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Laplace's rule of succession (1812):
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How to learn probabiliWithout learnin
Measure It from data

X E p(x) There is no black box a(X)

’qu forallpo P

* Universal
¢ P : parametric, 11D, Markov, VMM, HMM, FSM, stationary ergodi.

* Quick andgire Clean

é¢ Compression, prediction, lItering, denoising, portfolipentropy estimation, classi cation

* Avoids over tting (built-in regularization)
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Universal probability for stationary ergodic processes

gis mean universal if q is pointwise universal if
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N Relative entropy (Kullback{Leibler divergence)
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* Simple construction using-Z78 incremental parsingZiv{Lempel 1978)
x"# 000110 101 1011 000 a X # ————
— 9 # Eronam)
X

Works \well" with deterministic (=real-life) sequences

* Faster convergence (minimax) for smaller clasges(IID, Markov, CTM, ...)
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Minimax probability assignment

Minimax redundancy (Gallager 1974
R # min maxD(p(x) g(x)) # maxl (P; X)
d poP F(p)

q (x) # X p(x)dF (p)

* Mixture probability F(p) can upper and lower boundR’

* For thedeterministic setting,

p(x)
a(x)

R # m|n maxmaxlog

# logH maxp(x)
x POP

q (x) mgxp(x) (normalized ML)
po
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* LetXg X, . ..beii.d.EBern(@),e o[y, unknown

* Uniform mixture (Laplace 181:R E logn (universal for Bernoulli sources!)

¢}
n KA A" Ky @) k/oO
qL(x)#Xye(O e) ‘de# ———— (n %0 ey
* Je reys mixture (Krichevsky{Tro mov 1981RE < Iogn ER
O ks 'k O . k %600
X" #X &0 " ——_dé and Ox") # -
Ok (X7) g (O ¢ Xe0 & A7 (OX) %0

* Form-ary sources R E ~——2 (m 5 "9 logn (both stochastic and deterministic)

® Can be generalized taviarkovand tree (CTM}sources (Willems et al. 1995)
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* Prediction Take an actiora(X") for Xoa
¢ Bayes responsea (p) # arg min, E,[I(X, a)]
¢ Merhav{Feder (1998): Choose acti@ (¢(X oo X2))

* Portfolio selection Choose asset allocatiob, (Y") for stockx
¢ Fund of funds Multi-period asset allocation usingj(x")
¢ Cover (1991): Minimax performance against constant-retraled portfolios

¢ Entropy estimation Estimate the entropy rate o{X,}

U H(X)

¢ Shannon{McMillan{Breiman theorem ﬁolog D(S”)
¢ Plug-in strategy: Usein place ofp
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Correlation and causation between time series

x 10°

HSI
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VANV
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Are they \correlated"? Which \leads" the other?

X ifIXU Y)A I(YU X)

Yes ifl(X;Y)Ay Y ifl(YU X)A I(XU Y)
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(XU Y) GX U Y)
H(Y)" H(Y X) o s MSEY; Y} ;)
#H HY, Y9 HeY, YOOX) MSEY; Y5 X )
® Causal informationrfrom Xto Y ® Causalin uenceof XonY
Marko (1966, 1973) Granger (1969)
Massey (1990) Geweke (1982)
* Cybernetics, feedback comm,, ... * Econometrics, neuroscience, ...
(Kramer 1998, Permuter 2008) (Sims 1972, Quinn etal. 2011)

® Other interpretations (Permuter{Kim{Weissman 2011, Karng€im 2014)
® Can be generalized to continuous time (Weissman{Kim{Perrter 2013)

* Conservationlaw 1(X;Y) # (XU Y)%I(Y U X)



Directed information estimation (Jiao et al. 2013)

Algorithm 1 Algorithm 2
14X U Y) @) HLY X) J 15X U Y) " Ho(Y X) J
—olo —O 04 i"G
) oG p)
., Very good convergence (a.s. By , Similar convergence rate
/ Erratic for smalh ,  Smooth and bounded support
/  Unbounded support / Can be negative
Algorithms 3 & 4

(XU ¥)# 2H DGy, X, Y9 oty Y 9)
i#0

XU ¥) # 2H Dty X, Y9 q ¥ 9atx X, )
i#0
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Classi cation of nucleic acid sequences

Family 1
GACCAAOCTGEG@GIGCT TAACAC
CACATCAAGICCAGIGGAAG GG

Query sequence

C GQ@GAGI TTAICUGEIC Family 2
AGAGI TIGATCOGETCAGAOAAC
ATTGAAACTGEGEAIGCOCAIG

Familyk
GATGAACCTGACAGAAOCT TAACAC
CATGAAOCSCTCACACAA CCT TACACATG

* Alignment-based methods: BLAST, USEARCH, UBLAST, caBLAET, BLA

* Model/feature-based methods: nhmmer, ICM, RDP, ...
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Classi cation of nucleic acid sequences

Query sequence
X Family 2
Y, EP,

Familyk
Y, EP,

WerePg ... P known ...

j” # argmaxP,(X)
J

s J(
|
|
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AN A
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Pas Pc: Pa: Pr
Modeling

For each familyj and its sequencey;
nd the best context tree model
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Method

* Context tree models

*A%\*\*T *AA*T

A A
AACAGATA A TTT ACCCGCTC
Pa: Pe: Pe: Pr
Modeling Classi cation

For each familyj and its sequencey;
nd the best context tree model

M; # arg rr'\}axQM (Yp

® Qu: Universal prob. for modeM
Qu; EP

® Simple recursive maximization

Given a query sequencX
nd the best family

i #arg mjaxQMj* (XY}
* Close approximation of ML

Qu: (X Y)) ER(X Y}) ER(X)

* Simple Bayesian update (Dirichlet
. v
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Performance highlights

Nine RNA datasets of di erent types (including large pyrosgiencing databases)
* Comparison to 9 existing methods (BLAST, RDP, USEARCH, HMGMR . .)

* Accuracyof 95.2%(next to 96.5% of BLAST)

Scalability
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Concluding remarks

Maslow's axiom (1966)

If all you have is a hammer,
everything looks like a nail.

® Our hammer:Universal probabilityq
* Versatileand often on par with custom tools

* Many classical results, but still more to explore

) Towardsinformation-theoretic data science \

19/22
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