
Under consideration for publication in Dyn. Atmos. Oceans 1Energy and pseudomomentum ofpropagating disturbances on the beta-planeBy STEFAN G. LLEWELLYN SMITHDepartment of Applied Mathematics and Theoretical Physics, University of Cambridge,Silver Street, Cambridge, CB3 9EW, UK(Received 20 October 1998)The far-�eld amplitude of the waves generated by a steadily propagating radially sym-metric disturbance on the beta-plane is calculated using Lighthill's method. From thiscan be obtained the 
uxes of quantities such as wave energy which are radiated awayfrom the disturbance. The radiated wave power is computed for a variety of forms of thedisturbance. The rate of change of pseudomomentum in the system is also calculated:the component parallel to the motion of the disturbance is the radiated wave power di-vided by velocity. Results are compared to previous work and some physical issues arediscussed.1. IntroductionThe behavior of vortices in the ocean has been the subject of much interest in oceanog-raphy since the realisation in the 1970s of their ubiquity (MODE Group, 1978), whilevortices in the atmosphere have been studied for even longer. The particular problem ofthe evolution of a vortex under the in
uence of the Earth's curvature, as modelled by thebeta-e�ect, has been an enduring source of interest, and has been extensively pursued inthe atmospheric literature, notably with the aim of improving the forecast of hurricanemotion. The evolution of a vortex on the beta-plane combines anisotropic and dispersiveRossby waves with the nonlinear features typical of 
uid systems. At their simplest, thelatter simplify to the conservation of absolute vorticity.The problem of the motion of vortices on the beta-plane has been extensively studied(some of the many studies are Adem, 1956; Chan and Williams, 1987; Reznik and Dewar,1994; Llewellyn Smith, 1997, with the last of these containing more background materialand references).Other authors have examined the decay of vortical structures due to the radiation ofRossby waves. Flierl and Haines (1994) studied the decay of modons, which are dipolarstructures, while McDonald (1998) looked at the decay of a circular vortex. A naturaland more tractable related problem is the simpli�cation to linear Rossby wave dynamics,representing the vortex as a propagating radial disturbance and seeking to understandthe waves generated by such forcing. This approach was followed by Korotaev (1988) andwas also examined by Stepanyants and Fabrikant (1992). An interesting review of thisand other topics is given in Korotaev (1997). The physical quantities that these studesconcentrate on are the wave power radiated away by the waves generated by the vortex,and the forces that one may consequently aim to de�ne. These quantities are obviouslyimportant in understanding the fully nonlinear decay of vortices due to wave radiation.The same results are derived here using a simpler method and subsequently generalizedto arbitrary vortex pro�les, and the physical signi�cance of the problem is examined.



2 S. G. Llewellyn SmithThe far-�eld wave amplitude for the model problem of the response of the linearizedbeta-plane equations to the propagation of a symmetric vorticity disturbance is derivedin x 2. This result is then used in x 3 to construct 
uxes of quantities such as the waveenergy away from the forcing. The results of Stepanyants and Fabrikant (1992) andKorotaev (1997) are considered in x 4 in the light of our calculations, and show how theyin fact correspond to the rate of change of pseudomomentum. Section 5 summarizes andconcludes.2. Far-�eld radiation from moving sources2.1. Lighthill's method for uniformly propagating sourcesThe asymptotic behavior of forced linear wave systems has been extensively studied sincethe classical work of Kelvin and others. Lighthill (1978) provides a comprehensive andphysically enlightening presentation of waves in 
uids, and in particular includes a pre-sentation of the behavior of linear systems for large times and distances. It complementsand synthesizes previous papers, but note should also be taken of Lighthill (1990).An unforced linear partial di�erential equation in two spatial dimensions with constantcoe�cients may be written asP �i @@t ;�i @@x;�i @@y ;�� = 0: (2.1)The existence of a plane-wave solution � = �0 exp (ik � r � i�t) is equivalent to theexistence of a solution to the dispersion relationP (�; l;m) = 0; (2.2)where k = (l;m). The corresponding causal solution to the forced problem, with localizedforcing term f(r �U t) in (2.1), may be expressed as a Fourier integral� = Z 1�1Z 1�1 F (k) exp fik � (r �U t)gP (U � k; l;m) dl dm; (2.3)where F (k) is the Fourier transform of the forcing function f(r), de�ned byF (k) = 1(2�)2 Z 1�1Z 1�1 f(r) exp f�ik � rgdx dy: (2.4)Lighthill's method gives an expression for the behavior of � in its far �eld. There, theamplitude of � is asymptotically(2�) 32j�j 12 r 12 jF (k)jjrP (U � k; l;m)j ; (2.5)where r = jr �U tj, r is the gradient operator in k space, and � is the curvature of thesurface P (U � k; l;m) = 0: (2.6)We observe the characteristic inverse-square-root decay of two-dimensional wave�elds,except where the curvature vanishes: those portions of the curves correspond to causticsor to plane wave propagation, and (2.5) has to be adjusted appropriately in these cases.The wavenumber of waves found in any direction of physical space is given by thesolution k of (2.6) when the oriented normal to P , i.e. rP in k-space, is in the physicaldirection away from the origin. Some directions may not have any waves propagatingalong them away from the origin. Some may correspond to more than one point of (2.6).



Energy and pseudomomentum of propagating disturbances on the beta-plane 3In that case, the amplitude of the various contributions must be evaluated separatelyfrom (2.5). 2.2. The Rossby wave caseLighthill (1967) considers the linear Rossby wave equation, calling it the `beta-planeocean'. The notation here follows this paper with however � in place of �. Lighthill(1978) uses (k; l;m) in place of (l;m; n), B and ! instead of P and �, and �U ratherthan U . For the two-dimensional linear Rossby wave system, the governing polynomialis P (�; l;m) = �(l2 +m2) + �l; (2.7)corresponding to the forced linear equation of the particular form@@tr2 + �@ @x = @@tq(r; t): (2.8)This is just the linearized vorticity equation on the beta-plane. For a radially symmetricstructure propagating on the beta-plane, the right-hand side forcing term is@@tq(jr �U tj); (2.9)where q(r) describes the radially symmetric vorticity disturbance. The velocity of thevortex is U = U(cos�; sin�), where � is the angle of propagation of the vortex with thex-axis. Then the appropriate Fourier transform of (2.9) isF (k) = �iU � kQ(k) = �iUk cos ('� �)Q(k); (2.10)where k2 = l2 +m2 and the polar angle in k-space is de�ned byk = k(cos'; sin'): (2.11)The function Q(k) is the Fourier transform of the spatial vorticity disturbance q.The geometric factors in the expression (2.5) come from the wavenumber curve P (U �k; l;m). The curve P = 0 corresponds to the equationU(l cos�+m sin�)(l2 +m2) + �l = 0: (2.12)which may be rewritten in polar form ask[Uk2 cos ('� �) + � cos'] = 0: (2.13)The point k = 0 does not generate any radiation so the points on the wavenumber curvethat contribute to the far-�eld radiation satisfyk = �� � cos'U cos ('� �)� 12 (2.14)when cos' cos ('� �) < 0: (2.15)The wavenumber curve P = 0 is shown in �gure 1 for di�erent values of �. All thecalculations in this section will take place on the locus P = 0, and consequently much usewill be made of (2.14). The range of angles ' for which (2.14) has a solution correspondsto angles in wavenumber space, and does not indicate in which directions waves areemitted in physical space.
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Figure 1.Wavenumber curves P (U �k; l;m) = 0 generated by steadily propagating disturbancesfor di�erent values of � (solid curves). The value next to each curve gives the relevant value of�; for � = �, the wavenumber curves are the m-axis and the circle k = 1. The unit of length is(U=�)1=2.The gradient of the locus P = 0 isrP = � U(l2 +m2) cos�+ 2Ul(l cos�+m sin�) + �U(l2 +m2) sin�+ 2Um(l cos�+m sin�) � : (2.16)This may be rewritten in a more geometric form asrP = � Uk2 cos�� � cos 2'Uk2 sin�� � sin 2' � ; (2.17)this shows that the group velocity, which may be obtained from (2.7),cg � r� = � rP@P=@� = �rPk2 ; (2.18)can be viewed as the vector sum of a velocity in the direction of motion of the vortex anda velocity oriented at twice the angle '. The most convenient form of rP for subsequentcalculation is rP = � �cos ('� �) � cos' cos�+ cos 2' cos ('� �)cos' sin�+ sin 2' cos ('� �) � : (2.19)



Energy and pseudomomentum of propagating disturbances on the beta-plane 5The modulus of jrP j is thenjrP j = �j cos ('� �)j ��[cos2 '+ cos2 ('� �) + 2 cos' cos ('� �) cos (2'� �)] 12 (2.20)= ��('; �) 12j cos ('� �)j : (2.21)The only other term that remains to be calculated in (2.5) is the curvature of P . Ageneral expression for the curvature of the curve P = 0 in two dimensions is� = 1jrP j3 [PllP 2m + PmmP 2l � 2PlmPlPm]: (2.22)The higher derivatives of P may be written as follows:Pll = 2Uk cos ('� �) + 4Uk cos� cos'; (2.23a)Pmm = 2Uk cos ('� �) + 4Uk sin� sin'; (2.23b)Plm = 2Uk sin (�+ '): (2.23c)Therefore, the curvature is given by� = U 12� 12 cos ('� �)�('; �) 32 [� cos' cos ('� �)] 12 [3 + 4 cos (2'� 2�) + cos (4'� 2�)]: (2.24)For a radially symmetric propagating disturbance, as considered here, the wave�eldamplitude in the far �eld is given from (2.5), (2.10), (2.21) and (2.24) asA = (2�) 32U 14� 14� 14 r 12 [� cos' cos3 ('� �)] 14 jQ(k)jj3 + 4 cos (2'� 2�) + cos (4'� 2�)j 12 (2.25)The phase information, which is required to construct the actual far-�eld behaviour, isignored here.For delta-function forcing, the Fourier transform Q becomes 1=(2�)2 in (2.4). Figure 2is a plot of the resultant wave�eld amplitude for � = 2�=3 as a function of ', the angleof the wave vector. The function A(') has singularities at locations where the curvature� vanishes. These are not physical singularities, but correspond rather to caustics wherethe assumptions used to derive (2.25) are invalid. A more detailed investigation revealsan Airy function transition across the caustics.Lighthill (1967) obtained the picture of �gure 2, but did not calculate any of the factorsin (2.5) explicitly.3. Energy balances 3.1. Wave-energy 
uxLighthill (1978) provides a general methodology for calculating the power radiated froma source in an anisotropic wave system. The following discussion is restricted to two-dimensional systems. The directional distribution of wave energy is then (Lighthill, 1978,chapter 4, equation 431) W =W0jF j2 ����@P@n �����2�4�3�r � ; (3.1)where j@P=@nj = jrP j. The quantity W0 is the function required to obtain the appro-priate wave-energy density from the far-�eld amplitude; A factor of 12 has already been
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Figure 2. Nondimensional far-�eld wave amplitude (�=U)1=4r1=2A against ' for � = 2�=3.The singularities in A correspond to caustics in the wave�eld proper.included in it from integrating over a wave period. The energy 
ux relative to the sourceis then I =Wcg .The total power output is therefore obtained by integrating (3.1) along the wavenumbercurve, giving PW = 4�3 Z W0jF j2 ����@P@� �����1 ����@P@n �����1 ds; (3.2)noting that the curvature factor cancels on integration and using (2.18). The expression(3.2) has no singularities at caustics, and hence no detailed analysis is required nearcaustics.The variable of integration in (3.2) can be changed to the angle in wavenumber space,', using the relations ds2 = dk2 + k2d'2 = d'2 "k2 +� dkd'�2# (3.3)and dkd' = �@P=@'@P=@k (3.4)which hold on the wavenumber curve P = 0. Thereforeds2 = k2d'2�@P@k ��2 "�@P@k �2 + 1k2 �@P@'�2# (3.5)= k2d'2�@P@k ��2�@P@n�2 : (3.6)



Energy and pseudomomentum of propagating disturbances on the beta-plane 7The partial derivative @P=@k is given from (2.13) by@P@k = �2� cos'; (3.7)while @P=@� = k2 has already been used in the de�nition of cg . Combining all theseresults, we obtainPW = 4�3U 32� 12 Z �=2+��=2 W0jQj2��cos3 ('� �)cos' � 12 d'; (3.8)where the range of integration has been halved by symmetry.3.2. ExamplesThe function W0 de�nes the kind of energy whose radiated 
ux is being estimated. Forthe usual wave-energy density, it is �k2, where � is some density; this corresponds to theenergy density 12�juj2 in physical space. ThenPW = 4�3�(�U) 12 Z �=2+��=2 jQj2[� cos ('� �) cos'] 12 d': (3.9)Thus for point forcing, where Q = �=(2�)2, the wave power isPW = �� 2(�U) 124� Z �=2+��=2 [� cos ('� �) cos'] 12 d' (3.10)= �� 2(�U) 124� �2E(sin2 12�)� (1 + cos�)K(sin2 12�)� ; (3.11)where K(m) and E(m) are the complete elliptic integrals of the �rst and second kind,respectively, with parameter m. This is the result obtained by Korotaev (1988) from adirect and involved evaluation of the asymptotic behavior of (2.3). However in that workthe argument of the elliptic integral is taken to be the modulus k � pm.The wave power can also be calculated for other forcing functions. For the Gaussianforcing q = q0 exp (�r2=a2), with Fourier transform Q(k) = �q0a2 exp (�k2a2=4), wemay de�ne the quantity d � a(�=U) 12 to be a nondimensional measure of the spatialextent of the forcing. The wave power is thenPW = �� 2(�U) 124� Z �=2+��=2 exp� d2 cos'4 cos ('� �)�[� cos ('� �) cos'] 12 d'; (3.12)where � = �q0a2 is again the circulation or integrated vorticity of the forcing functionq. Finally, the power can also be calculated for the Rankine forcing q = q0H(a�r), whereH is the Heaviside step function. With � = �q0a2 as before, the Fourier transform ofthis forcing becomes Q(k) = 2�J1(ka)=ka. Thus, also using the same de�nition of d asbefore, the power 
ux isPW = �� 2(�U) 124� Z �=2+��=2 4d2 J1 �� cos'cos (' � �)� 12 d!2��cos3 ('� �)cos' � 12 d': (3.13)The three di�erent powers are shown in �gure 3. By symmetry, we need only consider� in the interval (0; �). For small d, the curves are almost identical to the point vortex,as must be the case with the scaling adopted for � . The power becomes very small in the
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Figure 3. Nondimensional power 4�PW=�� 2(�U)1=2 against the angle � of the trajectory of thevortex for di�erent kinds of forcing. The solid curve corresponds to point forcing, the dashedcurves to Gaussian forcing, and the dot-dashed curves to Rankine forcing. For the Gaussianand Rankine forcing, the upper curves correspond to d = 0:3 (they are indistinguishable), themiddle to d = 1 and the lower to d = 3.opposite limit, corresponding to extensively distributed forcing in physical space, sinceF � �(k) and no radiation is emitted from the point k = 0.4. Momentum 
uxes and force balances4.1. Wave 
uxes and forcesThe linearized governing equations of motion on the beta-plane are@u@t + (f0 + �y)z� u = �1�rp; (4.1a)r � u = 0; (4.1b)where gradients now refer to spatial di�erentiation. These equations lead immediately tothe 
ux conservation law @W@t = �r � (pu) = �r � I ; (4.2)where the energy density is W = 12�juj2 and the wave 
ux is I = pu. There is hencean easily identi�able physical expression for the wave-energy 
ux I , although there is nosimple expression for it in terms of the streamfunction,  , alone. This de�nition of Wleads to the spectral quantity W0 = k2 used above.We can now use the power radiated by the vortex to de�ne a wave force on the vortex.Power is force multiplied by velocity, and the velocity of the vortex is U . Of course thiscan only give the component of the force parallel to the displacement of the vortex, Fk,since the component of the force perpendicular to the vortex can do no work. Hence thethree preceding expressions (3.11), (3.12) and (3.13) for the power give the corresponding



Energy and pseudomomentum of propagating disturbances on the beta-plane 9force on division by U . This is essentially the procedure underlying the de�nition of forcein Korotaev (1988).The wave-enstrophy density Z � 12 (r2 )2 could also be calculated using W0 = k4. Infact, the conservation equation for wave enstrophy can be derived from (2.8) and is givenby @Z@t = �r � h �2( 2x �  2y ; 2 x y)i : (4.3)There is an obvious geometrical interpretation of the right-hand side of (4.3) as a vectormaking an angle of 2' with the x-axis.Once again, the integrated 
ux of this quantity could be turned into a quantity withthe dimensions of force by diving the result by �. This would give a function of �, withdimensions � 2(U=�)1=2, as in the previous section. However, it is not clear what thephysical meaning of this quantity would be: it depends on the angle of propagation ofthe vortex, but it is not related to force in the way that is usually understood, i.e. in thesense of being the ratio between rate of change of energy and velocity.The 
ux of other quantities can also be calculated using the same procedure, althoughtheir physical signi�cance is not clear, since they do not necessarily satisfy a conservationlaw. 4.2. Pseudomomentum 
uxStepanyants and Fabrikant (1992) compute a quantity which they call the force on asteadily translating point forcing. They de�ne the quasiparticle number per unit volumeN as �j j2 and the quasi-particle-number-density-
ux byS(') = N jcg j; (4.4)where cg is the group velocity. The `force' is theny� = � Z �=2+��=2 rS(')k d'; (4.5)we shall not worry any further about the presence of the minus sign. Stepanyants andFabrikant (1992) obtain the function S(') from Korotaev (1988):S(') = �� 24�r : (4.6)This is inconsistent with the results of the previous two sections which give, for the far�eld, S(') = �� 2U 322�r� 12 ��cos (' � �)cos' � 12 �('; �)j3 + 4 cos (2'� 2�) + cos (4'� 2�)j ; (4.7)after using (2.18).It is apparent from this expression that S(') is not a constant function of its argument.Appendix B of Korotaev (1997) reproduces the working of Stepanyants and Fabrikant(1992) with however the insertion of an extra factor d�=d' into the appropriate integrals,where � is the angular variable in physical space. This recovers the geometric termsof (3.1). Stepanyants and Fabrikant (1992) and Korotaev (1997) both then obtain they Stepanyants and Fabrikant (1992) integrate only over the range �=2 to �=2 + � (theirequation 6), since they require that the `frequency', U � k, be positive. This is appropriate if 'is taken to be the angular range over which radiation is present in the far �eld, but not if it isconsidered to be the angular coordinate on the wavenumber curve P = 0.



10 S. G. Llewellyn Smithexpression (3.11) for the power loss due to the waves for the parallel component of therate of change of pseudomomentum.We may note, however, that the quantity whose 
ux is computed is the pseudomo-mentum. One version of the argument goes as follows. For a linearized system, the pseu-domomentum may be written (McIntyre, 1981)q = Wk� ; (4.8)where � = U � k is the Doppler-shifted frequency. Taking components parallel and per-pendicular to the trajectory of the vortex givesq = (qk; q?) = WU (1; tan ('� �)): (4.9)Following the arguments of x 3.1, i.e. considering the geometric terms carefully, we maycalculate the rate of change of the two components of pseudomomentum. The rate ofchange parallel to the trajectory of the vortex comes from integrating the same 
uxdensity as in x 3.1 and is hence Gk = PW=U again, as was found by Stepanyants andFabrikant (1992) for the point forcing case. The rate of change perpendicular to thetrajectory of the vortex di�ers only by the tangent term and is henceG? = 4�3�(�=U) 12 Z �=2+��=2 jQj2�� sin2 ('� �) cos'cos ('� �) � 12 d': (4.10)For point forcing, this becomesG? = �� 2(�=U) 124� K(sin2 12�) sin�; (4.11)which again agrees with Stepanyants and Fabrikant (1992). The rate of change of pseu-domomentum can also be found for Gaussian and Rankine forcing by computing theappropriate integrals.Figure 4 shows the form of G? for the same types of forcing as before. The amplitudeof G? decreases with increasing d, but we also note that the sign of G? changes for �near � when d is large enough. The sign change occurs around d = 1:6.This calculation leads to a de�nition for the objects Gk and G? which have the dimen-sions of force. The value of Gk is the same as PW=U , as one would expect, since the twoquantities are essentially the same. The perpendicular component, P?, however, cannotbe obtained by energy arguments as argued previously, and must hence be viewed as arate of change of pseudomomentum.However we are free to choose a di�erent W0 in the de�nition of W and hence obtaindi�erent forces. If we take W0 = k4, what will have been calculated is no longer a rateof change of pseudomomentum, but rather a rate of change of what might be calledpseudovorticity, given the form of equations (4.1a) and (4.3) and the respective naturesof the quantities which are squared on the left-hand side of these equations.5. ConclusionWe have computed the far-�eld amplitude of the Rossby waves created by an arbitrarysymmetric propagating disturbance using the theory of Lighthill (1978). The result isquite simple and enables the 
ux to in�nity of quantities such as wave energy to becomputed. The power radiated has been calculated and, as suggested in Korotaev (1988),
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Figure 4. Nondimensional pseudomomentum 
ux perpendicular to the vortex trajectory4�G?PW=�� 2(�=U)1=2 against the angle � of the trajectory of the vortex for di�erent kindsof forcing. The solid curve corresponds to point forcing, the dashed curves to Gaussian forcing,and the dot-dashed curves to Rankine forcing. For the Gaussian and Rankine forcing, the upperline corresponds to d = 0:3, the middle to d = 1 and the lower to d = 3.can be used to �nd a quantity which has the dimensions of force. This may be viewed asa force applied on the vortex due to the wave radiation.The rate of change of pseudomomentum has also been calculated. Its component par-allel to the trajectory of the vortex is essentially the power radiated away by the waves inthis system. Its perpendicular component has no interpretation in terms of power; it mayalso change sign for vortices propagating nearly towards the East for widely distributedforcing. It is also possible to compute further quantities such as the rate of change ofthe enstrophy density, which have the dimensions of power, but whose signi�cance is notimmediately apparent.The results of Stepanyants and Fabrikant (1992) and Korotaev (1997) are consistentwith this approach. The present results, however, are more general since they apply toany form of radially propagating disturbance.There are however some potential objections to the result for the `force' (Gk; G?)obtained by consideration of the pseudomomentum:(a) The physical relevance of the result (4.10) is not immediately apparent (irrespectiveof whether it corresponds to the quantity that is normally called force). The `photonanalogy' (McIntyre, 1993) says that `the rate at which momentum is transported fromlocation A to location B, when a wave packet is generated at A, and dissipated at B, isthe same as if (a) the 
uid were absent, and (b) the wave packet had momentum equal toits pseudomomentum'. However, this is just an analogy, and the actual details need to bechecked for di�erent physical systems. These calculations usually require considerationsof the O(a2) behaviour of the system, which has not been attempted here. Hence, while itis undeniable that the waves radiate energy, it is not clear from the preceding calculation



12 S. G. Llewellyn Smiththat (4.10) has any meaning beyond its de�nition as a rate of change of pseudomomentum.The same proviso would apply to the rate of change of any pseudovorticity quantity.(b) Conservation of pseudomomentum is intimately connected to invariance of themedium to translation (McIntyre, 1993). Here, however, it is the governing vorticityequation (2.8) which is invariant under translation, while the Coriolis force term �yu inthe momentum equation (4.1a) changes under translation in the y-direction. One couldtherefore argue that it is the pseudovorticity which should be associated with a waveconservation law and thus that this second wave energy should be the one with a naturalinterpretation in terms of force.(c) There is no actual vortex in the system, just a moving forcing. While this approachhas been used, for example, in internal gravity wave problems (e.g., Gorodtsov, 1994)and is undoubtedly a useful conceptual tool in understanding the response of Rossbywaves to a moving disturbance, it is not clear what the relation is between this approachand the physically self-consistent problem of the evolution of a radial vorticity anomalyunder the full equations of motion. Papers such as Llewellyn Smith (1997) and McDonald(1998) show that constant translational motion of an unchanging vortex is not a realisticassumption for large times, a result which goes back to Flierl et al. (1983).(d) Even if this forcing is considered to be a vortex, there is no physical object tosupport pressure, and hence feel a force.y It is therefore unclear what the term forcemeans in this context.It is revealing that Lighthill (1978) does not mention the word \force" in the discus-sion about wave power. Nevertheless, the present results are useful in quantifying theenergy radiated by waves on the beta-plane as a function of the trajectory of the steadilypropagating vortex. This may be of some use in understanding the response in a diag-nostic fashion of an evolving nonlinear disturbance as a function of its instantaneousresponse. As foreseen by Lighthill (1967), the behavior of the linear wave system revealsmuch about more complicated physical systems, and these results may provide a betterunderstanding of forced waves on the beta-plane.This work was funded by NERC award GT4/93/125/P. The author also acknowledges�nancial support from Queens' College, Cambridge in the form of a Research Fellowship.Conversations with Prof. M. E. McIntyre were very helpful.REFERENCESAdem, J., 1956, A series solution for the barotropic vorticity equation and its application in thestudy of atmospheric vortices. Tellus 8, 364{372.Chan, J.C.L., Williams, R.T., 1987, Analytical and numerical studies of the beta-e�ect in tropicalcyclone motion. Part I: zero mean 
ow. J. Atmos. Sci. 44, 1257{1265.Dolina, I.S., Ostrovsky, L.A., 1990, On the instability of synoptic eddy movement in the ocean.Sov. J. Phys. Oceanogr. 1, 247{251.Flierl, G.R., Haines, K., 1994, The decay of modons due to Rossby wave radiation. Phys. Fluids6, 3487{3497.Flierl, G.R., Stern, M.E., Whitehead Jr., J.A., 1983, The physical signi�cance of modons: Lab-oratory experiments and general integral constraints. Dyn. Atmos. Oceans 7, 223{263.Gorodtsov, V.A., 1994, Energy losses by a source traveling at high speeds due to radiation ofgravity waves. Atmos. Oceanic Phys. 29, 711{715.y Dolina and Ostrovsky (1990) considered the instability of an eddy due to radiation. However,the eddy is explicitly modelled as a cylinder, which can support pressure forces, surrounding aline vortex.
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