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How to learn probability without learning

∙ Universal

é P : parametric, IID, Markov, VMM, HMM, FSM, stationary ergodic, . . .

∙ Quick and dirty Clean 

é Compression, prediction, filtering, denoising, portfolio, entropy estimation, classification

∙ Avoids overfitting (built-in regularization)
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There is no black boxX ∼ p(x) q(X)

q ≈ p for all p ∈ P

Measure It from data 
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R∗ = min
q

max
p∈P

D(p(x)‖q(x)) = max
F(p)

I(P; X)

q∗(x) = X p(x)dF∗(p)
q∗

∙ Mixture probability F(p) can upper and lower bound R∗

∙ For the deterministic setting,

R∗ = min
q

max
p∈P

max
x

log
p(x)
q(x)

= logH
x

max
p∈P

p(x)

q∗(x) ∝ max
p∈P

p(x) (normalized ML)
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θk( − θ)n−k 

xθ( − θ)dθ and qKT( | xn) = k + /
n + 

∙ Form-ary sources, R∗ ∼ (m − )


log n (both stochastic and deterministic)

∙ Can be generalized to Markov and tree (CTM) sources (Willems et al. )

/



Applications

∙ Compression: Compress to the entropy rate using arithmetic coding

/



Applications

∙ Compression: Compress to the entropy rate using arithmetic coding

∙ Prediction: Take an action a(Xn) for Xn+

é Bayes response: a∗(p) = argmina Ep[l(X, a)]
é Merhav–Feder (): Choose action a∗(q(xn+|Xn

 ))

/



Applications

∙ Compression: Compress to the entropy rate using arithmetic coding

∙ Prediction: Take an action a(Xn) for Xn+

é Bayes response: a∗(p) = argmina Ep[l(X, a)]
é Merhav–Feder (): Choose action a∗(q(xn+|Xn

 ))

∙ Portfolio selection: Choose asset allocation bx(Yn) for stock x
é Fund of funds: Multi-period asset allocation using q(xn)
é Cover (): Minimax performance against constant-rebalanced portfolios

/



Applications

∙ Compression: Compress to the entropy rate using arithmetic coding

∙ Prediction: Take an action a(Xn) for Xn+

é Bayes response: a∗(p) = argmina Ep[l(X, a)]
é Merhav–Feder (): Choose action a∗(q(xn+|Xn

 ))

∙ Portfolio selection: Choose asset allocation bx(Yn) for stock x
é Fund of funds: Multi-period asset allocation using q(xn)
é Cover (): Minimax performance against constant-rebalanced portfolios

∙ Entropy estimation: Estimate the entropy rate of {Xn}
é Shannon–McMillan–Breiman theorem:



n
log



p(Xn) → H̄(X)
é Plug-in strategy: Use q in place of p
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∙ Causal influence of X on Y

Granger ()

Geweke ()

∙ Econometrics, neuroscience, . . .

(Sims , Quinn et al. )

∙ Other interpretations (Permuter–Kim–Weissman , Kamath–Kim )

∙ Can be generalized to continuous time (Weissman–Kim–Permuter )

∙ Conservation law: I(X; Y) = I(X → Y) + I(Y → X)
/



Directed information estimation (Jiao et al. )

Algorithm 

Î(X → Y) = Ĥ(Y) − Ĥ(Y‖X)


n
log



q(Yn)

, Very good convergence (a.s. & L)

/ Erratic for small n

/ Unbounded support

Algorithm 

Î(X → Y) = Ĥ(Y) − Ĥ(Y‖X)



n

n

H
i=

H(q(yi |Y i−))

, Similar convergence rate

, Smooth and bounded support

/ Can be negative

Algorithms  & 

Î(X → Y) = 

n

n

H
i=

D(q(yi |Xi , Y i−)‖q(yi |Y i−))

Î(X → Y) = 

n

n

H
i=

D(q(xi , yi |Xi , Y i−)‖q(yi |Y i−)q(xi |Xi , Y i))
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Classification of nucleic acid sequences

Query sequence

TTCTTTTGGAGAGTTTGATCCTGGCTC

Family 

GACGAACGCTGGCGGCGTGCTTAACAC

CACATGCAAGTCGAGCGGTAAGGGCT

Family 

AGAGTTTGATCCTGGCTCAGGACGAAC

ATTGAACGCTGGCGGCATGCCTCATG

Family k

GATGAACGCTGACAGAACGCTTAACAC

GATGAACGCTGACAGAATGCTTACACATG

...
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Classification of nucleic acid sequences

Query sequence

TTCTTTTGGAGAGTTTGATCCTGGCTC

Family 

GACGAACGCTGGCGGCGTGCTTAACAC

CACATGCAAGTCGAGCGGTAAGGGCT

Family 

AGAGTTTGATCCTGGCTCAGGACGAAC

ATTGAACGCTGGCGGCATGCCTCATG

Family k

GATGAACGCTGACAGAACGCTTAACAC

GATGAACGCTGACAGAATGCTTACACATG

...

?

∙ Alignment-based methods: BLAST, USEARCH, UBLAST, caBLAST, BLAT, . . .

∙ Model/feature-based methods: nhmmer, ICM, RDP, . . .
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Classification of nucleic acid sequences

Query sequence

X

Family 

Y ∼ P

Family 

Y ∼ P

Family k

Yk ∼ Pk

...

?
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Classification of nucleic acid sequences

Query sequence

X

Family 

Y ∼ P

Family 

Y ∼ P

Family k

Yk ∼ Pk

...

?

Were P, . . . , Pk known . . .

j∗ = argmax
j

Pj(X)

/
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AT CT GT TT
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AC CC GC TC
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Modeling

For each family j and its sequence Yj

find the best context tree model

M∗

j = argmax
M

QM(Yj)
∙ QM : Universal prob. for modelM

QM∗

j
≈ Pj

∙ Simple recursive maximization
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GT TT

⋅ ⋅ ⋅ *A *G *T

AC CC GC TC

⋅ ⋅ ⋅ *A *C *G *T

Modeling

For each family j and its sequence Yj

find the best context tree model

M∗

j = argmax
M

QM(Yj)
∙ QM : Universal prob. for modelM

QM∗

j
≈ Pj

∙ Simple recursive maximization

Classification

Given a query sequenceX

find the best family

j∗ = argmax
j

QM∗

j
(X|Yj)

∙ Close approximation of ML

QM∗

j
(X|Yj) ≈ Pj(X|Yj) ≈ Pj(X)

∙ Simple Bayesian update (Dirichlet)
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Performance highlights

∙ Nine RNA datasets of different types (including large pyrosequencing databases)

∙ Comparison to  existing methods (BLAST, RDP, USEARCH, HMMER, ICM, . . . )

∙ Accuracy of . (next to . of BLAST)

∙ Scalability
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Concluding remarks

Maslow’s axiom ()

If all you have is a hammer,

everything looks like a nail.
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Concluding remarks

Maslow’s axiom ()

If all you have is a hammer,

everything looks like a nail.

∙ Our hammer: Universal probability q

∙ Versatile and often on par with custom tools

∙ Many classical results, but still more to explore

Towards information-theoretic data science
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