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® Send z1 + x9 and x3
® What is the fundamental limit on the number of transmissions?

® Which coding scheme achieves the limit?

Arbabjolfaei/Kim (UCSD) Index Coding

BIRS 2015

2/31



Representations

® Side information /
v
/\/

A = {2}7 As = {173}’ Az = {1} A, I

Arbabjolfaei/Kim (UCSD) Index Coding BIRS 2015 3/31



Representations

® Side information
A = {2}7 Ay = {173}’ Az = {1}
® Compact form

(112), (2[1,3), (3]1)

Arbabjolfaei/Kim (UCSD) Index Coding

BIRS 2015

3/31



Representations

® Side information
Ay ={2}, A2 ={1,3}, A5 = {1}
® Compact form
(112), (2[1,3), (3]1)

® Side information graph G
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Representations
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® Side information /&
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® Side information graph G
1
2 3

® +# of n-message index coding problems = # of n-node directed graphs

1, 3, 16, 218, 9608, 1540944, 882033440, 1793359192848, . ..
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Representations

® Side information /
A = {2}7 Ay = {173}7 Az = {1} /

® Compact form // \\

(112), (2/1,3), 3]1) Y .
® Side information graph G ® Multiple unicast network coding
1
X1 o
X2 Zo
2 3 s v

® +# of n-message index coding problems = # of n-node directed graphs

1, 3, 16, 218, 9608, 1540944, 882033440, 1793359192848, . ..

"Equivalent” to network coding (Effros—El Rouayheb—Langberg 2013)
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Index coding

33(141)

-

2(An)

x
Decoder n n

1

® (t1,...,tn, ) index code

Messages z; € {0,1}% j € [l:n],

Codeword ¢(z1,...,2,) € {0,1}"

Side information z(A4;) := (z;: i € Aj), A; C[1:n]\{j}
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Achievability, Capacity region

® (Ry,...,R,) is achievable iff 3 (¢1,...,t,, ) index code such that

Rjé_v ]E[ln]
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Achievability, Capacity region
® (Ry,...,R,) is achievable iff 3 (t1,...,t,,r) index code such that

Ry<Z jel:n

® The capacity region % is the closure of the set of all achievable rate tuples

® Broadcast rate § = min {b: (1/b,...,1/b) € €}
» 2 €{0,1}, jellin]

»1<B<n
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Achievability, Capacity region

® (Ry,...,R,) is achievable iff 3 (t1,...,t,,r) index code such that
Rj S ?7 .] € [1 : n]

® The capacity region % is the closure of the set of all achievable rate tuples

® Broadcast rate § = min {b: (1/b,...,1/b) € €}
» 2 €{0,1}, jellin]

»1<B<n

® No computable characterization of ¢ or § in general

® No approximation within a factor of O(n!=¢) for any € > 0
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Outline

® Existing results

» Lower bounds on 3 (outer bounds on %)

» Coding schemes (upper bounds on 8 / inner bounds on €)

® Structural properties of the capacity region
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Cycle-free bound

Cycle-free lower bound (Neely—Tehrani-Zhang 2013)

ax |S| <p

m
SC[l:n]: G|s is cycle-free
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Polymatroidal outer bound

Polymatroidal bound (Dougherty et al. 2011, Blasiak et al. 2011)
If (Ry,...,Ry) is achievable for index coding problem (j| A;),j € [1 : n], then

R; < f(B;U{j}) — f(Bj), j€l:n]

for some set function f such that

® f(0)=0

o f([1:n]) =

* f(J)< (K)y JCKCl:n]

o fUNK)+ f(JUK) < f(J)+ f(K), J,KC][l:n]

BIRS 2015
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Polymatroidal outer bound

Polymatroidal bound (Dougherty et al. 2011, Blasiak et al. 2011)

If (Ry,...,Ry) is achievable for index coding problem (j| A;),j € [1 : n], then
R; < f(B; U{j}) - f(B)), je(l:n]

for some set function f such that

® f(0)=0

® f([1:n])=

e f(J)< (K), JCKC[l:n]

o fUNK)+ f(JUK) < f(J)+ f(K), JKC[l:n]

® Proof based on submodularity of entropy

® Tighter than the cycle-free bound

® Not tight (Sun—Jafar 2013)
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Overview of coding schemes

Algebraic Graph theoretic Random coding
MDS cod Clique covering Flat codin
code (Birk—Kol 1998) g
| [
]
i Iy !
Partial Local Fractional
(Birk—Kol 1998) (Shanmugam et al. 2013) (Blasiak et al. 2010)
\ [ [
[
Fractional local partial
(Shanmugam et al. 2013, AK 2014)
\
Y
Interference align. Recursive Composite coding
(Maleki et al. 2014) (Arbabjolfaei-Kim 2014) (Arbabjolfaei et al. 2013)
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Overview of coding schemes

Algebraic

Graph theoretic

Clique covering

Random coding

MDS code (Birk_Kol 1985) Flat coding
| T
v i Iy !
Partial Local Fractional

(Birk-Kol 1998)

(Shanmugam et al. 2013)

(Blasiak et al. 2010)

v

Fractional local partial
(Shanmugam et al. 2013, AK 2014)

Interference align.

(Maleki et al. 2014)

v

Recursive
(Arbabjolfaei-Kim 2014)

Linear (minrank)
(Bar-Yossef et al. 2011)

Composite coding
(Arbabjolfaei et al. 2013)
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MDS code

(112), (2[1,3), (3[1)

® Every node has at least 1 piece of side information
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MDS code

(112), (2[1,3), (3[1)

Every node has at least 1 piece of side information

Systematic (5,3) MDS code

(5517 Z2,T3, pl,pz)

Sending parities achieves b = 2

In general, b = |V| — min,ey indegree(v)

Partial clique number x(G) = |V| — min,ecy indegree(v)

B =1 if the graph is a clique
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Clique covering (Birk—Kol 1998)

(112), (2]1), (3)
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Clique covering (Birk—Kol 1998)
(112), (211), (3)

® Sending (z1 + x2, 23) achieves b = 2
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Clique covering (Birk—Kol 1998)
(112), (211), (3)

® Sending (z1 + x2, 23) achieves b = 2

® In general, b = min #{cliques that (vertex) cover G}
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Clique covering (Birk—Kol 1998)
(112), (2]1), (3)

2 3
O
® Sending (x1 + o, 23) achieves b = 2
® In general, b = min #{cliques that (vertex) cover G}
® Integer programming characterization
minimize Z ps
SeK
subject to Z ps>1, j€in]
Sek: jes

ps €{0,1}, SeK
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Clique covering (Birk—Kol 1998)
(112), (2]1), (3)

2 3
O
® Sending (x1 + o, 23) achieves b = 2
® In general, b = min #{cliques that (vertex) cover G}
® Integer programming characterization
minimize Z ps
SeK
subject to Z ps>1, j€in]
Sek: jes

ps €{0.1}, Sek

® Not comparable with MDS code
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Partial clique covering (Birk—Kol 1998)

(112), (2[3), 3[1), (4) O

® Sending (x1, z2,x3,x4) achieves b =4
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Partial clique covering (Birk—Kol 1998)

(112), (2[3), 3[1), (4) O

® Sending (x1 + xa, 1 + x3, x4) achieves b =3
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Partial clique covering (Birk—Kol 1998)

1 4
(112), (213), (3]1), (4) @)
2 3
® Sending (x1 + xa, 1 + x3, x4) achieves b =3
® [nteger programming characterization
minimize Z ps k(S)
SCln]
subject to Z ps>1, j€[n]
SC[n]: jeS

ps € {071}7 S C [TL]
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Partial clique covering (Birk—Kol 1998)

1 4
(112), (213), (3]1), (4) @)
2 3
® Sending (x1 + xa, 1 + x3, x4) achieves b =3
® [nteger programming characterization
minimize Z ps k(S)
SCln]
subject to Z ps>1, j€[n]
SC[n]: jeS

ps € {071}7 S C [TL]

® Linear programming relaxation: fractional partial clique covering
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Overview of coding schemes

Algebraic Graph theoretic Random coding
MDS cod Clique covering Flat codi
code (Birk—Kol 1998) at coding
| P
i Iy !
Partial Local Fractional
(Birk—Kol 1998) (Shanmugam et al. 2013) (Blasiak et al. 2010)
\ [ [
[
Fractional local partial
(Shanmugam et al. 2013, AK 2014)
\
1 Y
Int. alignment Recursive Composite coding
(Maleki et al. 2014) (Arbabjolfaei-Kim 2014) (Arbabjolfaei et al. 2013)
\ [
. * .
Linear (minrank)
(Bar-Yossef et al. 2011)
\
[l
Nonlinear
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What do we know?

® Problems of special structures
» Berliner-Langberg (2011), Maleki-Cadambe—Jafar (2014), ...
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What do we know?

® Problems of special structures
» Berliner-Langberg (2011), Maleki-Cadambe—Jafar (2014), ...

® 9,608 index coding problems with n =5 done!
» Composite coding is optimal (Arbabjolfaei et al. 2013)
» Linear coding is optimal (Ong 2014)

» Polymatroidal outer bound is tight
® 1,540,944 index coding problems with n =6

® Do we need to study them all?

» lrreducibility: Cannot be decomposed into subproblems

» Criticality: No edge can be removed
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Outline

® Structural properties of the capacity region

» Graph products
» Confusion graph

> Characterization of the capacity region

» Structural properties
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Graph products

® 'y I's: undirected graphs
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Graph products

® 'y I's: undirected graphs

® Disjunctive product: T'=T"1 *I'y
» V() =V (1) x V(T2)

> (’LL1,’LL2) ~ (1}1,1}2) iff

uyp ~ V1 Or uz~ v
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Graph products

® 'y I's: undirected graphs

® Disjunctive product: T'=T"1 *I'y

> V(I) = V(I'1) x V(I'2)
> (’LL1,’LL2) ~ (1}1,1}2) iff

uyp ~ V1 Or uz~ v

® Lexicographic product: ' =11 e T’y

» V(D) = V(1) x V(I'2)
> (u1,u2) ~ (v, v2) iff

up ~v1 or (u1 =wv1 and uz ~ v2)
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Graph products

® 'y I's: undirected graphs

® Disjunctive product: T'=T"1 *I'y

11 12
» V() =V([) x V(I'2)

> (’LL1,’LL2) ~ (1}1,’[}2) iff 22 31
Uy ~ VL Or Uz ~ V2 21 32
® Lexicographic product: ' =11 e T’y 1 1
» V() =V () x V(I'2) o

> (U1,uz) ~ (’Ul, ’U2) iff 22 31
ui ~v1 or (u1=wvi and us ~ v2) 21 32
® Cartesian product: I' =11 AT 1 1
» V() =V () x V(I'2) o °

> (U1,uz) ~ (’Ul, ’U2) iff 22 31
(w1 =wv1 and uz ~wv2) or (uz =wv2 and us ~ v1) 21 32

Arbabjolfaei/Kim (UCSD) Index Coding BIRS 2015

16 / 31



Confusion graph

® Originally introduced by Alon-Hassidim—Lubetzky—Stav—Weinstein (2008)
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Confusion graph

® Originally introduced by Alon-Hassidim—Lubetzky—Stav—Weinstein (2008)

® 1" = (x1,...,%,), x; €{0,1} length tuple (¢1,...,%¢,)
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Confusion graph

® Originally introduced by Alon-Hassidim—Lubetzky—Stav—Weinstein (2008)
® 1" = (x1,...,%,), x; €{0,1} length tuple (¢1,...,%¢,)

® 3", 2" are confusable at receiver j if z; # z; and z; = z; for all i € A;
Tj = zj

X 7é Zj and ZL‘(A]) 75 Z(A])

Not confusable — {
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Confusion graph

® Originally introduced by Alon-Hassidim—Lubetzky—Stav—Weinstein (2008)
® 1" = (x1,...,%,), x; €{0,1} length tuple (¢1,...,%¢,)

® 3", 2" are confusable at receiver j if z; # z; and z; = z; for all i € A;
Tj = zj

Not confusable —
xj # zj and x(A;) # 2(4;)

® 1" 2™ are confusable if they are confusable at some receiver j
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Confusion graph

® Originally introduced by Alon-Hassidim—Lubetzky—Stav—Weinstein (2008)
® 2" = (x1,...,%,), x; €{0,1}% length tuple (t1,...,t,)

® 3", 2" are confusable at receiver j if z; # z; and z; = z; for all i € A;
Tj = zj

Not confusable —
{l“j # z; and z(4;) # 2(4;)

® 1" 2™ are confusable if they are confusable at some receiver j

e Confusion graph (T'y,, . +,)

> One vertex for each message tuples ™ (J]}_, 2" vertices)
» Two vertices are connected iff confusable
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Confusion graph

® Originally introduced by Alon-Hassidim—Lubetzky—Stav—Weinstein (2008)
® 2" = (x1,...,%,), x; €{0,1}% length tuple (t1,...,t,)

® 3", 2" are confusable at receiver j if z; # z; and z; = z; for all i € A;
Tj=2Zzj

Not confusable —
xj # zj and x(A;) # 2(4;)
® 1" 2™ are confusable if they are confusable at some receiver j

e Confusion graph (T'y,, . +,)

> One vertex for each message tuples ™ (J]}_, 2" vertices)
» Two vertices are connected iff confusable

® Properties

» Undirected
» Vertex transitive
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Confusion graph example

000 001
111 010
110 011

101 100

(t17t27t3) = (17 17 1)
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Confusion graph example

1 000 001
111 010
110 011

101 100
(t17t27t3) = (17 17 1)

® Confusable (at receiver 2):
(acl, T2, $3) = (0, 0, 0)
(Zlv 22, Z3) = (07 17 1)
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Confusion graph example

000 001
111 010

110 011

101 100
(t17t27t3) = (17 17 1)

® Confusable (at receiver 2):
(mlv X2, $3) = (07 07 0)

(21,22,23) = (0,1,1)

® Not confusable:

(71,22, 73) = (0,0,0)
(21, 22,23) = (1,1,0)
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o x(T,1,n(G) =4
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Confusion graph example

000 001
111 010
110 011

101 100

(t17t27t3) = (17 17 1)

o x(T,1,n(G) =4

@ Suffices to send two bits
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Confusion graph example

000 001
111 010
110 011

101 100
(t17t27t3) = (17 17 1)
o x(T,1,n(G) =4

@ Suffices to send two bits

® (Ry,Ry,Rs) = (1,1, 1) is achievable

Arbabjolfaei/Kim (UCSD) Index Coding BIRS 2015

19 /31



Confusion graph example

111

110

Proposition 1 (Alon et al. 2008)
(Rq,...,Ry) is achievable iff

t .
R. S —‘7’
77 Tog(x(Te(@)))]
for some integer tuple t = (t1,...,tp)

000 001

101 100

(t17t27t3) = (17 17 1)

Jj€El:n]

010

011

v
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Index coding capacity region via the confusion graph

Proposition 2
The capacity region ¢ is the closure of all rate tuples (R1, ..., Ry) such that

t.
Ri<—2 ____ jell:n
1= Toglra@y) €
for some integer tuple t = (t1,...,tp)
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Index coding capacity region via the confusion graph

Theorem 1 (Arbabjolfaei-Kim 2015)
The capacity region ¢ is the closure of all rate tuples (R1, ..., Ry) such that

t.
Ri<—2 ____ jell:n
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Index coding capacity region via the confusion graph

Theorem 1 (Arbabjolfaei-Kim 2015)
The capacity region ¢ is the closure of all rate tuples (R1, ..., Ry) such that
Rij<——3 _— jeltin]
log(x(T't(G)))
for some integer tuple t = (t1,...,ty) )

® [emma (McEliece-Posner 1971, Berge-Simonovits 1974):

xs(I) = lim 4/x(I*) = inf {/x(I'%).

k— o0

Arbabjolfaei/Kim (UCSD) Index Coding BIRS 2015 20 /31



Structural properties of capacity region

® Assumptions:

» (G and G2 are two vertex-induced subgraphs of G

» V(G1) and V(G2) partition V(G) = [1 : n]
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Structural properties of capacity region

® Assumptions:
» (G and G2 are two vertex-induced subgraphs of G

» V(G1) and V(G2) partition V(G) = [1 : n]

® Structure of the capacity region of GG in case of

No interaction
1 4
AN,
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® Assumptions:
» (G and G2 are two vertex-induced subgraphs of G

» V(G1) and V(G2) partition V(G) = [1 : n]

® Structure of the capacity region of GG in case of

No interaction One-way interaction
1 4 1 4
2 @3 5 A6 2 Ms
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Structural properties of capacity region

® Assumptions:
» (1 and G2 are two vertex-induced subgraphs of G

» V(G1) and V(Gz) partition V(G) = [1 : n]

® Structure of the capacity region of GG in case of

No interaction One-way interaction Complete interaction

1 4 1 4 1 4
QAE» SAﬁ 2%6 2@3 5A6

Index Coding BIRS 2015 21 /31
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Confusion graph in case of no interaction

000 001

110 011

101 100
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Confusion graph in case of no interaction

000 001

110 011

101 100

Message pair | Confusion?
000000 Yes Yes
011100 Yes
000000 No Yes
110100 Yes
000000 Yes No
011111 Yes
000000 No No
110000 No
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Confusion graph in case of no interaction

000 001

110 011

101 100

Disjunctive product: I' =T} % I'y Megf)%%%galr C\(():sfus;?ez?
011100 Yes
(u1,uz) ~ (vi,v2) iff 000000 No Yes
110100 Yes
Uy ~ vy Or Uz~ U2 000000 Yes No
011111 Yes
000000 No No
110000 No

(Te(G) =T+, (G1) T, (Ga) |
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Capacity region in case of no interaction

Proposition 3
If G has no edge between G; and G, then

¢ = |J {(eR1,(1-a)Ry): Ry € 41, Ry € 6o}

a€l0,1]
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Capacity region in case of no interaction

Proposition 3
If G has no edge between G; and G, then

¢ = |J {(aR1,(1 - a)Rs): Ry € 61, R; € B3}
a€l0,1]

® Time division between G; and G5 is optimal
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Capacity region in case of no interaction

Proposition 3
If G has no edge between G; and G, then

¢ = |J {(aR1,(1 - a)Rs): Ry € 61, R; € B3}

a€l0,1]

® Time division between G; and G5 is optimal

® [emma (Scheinerman-Ullman 2011): x¢(T'1 * T'2) = x5 (T'1)xr(T2)
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Capacity region in case of no interaction

Proposition 3
If G has no edge between G; and G, then

¢ = |J {(aR1,(1 - a)Rs): Ry € 61, R; € B3}

a€l0,1]

® Time division between G; and G5 is optimal

® [emma (Scheinerman-Ullman 2011): x¢(T'1 * T'2) = x5 (T'1)xr(T2)

® Why fractional version is useful?
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Capacity region in case of no interaction

Proposition 3
If G has no edge between G; and G, then

¢ = |J {(aR1,(1 - a)Rs): Ry € 61, R; € B3}

a€l0,1]

® Time division between G; and G5 is optimal
® [emma (Scheinerman-Ullman 2011): x¢(T'1 * T'2) = x5 (T'1)xr(T2)
® Why fractional version is useful?

® [emma (Scheinerman—Ullman 2011): x(T'; * I'2) < x(T'1)x(T'2)

Arbabjolfaei/Kim (UCSD) Index Coding BIRS 2015 23 /31



Confusion graph in case of one-way interaction

000 001

111 010 111

110 011 110

101 100
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Confusion graph in case of one-way interaction

000 001

111 010 111

110 011 110

101 100

Message pair | Confusion?
000000 Yes No
011111 Yes
000000 No Yes
110100 No
000000 Same Yes
000100 Yes
000000 No No
110111 No
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Confusion graph in case of one-way interaction

000 001

111 010 111

110 011 110

101 100

Lexicographic product: I' =T'1 e I’ Meg;%%%galr C\?gsfusﬁg?
011111 Yes
(u1,u2) ~ (v1,v2) iff 000000 No Yes
110100 No
up ~wvy or (up =wvp and ug ~ vy) 000000 Same Yes
000100 Yes
000000 No No
110111 No

(Te(G) =T+, (G1) o T, (Go) |
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Capacity region in case of one-way interaction

Theorem 2 (Tahmasbi—Shahrasbi—Gohari 2014)
If G has no edge from G to G, then

€ = U {(CERl,(].—Ot)Rg)ZRl6%1,R2€<52}.

a€el0,1]
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Capacity region in case of one-way interaction

Theorem 2 (Tahmasbi—Shahrasbi—Gohari 2014)
If G has no edge from G to G, then

E = U {(aRl,(l —Ot)Rg)Z R, € <51,13,2 € <52}
a€el0,1]

® Assume 3 an edge from every node in (G to every node in G2
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Capacity region in case of one-way interaction

Theorem 2 (Tahmasbi—Shahrasbi—Gohari 2014)
If G has no edge from G to G, then

€ = U {(OéRl,(].—OL)R2>ZR16%1,R2€<g2}.

a€el0,1]

® Assume 3 an edge from every node in (G to every node in G2

® Lemma (Scheinerman—Ullman 2011): xf(I'; @ T'2) = xf(I'1)x¢(I'2)
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Capacity region in case of one-way interaction

Theorem 2 (Tahmasbi—Shahrasbi—Gohari 2014)
If G has no edge from G to G, then

€ = U {(OéRl,(].—Oé)R2>ZR16%1,R2€<g2}.

a€el0,1]

® Assume 3 an edge from every node in (G to every node in G2
® Lemma (Scheinerman—Ullman 2011): xf(I'; @ T'2) = xf(I'1)x¢(I'2)

® Lemma (Linial-Vazirani 1989): x(I'y e G2) < x(T'1)x(T2)
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Capacity region in case of one-way interaction

Theorem 2 (Tahmasbi—Shahrasbi—Gohari 2014)
If G has no edge from G to G, then

€ = U {(aRl,(l—a)Rg):Rl6%1,R26<€2}.

a€el0,1]

Assume 3 an edge from every node in G to every node in G4

Lemma (Scheinerman—Uliman 2011): xf(I'; @ T'2) = x(I'1)x¢(I'2)

® Lemma (Linial-Vazirani 1989): x(I'y e G2) < x(T'1)x(T2)

Farkas lemma (Bachem—Kern 1992): Each edge in a directed graph either

> lies on a directed cycle
or but not both
> belongs to a directed cut
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Capacity region in case of one-way interaction

Theorem 2 (Tahmasbi—Shahrasbi—Gohari 2014)
If G has no edge from G to G, then

€ = U {(OZR]_,(].—CK)RQ)ZR]_E(g]_,RQE(gQ}.

a€el0,1]

Assume 3 an edge from every node in G to every node in G4

Lemma (Scheinerman—Uliman 2011): xf(I'; @ T'2) = x(I'1)x¢(I'2)

® Lemma (Linial-Vazirani 1989): x(I'y e G2) < x(T'1)x(T2)

Farkas lemma (Bachem—Kern 1992): Each edge in a directed graph either

> lies on a directed cycle
or but not both
> belongs to a directed cut

® Can remove edges not on directed cycles
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Confusion graph in case of complete interaction

000 001

110 011 110

101 100
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Confusion graph in case of complete interaction

000 001

110 011 110

101 100

Message pair | Confusion?
000000 Yes Yes
011100 No
000000 No Yes
110100 No
000000 Same Yes
000100 Yes
000000 No No
110111 No
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Confusion graph in case of complete interaction

000 001

110 011

101 100

1 ion?
Cartesian product: I' =171 AT Me;;%%%galr C\(():sfus;?ez-
011100 No
(u1,uz) ~ (v1,vq) iff 000000 No Ves
110100 No
(u1 = v1 and ug ~ v2) 000000 Same Yes
000100 Yes
or 000000 No No
110111 No

(ug = vy and ug ~ v1)

(Te(G) =T+, (G1) AT, (Ga) )
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Capacity region in case of complete interaction

Theorem 3 (Arbabjolfaei-Kim 2015)

If there are edges from every node in GG to every node in G2 and vice versa, then

C = {(Rl,Rg)Z R, € (fl,Rg € (52}
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Capacity region in case of complete interaction

Theorem 3 (Arbabjolfaei-Kim 2015)

If there are edges from every node in GG to every node in G2 and vice versa, then

C = {(Rl,Rg)Z R, € (fl,Rg € (52}

® |emma (Sabidussi 1957): x(I'1 AT'2) = max{x(T'1), x(T'2)}
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Capacity region in case of complete interaction

Theorem 3 (Arbabjolfaei-Kim 2015)

If there are edges from every node in GG to every node in G2 and vice versa, then

C = {(Rl,Rg)Z R, € (fl,Rg € (52}

® |emma (Sabidussi 1957): x(I'1 AT'2) = max{x(T'1), x(T'2)}

e Complete interaction in G <« disconnected complement G
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Conclusion

n #G “Nontrivial”

3 16 1

4 218 20

5 9608 1009

6 | 1,540,944 174,161
® “Nontrivial” = irreducible A critical

» Strongly connected (two-way interaction)
» Connected complement (but not complete interaction)

» Nondegraded side information sets

p(z")

Tq
A;

Aj\A{z:i}
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