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é P : parametric, IID, Markov, VMM, HMM, FSM, stationary ergodic, . . .

• Quick anddirty Clean 

é Compression, prediction, �ltering, denoising, portfolio, entropy estimation, classi�cation

• Avoids over�tting (built-in regularization)
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• Works \well" with deterministic (=real-life) sequences

• Faster convergence (minimax) for smaller classesP (IID, Markov, CTM, . . . )
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D(p(x)	 q(x)) # max
F(p)

I (P; X)

q* (x) # X p(x)dF* (p)
q*

• Mixture probability F(p) can upper and lower boundR*

• For thedeterministicsetting,

R* # min
q

max
pòP

max
x

log
p(x)
q(x)

# logH
x

max
pòP

p(x)

q* (x) � max
pòP

p(x) (normalized ML)

7/22



Bernoulli sources

• LetXÔ, Xò, . . .be i.i.d.È Bern(è),è ò [ý, Ô] unknown

8/22



Bernoulli sources

• LetXÔ, Xò, . . .be i.i.d.È Bern(è),è ò [ý, Ô] unknown

• Uniform mixture (Laplace 1812): R È logn (universal for Bernoulli sources!)

qL(xn) # X
Ô

ý
èk(Ô" è)n" kdè #

Ô
� n

k�( n %Ô)
and qL(Ô� xn) #

k %Ô
n %ò

8/22



Bernoulli sources

• LetXÔ, Xò, . . .be i.i.d.È Bern(è),è ò [ý, Ô] unknown

• Uniform mixture (Laplace 1812): R È logn (universal for Bernoulli sources!)

qL(xn) # X
Ô

ý
èk(Ô" è)n" kdè #

Ô
� n

k�( n %Ô)
and qL(Ô� xn) #

k %Ô
n %ò

• Je�reys mixture (Krichevsky{Tro�mov 1981): R È
Ô
ò

logn È R*

qKT(xn) # X
Ô

ý
èk(Ô" è)n" k Ô

x è(Ô" è)
dè and qKT(Ô� xn) #

k %Ô/ò
n %Ô

8/22



Bernoulli sources

• LetXÔ, Xò, . . .be i.i.d.È Bern(è),è ò [ý, Ô] unknown

• Uniform mixture (Laplace 1812): R È logn (universal for Bernoulli sources!)

qL(xn) # X
Ô

ý
èk(Ô" è)n" kdè #

Ô
� n

k�( n %Ô)
and qL(Ô� xn) #

k %Ô
n %ò

• Je�reys mixture (Krichevsky{Tro�mov 1981): R È
Ô
ò

logn È R*

qKT(xn) # X
Ô

ý
èk(Ô" è)n" k Ô

x è(Ô" è)
dè and qKT(Ô� xn) #

k %Ô/ò
n %Ô

• Form-ary sources, R* È
(m " Ô)

ò
logn (both stochastic and deterministic)

8/22



Bernoulli sources

• LetXÔ, Xò, . . .be i.i.d.È Bern(è),è ò [ý, Ô] unknown

• Uniform mixture (Laplace 1812): R È logn (universal for Bernoulli sources!)

qL(xn) # X
Ô

ý
èk(Ô" è)n" kdè #

Ô
� n

k�( n %Ô)
and qL(Ô� xn) #

k %Ô
n %ò

• Je�reys mixture (Krichevsky{Tro�mov 1981): R È
Ô
ò

logn È R*

qKT(xn) # X
Ô

ý
èk(Ô" è)n" k Ô

x è(Ô" è)
dè and qKT(Ô� xn) #

k %Ô/ò
n %Ô

• Form-ary sources, R* È
(m " Ô)

ò
logn (both stochastic and deterministic)

• Can be generalized toMarkovand tree (CTM)sources (Willems et al. 1995)
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• Portfolio selection: Choose asset allocationbx(Yn) for stockx
é Fund of funds: Multi-period asset allocation usingq(xn)

é Cover (1991): Minimax performance against constant-rebalanced portfolios

• Entropy estimation: Estimate the entropy rate of{Xn}

é Shannon{McMillan{Breiman theorem:
Ô
n

log
Ô

p(Xn)
Ù 	H(X)

é Plug-in strategy: Useq in place ofp
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# H H(Yi �Y
i" Ô) " H(Yi �Y

i" Ô, Xi )

• Causal informationfrom X to Y

Marko (1966, 1973)
Massey (1990)

• Cybernetics, feedback comm., . . .
(Kramer 1998, Permuter 2008)

G(X Ù Y)

H log
MSE(Yi �Y

i" Ô
i" p)

MSE(Yi �Y
i" Ô
i" p, Xi

i" p)

• Causal in
uenceof X on Y

Granger (1969)
Geweke (1982)

• Econometrics, neuroscience, . . .
(Sims 1972, Quinn et al. 2011)

• Other interpretations (Permuter{Kim{Weissman 2011, Kamath{Kim 2014)

• Can be generalized to continuous time (Weissman{Kim{Permuter 2013)

• Conservation law: I (X; Y) # I(X Ù Y) %I(Y Ù X)
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Directed information estimation (Jiao et al. 2013)

Algorithm 1
�IÔ(X Ù Y) # �HÔ(Y) " �HÔ(Y	 X)

Ô
n

log
Ô

q(Yn)

, Very good convergence (a.s. &LÔ)

/ Erratic for smalln

/ Unbounded support

Algorithm 2
�Iò(X Ù Y) # �Hò(Y) " �Hò(Y	 X)

Ô
n

n

H
i#Ô

H(q(yi � Yi" Ô))

, Similar convergence rate

, Smooth and bounded support

/ Can be negative

Algorithms 3 & 4

�Iç(X Ù Y) #
Ô
n

n

H
i#Ô

D(q(yi �X
i , Yi" Ô)	 q(yi �Y

i" Ô))

�I¥(X Ù Y) #
Ô
n

n

H
i#Ô

D(q(xi , yi �X
i , Yi" Ô)	 q(yi �Y

i" Ô)q(xi �X
i , Yi))
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HSI (X) versusDJIA (Y)
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Algorithm 1 Algorithm 2

Algorithm 3 Algorithm 4
I (X; Y) I (X; Y)

I (X; Y) I (X; Y)

I (X Ù Y) I (X Ù Y)

I (X Ù Y) I (X Ù Y)

I (Y Ù X) I (Y Ù X)

I (Y Ù X) I (Y Ù X)
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Outline of the talk

• Brief overview of universal probability assignment

15/22

• Directed information and its application to causality inference

• Classi�cation of DNA/RNA sequences using universal probability



Classi�cation of nucleic acid sequences

Query sequence

TTCTTTTGGAGAGTTTGATCCTGGCTC

Family 1

GACGAACGCTGGCGGCGTGCTTAACAC
CACATGCAAGTCGAGCGGTAAGGGCT

Family 2

AGAGTTTGATCCTGGCTCAGGACGAAC

ATTGAACGCTGGCGGCATGCCTCATG

Familyk

GATGAACGCTGACAGAACGCTTAACAC

GATGAACGCTGACAGAATGCTTACACATG

...
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Classi�cation of nucleic acid sequences

Query sequence

TTCTTTTGGAGAGTTTGATCCTGGCTC

Family 1

GACGAACGCTGGCGGCGTGCTTAACAC
CACATGCAAGTCGAGCGGTAAGGGCT

Family 2

AGAGTTTGATCCTGGCTCAGGACGAAC

ATTGAACGCTGGCGGCATGCCTCATG

Familyk

GATGAACGCTGACAGAACGCTTAACAC

GATGAACGCTGACAGAATGCTTACACATG

...

?

• Alignment-based methods: BLAST, USEARCH, UBLAST, caBLAST, BLAT, . . .

• Model/feature-based methods: nhmmer, ICM, RDP, . . .

16/22



Classi�cation of nucleic acid sequences

Query sequence

X

Family 1

YÔÈ PÔ

Family 2

Yò È Pò

Familyk

Yk È Pk

...

?
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Classi�cation of nucleic acid sequences

Query sequence

X

Family 1

YÔÈ PÔ

Family 2

Yò È Pò

Familyk

Yk È Pk

...

?

WerePÔ, . . . ,Pk known . . .

j* # arg max
j

Pj(X)

16/22



Method
• Context tree models

AA CA GA TA
- - -

AT CT GT TT
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Method
• Context tree models

AA CA GA TA
- - -

AT CTCT
pA, pC, pG, pT

GT TT

- - - *A *G *T

AC CC GC TC

- - - *A *C *G *T

Modeling
For each familyj and its sequenceYj
�nd the best context tree model

M *
j # arg max

M
QM (Yj)

• QM : Universal prob. for modelM

QM*
j

É Pj

• Simple recursive maximization
17/22



Method
• Context tree models

AA CA GA TA
- - -

AT CTCT
pA, pC, pG, pT

GT TT

- - - *A *G *T

AC CC GC TC

- - - *A *C *G *T

Modeling
For each familyj and its sequenceYj
�nd the best context tree model

M *
j # arg max

M
QM (Yj)

• QM : Universal prob. for modelM

QM*
j

É Pj

• Simple recursive maximization

Classi�cation
Given a query sequenceX
�nd the best family

j* # arg max
j

QM*
j
(X�Yj)

• Close approximation of ML

QM*
j
(X�Yj) É Pj(X�Yj) É Pj(X)

• Simple Bayesian update (Dirichlet)
17/22



Performance highlights

• Nine RNA datasets of di�erent types (including large pyrosequencing databases)
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Performance highlights

• Nine RNA datasets of di�erent types (including large pyrosequencing databases)

• Comparison to 9 existing methods (BLAST, RDP, USEARCH, HMMER, ICM, . . . )

• Accuracyof 95.2%(next to 96.5% of BLAST)

• Scalability

18/22



Concluding remarks

Maslow's axiom (1966)

If all you have is a hammer,

everything looks like a nail.
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Concluding remarks

Maslow's axiom (1966)

If all you have is a hammer,

everything looks like a nail.

• Our hammer:Universal probabilityq

• Versatileand often on par with custom tools

• Many classical results, but still more to explore

Towardsinformation-theoretic data science

19/22
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