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pieces for a long time, Japan announced that the ancient
Japanese 20,000 years ago had a nationwide telephone
network.

Naturally, the Chinese government was not that easily
impressed. They ordered their own scientists to dig even
deeper. 100 meters down, they found small pieces of glass
and they soon announced that the ancient China 30,000
years ago already had a nationwide �ber network.

American scientists were outraged. They dug 50, 100 and
200 meters underground, but found nothing. They
concluded that the ancient United States 40,000 years
ago had cellular telephones.
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About this tutorial

�

• Information theory for relay networks
é What is thelimit on the amount of reliable communication?

é What are thecoding schemesthat achieve this limit?

• Personalangle on the topic (not a comprehensive survey of the literature)
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é Broadcast(one-to-many)

• Basic relaying techniques
é Partial decode{forward(PDF)

é Compress{forward(CF)

• Multihop communication
é Noisy network coding(NNC)

é Distributed decode{forward(DDF)

• Limit on communication
é Cutset bound

é Directed cutset (cutlet) bound
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e # ý

• Capacity regionC: Closure of the set of achievable rate pairs(RÔ, Rò)
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• Capacity region (Ahlswede 1971, Liao 1972)
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Broadcast channel
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Decoderò

• (ònRÔ, ònRò , n) code,P(n)
e , achievability,C: Same as before

• Capacity region is not known in general

Young-Han Kim (UCSD) Wireless Relay Networks ESIT 2015 20 / 60



Superposition coding
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Yn
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Ô

Un
ò

x(uÔ, uò)

Decoder

• IndependentUn
Ô(mÔ) and Un

ò (mò) (as in MAC)

• A simple inner bound:(RÔ, Rò) is achievable if

RÔ  I (UÔ; YÔ),

Rò   I (Uò;Yò)

for somep(uÔ)p(uò) and function x(uÔ, uò)
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Multicoding and joint typicality encoding

• For eachmj , generate asubcodebookCj(mj) consisting ofun
j (lj) È A n

i#ÔpUj
(uji )

• For each(mÔ, mò), �nd jointly typical (un
Ô(lÔ), un

ò(lò)) ò CÔ(mÔ) , Cò(mò)
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Marton coding

Xn

p(yÔ, yò�x)

Yn
Ô

Yn
ò

Un
Ô

Un
ò

x(uÔ, uò)

Decoder

• Can we makeUn
Ô and Un

ò dependent?

Marton (1979)
(RÔ, Rò) is achievable if

RÔ  I (UÔ; YÔ),

Rò   I (Uò; Yò),

RÔ%Rò   I (UÔ; YÔ) %I(Uò; Yò) " I (UÔ; Uò)

for somep(uÔ, uò) and function x(uÔ, uò)

• Essentially thebest known scheme for broadcast(dirty paper coding)
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• Average probability error:P(n)
e # P{ �M Ö#M}

• Achievable rateR: a sequence of(ònR, n) codes such thatlimnÙ� P(n)
e # ý

• CapacityC: the supremum of all achievable rates (not known in general)
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Dictionary of relaying schemes

• Standard parlance: decode{forward, amplify{forward, compress{forward
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Dictionary of relaying schemes

http://circuit.ucsd.edu/ ~yhk/relaying.html
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Cutset upper bound

Cover{El Gamal (1979)

C ¢ RCS # max
p(xÔ,xò)

min� I (XÔ,Xò; Yç), I (XÔ; Yò, Yç �Xò)�
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Cutset upper bound

Cover{El Gamal (1979)

C ¢ RCS # max
p(xÔ,xò)

min� I (XÔ,Xò; Yç), I (XÔ; Yò, Yç �Xò)�

XÔXÔ

Xò Yò : Xò

YçYç

I (XÔ,Xò;Yç) I (XÔ;Yò,Yç�Xò)

Cooperative MAC bound Cooperative BC bound
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Direct transmission

XÔ

Yò : Xò

Yç

)

M �M

C £ max
p(xÔ), xò

I (XÔ; Yç �Xò # xò)
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Multihop

• Block Markov coding: Sendb " Ômessages overb n-transmission blocks

mÔ mò mç mb" Ô Ô

n

BlockÔ ò ç b " Ô b
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• Performs well when the relay isstrongerthan the receiver

• Butworse than even direct transmissionif the relay isweaker

• Solutions:
é Partial decode{forward: Recover only part of the message

é Compress{forward: Do not recover the message at all
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Comparison of coding schemes
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Relaying for networks

• Simultaneous decoding

• Superposition coding

• Multicoding

• Block Markov coding

• Decode{forward

• Compress{forward
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Relaying for networks
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• Decode{forward
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• Distributed decode{forward
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Putting things together

• Oftenvanilla extensionsdo not work
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Multiple access relay network

Young-Han Kim (UCSD) Wireless Relay Networks ESIT 2015 40 / 60



Multiple access relay network

p(yÔ, . . . ,yN �xÔ, . . . ,xN)MÔ �MÔ, �Mò, . . . , �MN" Ô

Mç

Mò

�
�

Ô

ò

ç

j

k

N

Young-Han Kim (UCSD) Wireless Relay Networks ESIT 2015 40 / 60



Multiple access relay network

p(yÔ, . . . ,yN �xÔ, . . . ,xN)MÔ �MÔ, �Mò, . . . , �MN" Ô

Mç

Mò

�
�

Ô

ò

ç

j

k

N

• Multihop uplink communication

Young-Han Kim (UCSD) Wireless Relay Networks ESIT 2015 40 / 60



Multiple access relay network

p(yÔ, . . . ,yN �xÔ, . . . ,xN)MÔ �MÔ, �Mò, . . . , �MN" Ô

Mç

Mò

�
�

Ô

ò

ç

j

k

N

• Multihop uplink communication

• A (ònRÔ, . . . , ònRN" Ô, n) code:
é Message set: [Ô : ònRÔ] , - - - , [ Ô : ònRN" Ô]
é Encoder: xji (mj , y

i" Ô
j ), j ò [Ô :N " Ô], i ò [Ô :n]

é Decoder: ( �mÔ, . . . , �mN" Ô)(y
n
N)

Young-Han Kim (UCSD) Wireless Relay Networks ESIT 2015 40 / 60



Multiple access relay network

p(yÔ, . . . ,yN �xÔ, . . . ,xN)MÔ �MÔ, �Mò, . . . , �MN" Ô

Mç

Mò

�
�

Ô

ò

ç

j

k

N

• Multihop uplink communication

• A (ònRÔ, . . . , ònRN" Ô, n) code:
é Message set: [Ô : ònRÔ] , - - - , [ Ô : ònRN" Ô]
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n
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• Capacity region? Optimal coding scheme?
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Cutset outer bound
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S Sc

El Gamal (1981)

R(S) :# H
jòS

Rj ¢ I(X(S); Y(Sc)�X(Sc)), : S

for somep(xN)
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Noisy network coding# CF for networks
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Noisy network coding# CF for networks
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Noisy network coding# CF for networks

• Block Markov coding:

• Relay compression:

• Auxiliary index:

• Simultaneous decoding:
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• Block Markov coding:Splitting of M* overb blocks ofn transmissions
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Noisy network coding# CF for networks

• Block Markov coding:Splitting of M* overb blocks ofn transmissions
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• Simultaneous decoding:
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• Block Markov coding:Splitting of M* overb blocks ofn transmissions

• Relay compression:Relayk describesYk with �Yk(Lk)
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Noisy network coding# CF for networks

Yassaee{Aref, Lim{Kim{El Gamal{Chung (2011), Hou{Kramer(2012)

R(S) ¢ I(X(S); �Y(Sc)�X(Sc)) " I (Y(S); �Y(S)�XN , �Y(Sc)), : S

for someA N
k#Ôp(xk)p(�yk�yk, xk)
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Deterministic network (Avestimehr{Diggavi{Tse 2011)
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# H(Y(Sc)�X(Sc)), : S

for somep(xN)

Noisy network coding

R(S) ¢ I(X(S); �Y(Sc)�X(Sc))

" I (Y(S); �Y(S)�XN , �Y(Sc))

# H(Y(Sc)�X(Sc)), : S

for someA N
k#Ôp(xk)

• Tight for graphicalnetworks and deterministic networkswith no interference
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Gaussian network

• Channel model:
Yk # H

j

gkjXj %Zk, k ò [Ô :N]
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Yk # H
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gkjXj %Zk, k ò [Ô :N]

• Cutset bound:
R(S) ¢ I(X(S);Y(Sc)�X(Sc))

• Noisy network coding bound:

R(S) ¢ I(X(S); �Y(Sc)�X(Sc)) " I (Y(S); �Y(S)�XN , �Y(Sc))

• Set �Yk # Yk %�Zk, where �Zk È N(ý, Ô)

Avestimehr{Diggavi{Tse (2011), Lim{Kim{El Gamal{Chung (2011)
If (RÔ, . . . ,RN) ò R CS, then (RÔ" ý.âçN, . . . ,RN " ý.âçN) ò R NNC
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Broadcast relay network
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• A (ònRò , . . . , ònRN , n) code:
é Message set: [Ô : ònRò] , - - - , [ Ô : ònRN ]
é Encoder: xÔi (mò, . . . ,mN , yi" Ô

Ô ), i ò [Ô :n]
é Relay encoder: xji (y

i" Ô
j ), j ò [ò :N], i ò [Ô :n]

é Decoder: �mj(y
n
j ), j ò [ò :N]
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Cutset outer bound
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Distributed decode{forward# PDF for networks
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Distributed decode{forward# PDF for networks

• Block Markov coding:

• Backward encoding:

• Partial decoding:

• Auxiliary index:
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Distributed decode{forward# PDF for networks

• Block Markov coding:Splitting of M* overb blocks ofn transmissions

• Backward encoding:

• Partial decoding:

• Auxiliary index:
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Distributed decode{forward# PDF for networks

• Block Markov coding:Splitting of M* overb blocks ofn transmissions

• Backward encoding:Multicoding of X* (M* ) and Uò(Lò), . . . ,UN(LN)

• Partial decoding:

• Auxiliary index:
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Distributed decode{forward# PDF for networks

• Block Markov coding:Splitting of M* overb blocks ofn transmissions

• Backward encoding:Multicoding of X* (M* ) and Uò(Lò), . . . ,UN(LN)

• Partial decoding:Relayk decodesYk to recoverUk(Lk)

• Auxiliary index:

Young-Han Kim (UCSD) Wireless Relay Networks ESIT 2015 47 / 60

p(yÔ, . . . ,yN �xÔ, . . . ,xN)Mò, . . . ,MN

Ô

ò

ç

j

k

N

Uò(Lò), . . . ,UN(LN)

�M j , �Lj

�Mk, �Lk

�MN , �LN



Distributed decode{forward# PDF for networks

• Block Markov coding:Splitting of M* overb blocks ofn transmissions

• Backward encoding:Multicoding of X* (M* ) and Uò(Lò), . . . ,UN(LN)

• Partial decoding:Relayk decodesYk to recoverUk(Lk)

• Auxiliary index:(Uò(Lò), . . . ,UN(LN)) conveys the messagesimplicitly
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Distributed decode{forward# PDF for networks

• Codebook structure:xn
Ô(mj �l j , l j" Ô), x

n
k (lk,j" Ô), un

k(mkj , lkj �lk,j" Ô)

Block Ô ò ç - - - b

XÔ

Xk

Yk
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Distributed decode{forward# PDF for networks

• Codebook structure:xn
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Distributed decode{forward# PDF for networks

Lim{Kim{Kim (2014)

R(Sc) ¢ I (X(S);U(Sc)�X(Sc)) " H
kòS c

I (Uk; U(Sc
k),XN �Xk, Yk), : S

for some(A N
k#ò p(xk))p(xÔ, uN

ò �xN
ò )
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Deterministic network (Kannan{Raja{Viswanath 2012)
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for somep(xN)

Distributed decode{forward

R(Sc) ¢ I (X(S);U(Sc)�X(Sc))

" H
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I (Uk; U(Sc
k), XN �Xk,Yk)

# H(Y(Sc)�X(Sc)), : S

for some(A N
k#ò p(xk))p(xÔ�x

N
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• Tight for graphicalnetworks and deterministic networkswith no interference
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Gaussian network

• Channel model:
Yk # H

j

gkjXj %Zk, k ò [Ô :N]
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gkjXj %Zk, k ò [Ô :N]

• Cutset bound:
R(Sc) ¢ I (X(S); Y(Sc)�X(Sc))

• Distributed decode{forward bound:

R(Sc) ¢ I (X(S); U(Sc)�X(Sc)) " H
kòS c

I (Uk; U(Sc
k), XN �Xk, Yk)

• SetUk # @j gkjXj %�Zk È Yk, where �Zk È N(ý, Ô)

Kannan{Raja{Viswanath (2012), Lim{Kim{Kim (2014)
If (RÔ, . . . ,RN) ò R CS, then (RÔ" ý. N, . . . ,RN " ý. N) ò R DDF
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Marton's inner bound

Partial decode{forward

ý. N

Noisy network coding (NNC)

Multiple access

Simple encoder

MAC capacity region

Compress{forward

ý.âçN



Multiple unicast network
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Multiple unicast network

eplacements
Ô

ò

ç

¥

 

â

Þ

—

• Capacity regionC: Closure of the set of achievable rate tuples

(RÔÙ ¥,RòÙ â, RòÙ —, RçÙ   , RçÙ Þ, R¥Ù Þ, R  Ù —)
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Cutset outer bound

S Sc

ó
Ô

ò

ç

¥

 

â

Þ

—

Young-Han Kim (UCSD) Wireless Relay Networks ESIT 2015 53 / 60

El Gamal (1981), Cover{Thomas (2006)

H
j,k:jòS ,kòS c

RjÙ k ¢ I(X(S); Y(Sc)�X(Sc)), : S • [ Ô : —]

for somep(xN)



Cutset outer bound

S Sc

ó
Ô

ò

ç

¥

 

â

Þ

—

Young-Han Kim (UCSD) Wireless Relay Networks ESIT 2015 53 / 60

El Gamal (1981), Cover{Thomas (2006)

H
j,k:jòS ,kòS c

RjÙ k ¢ I(X(S); Y(Sc)�X(Sc)), : S • [ Ô : —]

for somep(xN)



Cutset outer bound

S Sc

ó ó

óÔ

ò

ç

¥

 

â

Þ

—

RÔÙ ¥ %RòÙ —%R  Ù —¢ I(XÔ, Xò, X  , Xâ; Yç, Y¥, YÞ, Y—�Xç, X¥, XÞ,X—)

Young-Han Kim (UCSD) Wireless Relay Networks ESIT 2015 53 / 60



Cutset outer bound

S Sc

ó
ó

óÔ

ò

ç

¥

 

â

Þ

—

RÔÙ ¥ %RòÙ —%R  Ù —¢ I(XÔ, Xò, X  , Xâ; Yç, Y¥, YÞ, Y—�Xç, X¥, XÞ,X—)

RÔÙ ¥ %RòÙ â %RòÙ —¢ I(XÔ, Xò; Yç, Y¥, Y  , Yâ, YÞ, Y—�Xç, X¥, X  , Xâ, XÞ, X—)

Young-Han Kim (UCSD) Wireless Relay Networks ESIT 2015 53 / 60



Directed information

• Mutual information

I(AÔ, . . . ,AN ; BÔ, . . . ,BN)

#
N

H
j#Ô

I (AN ; Bj �B
j" Ô)

AÔ Aò Aç A¥ A  Aâ

BÔ Bò Bç B¥ B  Bâ
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• Amount of information AN causally provides aboutBN (Permuter et al. 2011)
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Directed cutset outer bound
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Finer partition (cutlet)
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Example: 3-node \not-relay" channelp(yò,yç�xÔ, xò)
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• Cutset bound

RÔÙ ò ¢ I(XÔ; Yò�Xò)

RòÙ ç ¢ I(Xò; Yç �XÔ)

for somep(xÔ, xò)

• Cutlet bound

RÔÙ ò ¢ I(XÔ; Yò�Xò)

RòÙ ç ¢ I(Xò; Yç �XÔ)
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Coding for wireless relay networks

• Simultaneous decoding

• Superposition coding

• Multicoding

• Block Markov coding

• Decode{forward

• Compress{forward
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• Superposition coding

• Multicoding

• Block Markov coding

• Decode{forward

• Compress{forward

• Practical codes??? (Thursday)

• Multiple access (NNC)

• Broadcast (DDF)

• Directed cutset bound

• Coding for multiple unicast???
(Tomorrow)
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