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Abstract — We show that the expected log deter-
minant of a complex non-central Wishart matrix is
an increasing function of the non-centrality parame-
ter. This demonstrates that the mutual information
corresponding to an isotropically distributed Gaus-
sian input to a multi-antenna Ricean fading channel
is non-decreasing in the line-of-sight component.

We consider a memoryless Ricean fading channel with n
transmitter antennas and m receiver antennas whose time-k
output Yi € C™ is given by

Yi=MHexe+2Zs, k=1,2,..., (1)
where the vector xx € C™ denotes the channel input at time
k, the additive noise process {Zx} is i.id. ~ Ne(0,Nly),
i.e., temporally and spatially white zero-mean variance-N cir-
cularly symmetric complex Gaussian, and the channel ma-
trix process {Hx} = {H) + D} is independent of {Zx} and
temporally and spatially white unit-variance circularly sym-
metric complex Gaussian with the fading part Hj iid. ~
Ne(0,1, ® 1) and the deterministic line-of-sight gain part
D € C™*™. We assume that the receiver has perfect knowledge
of the realization of {Hx}. Under an isotropically distributed
Gaussian input X ~ A¢(0, €4 1,), the mutual information be-
tween the channel terminals is given by

I(X;Y,H) = E [logdet (Im + %HH*)] . @)
Since det (lm + 52 HH') = det (In + £ H'H), we assume
without loss of generality that m < n, i.e., the number
of receiver antennas does not exceed the number of trans-
mitter antennas. Under this condition, the random matrix
W £ HH' has the complex non-central Wishart distribution
W..(m, A) [1], which is the matrix analogue of the non-central
x2 distribution. In addition, since the distribution of the ran-
dom matrix H is rotationally symmetric, the mutual informa-
tion (2) is a symmetric function of eigenvalues of A £ DD?,
and hence we assume that A is a nonnegative diagonal matrix
with ordered diagonal entries A1 > A2 > ... > A

While the isotropically distributed input X need not
achieve capacity, the corresponding mutual information (2)
serves as a lower bound to the channel capacity, and is espe-
cially meaningful in the analysis of systems where the same
codebook must be used under a variety of scattering environ-
ments. Expression such as (2) also arise in other scenarios,
e.g., in the high SNR analysis of fading channel without re-
ceiver side information [2]. Note also that the mutual informa-
tion (2) is indeed the capacity for a Rayleigh fading channel
(A=0) [3].
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Analytic or even numerical calculation of (2) is, however,
intractable except for a few special cases. Instead we show
that the mutual information (2) is an increasing function of the
eigenvalues of A, providing a partial solution to an engineering
question “Is a larger line-of-sight gain preferable?”.

Theorem 1 Suppose that W and W’ are complex non-central
Wishart matrices with W ~ Wy (m,A) and W' ~ Wy (m, )
where A = N are nonnegative diagonal matrices with ordered
diagonal entries. Then, for ally > 0, det(vy |+ W) is stochas-
tically larger than det{y! + W'’) and in particular,

E[logdet(yl+ W)] > E[logdet(y !+ W')] .

The proof is based on the convexity of det(y I4+XX!) in each
column of matrix X € C™*™ and the stochastic ordering for
multivariate Gaussian distributions over a symmetric convex
set [4].

From this theorem it is immediate that, in the presence
of receiver-side channel information, the capacity of a Ricean
fading channel is no less than that of a Rayleigh fading chan-
nel. Combining the Barlett decomposition for Wishart matri-
ces and known results for the expected log determinant of the
non-central x? distribution [2], we obtain the following lower
bound on the expected log determinant of a Wishart matrix
and hence a lower bound on the capacity of a Ricean fading
channel with channel state information at the receiver.

Corollary 1 Let W ~ W, (m,A). Then

g (A1) + D _(n —k+1) < Eflogdet(W)] < > ga(Ae), -
k=2 k=1
with equality in the lower bound if, and only if, A =
diag(A1,0,...,0). Here

gn(A) = log(A) — Ei(-X)

“ -1 _ (n—1)
R e ik

P is Buler’s digamma function, and Ei is the exponential in-
tegral function.

The upper bound follows from Hadamard’s inequality.
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