. 3. The pdf calculated from (2) is shown in Fig. 4. point vortex models [7] depends on the! behavior
(Alternate functional forms of(s) are discussed by [11].) of classical point vortices and also on the fact that all
The gamma distribution prediction for the global ve- vortices are identical. In the ocean, vortices have a range
locity pdf based on the calculated functional fit agreesf strengths, and velocity profiles differ fromi! since
well with the observed velocity pdf, duplicating both the the Rossby radius is finite. This allows us to use the
broad Gaussian pdf near the origin and the exponentialentral limit theorem to predict that both velocity and
tails at largev. In the range—1.5 < v < 1.5 ms ! the  velocity gradient should be locally Gaussian, unlike the
rms difference between the log of the observed distribucase of two-dimensional point vortices, truncated or not.
tion and the log of the theoretical distribution is 0.21 for In addition, practical considerations suggest that ob-
the gamma distribution, compared with 8.1 for the Gaussserved gradient pdfs should resemble observed velocity
ian distribution, and 0.24 for the exponential distribution. pdfs. In the ocean, altimetric velocities cannot be sampled
One possible reason for the misfit between our predictedt very small spatial intervals and are subject to measure-
p(v) and the observed velocity pdf is thats) is not mentnoise. These two effects mean that adjacent velocity
weighted by the number of measurements available in each
box. In an alternate calculation of the observgd), we
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