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Abstract— The feedback capacity of the stationary Gaussian
additive noise channel has been open, except for the case where
the noise is white. Here we obtain the closed-form feedback
capacity of the first-order moving average additive Gaussian noise
channel. Specifically, the channel is given by Y; = X; + Z;,
t = 1,2,..., where the input {X;} satisfies average power
constraint and the noise {Z;} is a first-order moving average
Gaussian process defined by Z; = aU;—1 + U;, |af < 1, with
white Gaussian innovation {U;};2,. We show that the feedback
capacity of this channel is —logxo, where x( is the unique
positive root of the equation pz® = (1 — z?)(1 — |a|z)?, and
p is the ratio of the average input power per transmission to the
variance of the noise innovation U;. The optimal coding scheme
parallels the simple linear signalling scheme by Schalkwijk and
Kailath for the additive white Gaussian noise channel; the
transmitter sends a real-valued information-bearing signal at
the beginning of communication, then subsequently processes
the feedback noise process through a simple linear stationary
first-order autoregressive filter to help the receiver recover the
information by maximum likelihood decoding. The resulting
probability of error decays doubly exponentially in the duration
of the communication. This feedback capacity of the first-order
moving average Gaussian channel is very similar in form to
the best known achievable rate for the first-order autoregressive
Gaussian noise channel studied by Butman, Wolfowitz, and
Tiernan, although the optimality of the latter is yet to be
established.

I. INTRODUCTION

Consider the additive Gaussian noise channel with feed-
back as depicted in Figure 1. The channel Y; = X; + Z,,

Z; Z" ~ Nn(0,Kz)

X;(W,yi—1 Y;
W __MESSAGE (W, ) i
UNIT DELAY

DECODED

RECEIVER | MESSAGE _ i,

Fig. 1. Gaussian channel with feedback.
i =1,2,..., has additive Gaussian noise 21, Zs, ..., where
Z" = (Z1,...,Zn) ~ Nu(0,Kz). We wish to communicate
a message W € {1,2,...,2"%} reliably over the channel

Y™ = X™ + Z". The channel output is causally fed back
to the transmitter. We specify a (277 n) code with the code-
words (X1(W), Xo(W, Y1), ..., X,(W, Y™ 1)) satisfying
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the expected power constraint

1 n .
EEZ;XE(W,YZ H <P, $))
and decoding function W, : R" — {1,2,...,2"R}. The
probability of error Pe(m is defined by

P™ = Pr{W,(Y") # W},

where the message W is independent of Z" and is uniformly
distributed over {1,2,...,2"#}.
We define the n-block feedback capacity C), rg as

1 det(B+1)Kz(B+ 1T + Ky)
Crpp = max —— |
FB = MHaAX5) 108 det(Kz)

where the maximization is over all n X n nonnegative definite
matrix Ky and n X n strictly lower triangular matrix B such
that tr(BKzBT + Ky) < nP. In Cover and Pombra [1],
it is shown that if for every € > 0, there exists a sequence
of (2(Cnm=€) n) codes with P™ 0 asn — oo, and
for every ¢ > 0 and any sequence of codes with 27(Cn.m+e)
codewords, Pg(n) is bounded away from zero for all n. When
the noise process {Z,} is stationary, the n-block capacity is
super-additive in the sense that

; @

n Cn,FB +m Cme < (n + m) Cn+m7FB7 for all n,m.

Then the feedback capacity Cgp is well-defined as
CFB = lim Cn,FB~
n—oo

To obtain a closed-form expression for the feedback ca-
pacity Cpg, however, we need to go further than (2) since
the above characterization does not give us any hint on the
sequence (in n) of (B, Ky) maximizing C,, gg or its limiting
behavior.

In this paper, we study in detail the case where the additive
Gaussian noise process {Z;}7°, is a moving average process
of order one (MA(1)). We define the Gaussian MA(1) noise
process {Z,;}72, with parameter o, |a| <1, as

Zi=aU_1+ U, 3)

where {U; }72, is a white Gaussian innovation process. With-
out loss of generality, we will assume that U;, ¢ = 0,1,...,
has unit variance.

Note that the condition o] < 1 is not restrictive. When
|| > 1, it can be readily verified that the process {Z;} has
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the same distribution as the process {Z;} defined by Z; =
a(BU;_1+U;),where the moving average parameter (3 is given
by 8 =1/a, thus |5] < 1.

We state the main theorem, the proof of which will be given
in Section II.

Theorem 1: For the additive Gaussian MA(1) noise channel
Yi=X;+ Z%;, 1 =1,2,..., with the Gaussian MA(1) noise
process {Z;} defined in (3), the feedback capacity Crg under
the power constraint Y ;. , EX? < nP is given by

Crp = — log o,

where x( is the unique positive root of the fourth-order
polynomial

Pa? = (1—2%)(1 —|ajz)?. 4)

As will be shown later in Sections II and III, the feed-
back capacity Cpg is achieved by an asymptotically sta-
tionary ergodic input process {X;} satisfying EX? = P
for all 7. Thus by ergodic theorem, the feedback capacity
does not diminish under a more restrictive power constraint
Iy X2W,Y) < P

The literature on Gaussian feedback channels is vast. We
mention some of prior works closely related to our main
discussion. In earlier work, Schalkwijk and Kailath [2], [3]
considered the feedback over the additive white Gaussian
noise channel, and proposed a simple linear signalling scheme
that achieves the feedback capacity. The coding scheme by
Schalkwijk and Kailath can be summarized as follows: Let
9 be one of 2"% equally spaced real numbers on some
interval, say, [0, 1]. At time k, the receiver forms the maximum
likelihood estimate ék(Yl, ..., Y;) of #. Using the feedback
information, at time k + 1, we send Xyy1 = v%(0 — ék),
where 7, is a scaling factor properly chosen to meet the power
constraint. After n transmissions, the receiver finds the value
of § among 2"% alternatives that is closest to 0,,. This simple
signalling scheme, essentially without any coding, achieves the
feedback capacity. As is shown by Shannon [4], feedback does
not increase the capacity of memoryless channels. The benefit
of feedback, however, does not consists of the simplicity
of coding only. The probability of decoding error of the
Schalkwijk—Kailath scheme decays doubly exponentially in
the duration of communication, compared to the exponential
decay for the nonfeedback scenario.

Butman [5] generalized the linear coding scheme of for
white noise processes to autoregressive (AR) noise processes.
For first-order autoregressive (AR(1)) processes {Z;}32, with
regression parameter «, |«| < 1, defined by Z; = aZ;_1+U;,
he obtained a lower bound on the feedback capacity as
—log xp, where x is the unique positive root of the fourth-
order polynomial

Pa?= 7(1 — ) .
(1+ |afz)?
This rate has been shown to be optimal among a certain class

of linear feedback schemes by Wolfowitz [6] and Tiernan [7]
and is strongly believed to be the capacity of the AR(1)

&)

feedback capacity. Tiernan and Schalkwijk [8] found an upper
bound of the AR(1) feedback capacity, which meets Butman’s
lower bound for very low and very high signal-to-noise ratio.
Butman [9] also obtained capacity upper and lower bounds for
AR processes with higher order.

For the case of moving average (MA) noise processes, there
are far fewer results in the literature, although MA processes
are usually more tractable than AR processes of the same
order. Ozarow [10], [11] gave upper and lower bounds of
the feedback capacity for AR(1) and MA(1) channels and
showed that feedback strictly increases the capacity. Substan-
tial progress was made by Ordentlich [12]; he observed that
Ky in (2) is at most of rank k for a MA noise process
with order k. He also showed that the optimal (Ky,B)
necessarily has the property that the current input signal X, is
orthogonal to the past outputs (Y7, ..., Y;_1). For the special
case of MA(1) processes, this development, combined with
the arguments given by Wolfowitz [6], suggests that a linear
signalling scheme similar to the Schalkwijk—Kailath scheme
be optimal.

Our Theorem 1 confirms the optimality of the modified
Schalkwijk—Kailath scheme and provides the first proof of
feedback capacity for any nonwhite stationary colored Gaus-
sian channels. This development links the Cover—Pombra for-
mulation of the feedback capacity with the Schalkwijk—Kailath
scheme and its generalizations to stationary colored channels,
and casts new hope on the optimality of the achievable rate
for the AR(1) channel obtained by Butman [5].

A recent report by Yang, Kavci¢, and Tatikonda [13] studies
the feedback capacity of the general ARMA(k) case using
the state-space model and offers a conjecture on the feedback
capacity as a solution to an optimization problem that does
not depend on the horizon n. For the special case k = 1 with
the noise process {Z;}72, defined by

Zi=pZi1+alU_1+ U, laf, 18] <1

they conjecture that the Schalkwijk—Kailath—-Butman scheme
is optimal. The corresponding achievable rate can be written
in a closed form as — log x(, where z is the unique positive
root of the fourth-order polynomial

(1—-22)(1 - oazx)?

Pa?=
! (1 +0px)?
and
o= 17 a+ﬁ20a
T -1, a+3<0.

By taking 8 = 0 or a = 0, we can easily recover (4) and (5),
respectively. Thus, our Theorem 1 gives a partial confirmation
to the Yang—Kavci¢-Tatikonda conjecture.

II. PROOF OF THEOREM 1
We give a sketch of the proof. Refer to [14] for details.
Proof outline.

We first transform the optimization problem given in (2)
to a series of (asymptotically) equivalent forms. Then we
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solve the problem by imposing individual power constraints
(Py,...,P,) on each input signal. Subsequently we optimize
over (Py,..., P,) under the average power constraint

Py+--+ P, <nP.

Using Lemma 1 below, we prove that the uniform power
allocation P; = --- = P, = P is asymptotically optimal.
This will lead to a closed-form solution given in Theorem 1.

Step 1. Transformations into equivalent optimization prob-
lems.
Recall that we wish to solve the optimization problem:

maximize logdet((B+ Kz (B+1)" + Ky) (6)

over all nonnegative definite K and strictly lower triangular
B satisfying tr(BKzB7 4+ Ky) < nP. We approximate the
covariance matrix Kz of the given MA(1) noise process with
parameter o by another covariance matrix K. Define K}, =
Hz HY where the lower-triangular Toeplitz matrix H 7 is given
by

1, =],
(HZ)ij: «, Z:]+1,
0, otherwise.

The matrix K, is a covariance matrix of the noise process,
conditioned on the zeroth innovation Uy. It is not hard to verify
that there is no asymptotic difference in capacity between the
channel with the original noise covariance Kz and the channel
with K. Throughout we will assume that the noise covariance
matrix of the given channel is K7,.

Now by identifying Ky with FyFL for some lower-
triangular Fy, and identifying F'z with BHy for some strictly
lower-triangular F'z, we transform the optimization problem
(6) with new variables (Fy, Fz) as

logdet(FvF$ + (Fz + Hz)(FZ + Hz)T)
tI‘(FvF‘j; + Fng) <nP.

We shall use 2n-dimensional row vectors f; and h;, to
denote the i-th row of F' := [Fy Fz] and H := [0,,xn, Hz],
respectively. There is an obvious identification between the
time-¢ input signal X; and the vector f;, for we can regard f;
as a point in the Hilbert space with the innovations of V" and
Z™ as a basis. We can similarly identify Z; with h; and Y;
with f; + h;. We also introduce new variables (P, ..., P,)
representing the power constraint for each input f;. Now the
above optimization problem becomes the following equivalent
form:

maximize

subject to

maximize logdet((F + H)(F + H)T)
subject to lfil2 <P, i=1,...,n, )
S P <nP.
Here || - || denotes the Euclidean norm of a 2n-dimensional

vector. Note that the variables (f1, ..., f,) should satisfy the
relevant triangularity conditions inherited from (F'y, Fz).

Step 2. Optimization under the individual power constraint
for each signal.

We solve the optimization problem (7) in (f1, ...
fixing (Py,...,P,). We need some notation first.

We define an n-by-2n matrix S := F'+ H, and denote by
S}, the k-by-2n submatrix of S consisting of the first k rows of
S. We also define a sequence of 2n-by-2n matrices {II;,}}—]
as I, = I — SF(S,SF)~1S. Note that Sy, is of full rank and
thus that (S,S}) =1 always exists. We can view Il as a map
of a 2n-dimensional row vector (acting from the right) to its
component orthogonal to the subspace spanned by the rows

, fn) after

S1,...,8k of Sk. (Or II; maps a generic random variable A
to A — E(A|Y*).) We observe that, for k = 2,...,n,
dOt(SkSg) = det(Sk_lskal) - Sk Hk_lskT,. (8)

Finally we define the intermediate objective functions of the
maximization (7) as

Ju(P1, ..., Py) :== max logdet(S,SF), k=1,...,n,
10 Sk
1£:12<Pi
so that Cn,FB = maxp,: 3 p;<nP ﬁJn(Ply Cey Pn)

From (8), we have

J, = n}%x (log det(S, 1S )+ log(ann,lsg))

= ?}E}f (logdet(S,—1S!_) + max log(snIn—15))).

1 ©)

For fixed (f1,...,fn_1) We can easily maximize the second
term of (9) by some f satisfying f = f I,,_;. Furthermore,
thanks to the special structure of the noise covariance matrix
K',, we can show that both terms of (9) are maximized by the
same (fy,..., fr_1). In other words, if (ff,..., f_;) max-
imizes J,_1(P1,...,Py_1), then (fy,..., fr_ 1, f¥) maxi-
mizes J,(Pi,...,P,) for some f;. Thus the maximization
for .J, can be solved in a greedy fashion by sequentially
maximizing Jy, Jo, ..., J, through f;, f5, ..., ¥, whence we
obtain the recursive relationship

2
1
Ji = Jr—1 +log 1+<\/Pk+a|m> ’

(10)
for k> 1, with Jo = J_1 = 0.

Step 3. Optimal power allocation over time.

In the previous step, we solved the optimization problem
(7) under a fixed power allocation (P, ..., P,). Thanks to the
special structure of the MA(1) noise process, this brute force
optimization was tractable via backward dynamic program-
ming. Here we optimize the power allocation (P4y,...,P,)
under the constraint Y ;- , P; < nP,

When o = 0, that is, when the noise is white, we can use
the concavity of the logarithm to show that, for all n,

1 n
Cpps = _ max  — Z log(1+ P;)
i=1

Pi:y, Pi<nP 2n :

1
=3 log(1 + P),

418



with P = .- = Py = P. When « # 0, it is not tractable
to optimize (Py,...,P,) for J, in (10) and get a closed-
form solution of C,, g for finite n. The following lemma,
however, enables us to figure out the asymptotically optimal
power allocation and to obtain a closed-form solution for
CFB = limn Cn,FB-
Lemma 1: Let v : [0,00) x [0,00) — [0,00) such that the
following conditions hold:
(i) (&, ¢) is continuous, concave in (&,¢), and strictly
concave in (;
(i) (&, ) is increasing in £ and ¢, respectively; and
(iii) for any ¢ > 0, there is a unique solution £* = £*(¢) > 0
to the equation & = (¢, ().
For some fixed P > 0, let {P;}$2, be any infinite sequence
of nonnegative numbers satisfying

1 n
limsup — Y " P, < P. (11)
n—oo M5
Let {&}°, be defined recursively as & := 0 and & =
(&—_1,P;),i=1,2,.... Then
1 n
lim sup — o< £,
7L—>oop n ; fz - §
Furthermore, if P; = P, i = 1,2,..., then the corresponding

&; converges to £*.

To apply the above lemma to our problem, we define

2
1 1
=3

The conditions (i) — (iii) of Lemma 2 can be easily checked.
Now from (10) and Lemma 2, we can show that

U(E Q) = glog [ 1+ (ﬁ+ o

1
lim sup —an(Pl, e

n—oo 2

. 1 & N
, Pr) :llmsupfz& < ¢&F,
n—oco T

where £* is the unique solution to

2
1 1
E=1(6P)=glog | 1+ <ﬁ+|a| 1- 625)
(12)
Since our choice of {P;} is arbitrary, we conclude that

1
sup lim sup 7Jn(P17 .- ~;Pn) = 5*7
n

n—oo 2
where the supremum (in fact, maximum) is over all infinite
sequences {P;} satisfying the asymptotic average power con-
straint (11).

Finally, we show that £* is indeed the feedback capacity by
observing

. 1
Crs = nh_)H;C Pizznil??f(gnP %«]n(Pl, oo Py) (13)
1
= sup limsup o~ Ju(Py,..., Pa) =€ (14
{Pi}2, n—o0 2n

(One can justify the interchange of the order of limit and
supremum in (13) and (14) using standard techniques in
analysis.)

We conclude this section by characterizing the capacity
Crg = £* in an alternative form. Let o = exp(—£*), or
equivalently, ¢* = —logxg. From (12), it is easy to verify
that 0 < zp < 1 is the unique positive solution to

1 2
P:1+(\/T>+|oz|\/1—x2) :

or equivalently,
Pz?=(1-2%)(1— |alz)?

This establishes the feedback capacity Cpp of the first-order
moving average additive Gaussian noise channel with param-
eter a.

III. DISCUSSION

The derived asymptotically optimal feedback input sig-
nal sequence, or equivalently, the sequence of matrices
(K ‘(;L), B()) has two prominent properties. First, the optimal
(Kyv, B) for the n-block can be found sequentially, built on
the optimal (Ky,B) for the (n — 1)-block. Although this
property may sound quite natural, it is not true in general
for other channel models. Later in this section, we will see
an MA(2) channel counterexample. As a corollary to this
sequentiality property, the optimal Ky, has rank one, which
agrees with the previous result by Ordentlich [12]. Secondly,
the current input signal X is orthogonal to the past output
signals (Y7,...,Y;_1). In the notation of Section II, we have
fr S,le = 0. This orthogonality property is indeed a necessary
condition for the optimal (K, B) for any noise covariance
matrix K. (See [12], [15].)

We explore the possibility of extending the current proof
technique to a more general class of noise processes. The
answer is negative. We comment on two simple cases: MA(2)
and AR(1). Consider the following MA(2) noise process which
is essentially two interleaved MA(1) processes:

Zi:Ui-i-OéUi,Q, Z:1,27

It is easy to see that this channel has the same capacity as
the MA(1) channel with parameter «, which can be attained
by signalling separately for each interleaved MA(1) channel.
This suggests that the sequentiality property does not hold for
this example. Indeed, we sequentially optimize the n-block
capacity to obtain the rate —logxg, where x( is the unique
positive root of the sixth order polynomial

Pa? = (1—2%)(1 — |alz?)?.

It is not hard to see that this rate is strictly less than the MA(1)
feedback capacity unless av = 0. Note that a similar argument
can prove that Butman’s conjecture on the AR(k) capacity [9,
Abstract] is not true in general, for k > 1.

In contrast to MA(1) channels, we are missing two basic
ingredients for AR(1) channels the optimality of rank-one
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Ky and the asymptotic optimality of the uniform power allo-
cation. Under these two conditions, both of which are yet to be
justified, it is known [6], [7] that the optimal achievable rate
is given by (5). Despite the striking similarity, or reciprocity,
between the polynomial (5) and the polynomial (4) for the
MA(1) feedback, there is a major difficulty in establishing the
above two conditions by the two-stage optimization strategy
we used in the previous section, namely, first maximizing
(f1,---,fn) and then (Py,...,P,). For certain values of
individual signal power constraints (P4y,..., P, ), the optimal
(f1,-..,fn) does not satisfy the sequentiality, resulting in
Ky with rank higher than one. Hence we cannot obtain the
recursion formula for the n-block capacity [6, Section 5]
that corresponds to (10) through a greedy maximization of
In(Pr,..., Py).

Finally we show that the feedback capacity of the MA(1)
channel can be achieved by using a simple stationary filter
of the noise innovation process. At the beginning of the
communication, we send X; ~ N(0,P). For subsequent
transmissions, we use a first-order regressive filter and transmit
the filtered version of the noise innovation process as

X = BXp—1 +0Up_1, k> 2. (15)

Here 8 = — sgn(«) z¢ with g being the same unique positive
root of the fourth-order polynomial (4) in Theorem 1, and the
scaling factor o is chosen to satisfy the power constraint as
o = sgn(a)y/P (1 — /?). This input process and the MA(1)
noise process (3) yield the output process {Y;}72, given by

Y1 :Xl +an+U1,

YVi=0Ys 1 —afUio+ (a—B+0)Up_1, k>2,

which is asymptotically stationary with power spectral density
Sy (w) = 8721 + aB?e77%|2 for {V3},k > 2. It is easy to
check that the entropy rate of the output process {Y}} is given
by %log(27re5*2). Hence we achieve the feedback capacity
Crg. Furthermore, it can be shown that the mean-square error
of X given the observations Y7, ...,Y,, decays exponentially
with rate 5~2 = 22C/_ In other words,

var(X1|Y1,...,Y,) = P 27 nCm, (16)

We can interpret the signal Xj as the adjustment of the
receiver’s estimate of the message bearing signal X after
observing (Y7,...,Y;_1). The connection to the Schalkwijk—
Kailath coding scheme is now apparent. Recall that there
is a simple linear relationship between the minimum mean
square error estimate (in other words, the minimum variance
biased estimate) for the Gaussian input X; and the maximum
likelihood estimate (or equivalently, the minimum variance
unbiased estimate) for an arbitrary real input 6. Thus we
can easily transform the above coding scheme based on the
asymptotic equipartition property [1] to the Schalkwijk-like
linear coding scheme based on the maximum likelihood near-
est neighborhood decoding of uniformly spaced 2% points.
More specifically, we send as X one of 2" possible signals,

say, 0 € © :== {—V/P,—VP + A, —V/P +2A,...,\/P —

2A, VP — A, V/P}, where A = 2v/P/(2"% —1). Subsequent
transmissions follow (15). The receiver forms the maximum
likelihood estimate én(Yl, ..., Y,) and finds the nearest signal
point to 6, in ©. The analysis of the error for this coding
scheme follows Schalkwijk [3] and Butman [5]. From (16) and
the standard result on the relationship between the minimum
variance unbiased and biased estimation errors, the maximum
likelihood estimation error én — 0 is, conditioned on 6, Gaus-
sian with mean 6 and variance exponentially decaying with
rate 372 = 22nCm_ Thus, the nearest neighbor decoding error,
ignoring lower order terms, is given by

3 _on(Cm—R)
203

Ey [Pr <\én -6 > % ’ 9)] = erfc

where erfc(z) = % [% exp(—t*)dt and o7 is the variance of
input signal 6 chosen uniformly over ©. As far as R < Cgg,
the decoding error decays doubly exponentially in n. Note that
this coding scheme uses only the second moments of the noise
process. This implies that the rate Cpp is achievable for the
additive noise channel with any non-Gaussian noise process
with the same covariance structure.
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