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Abstract—Uplink and downlink cloud radio access networks
are modeled as two-hop K-user L-relay networks, whereby
small base-stations act as relays and are connected to a central
processor via orthogonal fronthaul links of finite capacities. Based
on noisy network coding and distributed decode—forward inner
bounds on the capacity regions for uplink and downlink, re-
spectively, the total fronthaul link capacity required to approach
the centralized MIMO sum-rate is characterized. The capacity
scaling law when the network size increases is examined under
certain uplink and downlink network models, both theoretically
and via simulations.

1. INTRODUCTION

With ever-increasing demands for higher data rates, better
coverage, and reliability of communication for a large number
of devices, novel network protocols and architectures are
expected to play an important role in future communication
systems. The cloud radio access network (C-RAN) architecture
[1], [2] is one of the promising candidates, in which commu-
nication over a group of cells is coordinated by a cloud-based
central processor.

Base stations in a C-RAN, unlike in conventional cellular
networks, do not perform all network functionalities locally,
but instead delegate most of them to a central processor
by communicating with it over wired or wireless fronthaul
links. If these links have unbounded capacities, the C-RAN
can be viewed as a “distributed” multiple input multiple
output (MIMO) system, where base stations act as spatially
distributed antennas that use beamforming to coordinate trans-
mission and mitigate interference among multiple cells. For the
more realistic situation of limited fronthaul link capacities, the
optimal beamforming solution is typically computed without
the capacity constraints. The corresponding baseband signals
are then digitized individually for each base station and
transmitted to (or from) the central processor through the
fronthaul links, which often leads to high fronthaul capacity
requirements.

As an alternative to this greedy beamforming—digitization
approach, this paper investigates near-optimal coding schemes
for the C-RAN architecture and their achievable throughput
tradeoffs by modeling the entire system as a two-hop relay
network. In this model, which was studied, for example,
in [1], [3], [4], [5], the base stations act as relays that
summarize the received signals from user devices to the central
processor (uplink) and transmit the prescribed signals from the
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central processor to user devices (downlink). Communication-
theoretic results on this model were presented in a recent
volume edited by Quek, Peng, Simeone, and Yu [1].

In this paper, we further study the inner bounds for uplink
and downlink C-RAN in the literature (see, for example, [3],
[41, [5]1, [61, [7], [8], [9], [10], [11], and references therein) and
investigate the question of how much fronthaul link capacities
are needed for the C-RAN to emulate the centralized MIMO
system. Studying the sum-capacity scaling for uplink and
downlink C-RAN in the large network size limit under various
network models, we demonstrate that we can achieve similar
scaling as centralized MIMO uplink, provided we have a
slightly larger total fronthaul capacity at our disposal.

The rest of the paper is organized as follows. Section
IT studies the uplink C-RAN. Section II-A briefly describes
the uplink network model and introduces an inner bound
which approaches the centralized MIMO capacity region as the
fronthaul capacity becomes infinite; Section II-B establishes
the fronthaul capacity required to approximate the centralized
MIMO uplink sum-capacity; and Section II-C uses the results
of Section II-B to examine the sum-capacity scaling for uplink
C-RAN under various network models. Section III studies
the downlink C-RAN. Section III-A describes the downlink
network model, presents an inner bound, and quantifies the
fronthaul capacity required to approximate the centralized
MIMO downlink sum-capacity. Section III-B examines the
capacity scaling for downlink C-RAN. Throughout the paper,
we follow the notation in [12]. In addition, we use the
following. For a natural number n, we denote by [n] the set
{1,...,n}. For functions f and g from R to R, we say f ~ ¢
if f(z)/g(x) — 1 as z — oo. All logarithms are to base 2
and all information measures are in bits.

II. UPLINK COMMUNICATION
A. Network Model and the Capacity Inner Bound

We model the uplink C-RAN as a two-hop relay network in
Fig. 1. The first hop, namely, the (wireless) channel from the
user devices to the radio heads, is modeled as a memoryless
Gaussian network Y2 = GXK 4+ ZL where X¥ is the
channel input vector from K users, each with average power
constraint P, G € RY*¥ is a (deterministic) channel gain
matrix, and Z” is a vector of independent N(0,1) noise
components. The second hop, namely, the channel from the
radio heads to the central processor, consists of orthogonal
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links of capacities C1, .. ., C', bits per transmission, decoupled
from the first hop. To be more precise, the channel output
at the central processor (receiver) is (Wi,..., W), where
W, € [2"¢!] denotes the message relay | communicates to
the receiver. A (21 ... 2"Ex p) code for this network, the
average probability of error for a code, the achievability of a
rate tuple (Ry,..., Rk ), and the capacity region are defined
in the standard fashion; see, for example, [5], [12].
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Fig. 1: Uplink network model.

Sanderovich et al. [6] specialized the network compress—
forward scheme [7] to this network. Roughly speaking, each
relay compresses its received sequence and sends the bin
index of the compression index. This coding scheme yields
the following inner bound on the capacity region of the C-
RAN uplink.

Proposition 1. A rate tuple (Ry,. ..

ZRk< log‘

keS:
|Sg| 1
2 ! L o2 )’

forall Sy C [K] and S C [L] for some 0 > 0, where Gsg. s,
is the submatrix of G formed by the rows with indices in S
and the columns with indices in Si.

, Ri) is achievable if

1G5 5:1Ge s +I‘+ ZC’z
IS

6]

The same inner bound can also be achieved by specializing

the noisy network coding scheme [13], as demonstrated in [5].
For a fixed 02 > 0, we denote the region defined by (1) as
Rup(0?).
Remark 1. As the fronthaul capacities C1,...,C, — o0,
the inner bound (1) converges to the capacity region of the
centralized MIMO uplink with K senders and a receiver with
L receive antennas. Intuitively, having infinite fronthaul is
equivalent to the relays being co-located with the receiver.

B. Comparison with Centralized MIMO Uplink
Unfortunately, for finite fronthaul link capacities
C1,...,Cr, no matter how large they are, we can always
find networks for which the capacity region of the uplink
C-RAN s strictly less than the centralized MIMO MAC
capacity region, as demonstrated by the following example.

Example 1. Consider the one-sender, two-relay Gaussian
uplink C-RAN with first hop

EPY\X(91|$)PY\X(Z/2|9U)

and fronthaul capacities C; = C and C5 = oo. In other words,
the MAC in the first hop has conditionally i.i.d. outputs Y7, Y5

PY1,Y2|X(ZJ1, Ya|z)

given X. Then, this network corresponds to the Gaussian
version of Cover’s problem [14] and by the results of [15],
the capacity of this network for any finite C' is strictly less
than the capacity for C' = cc.

On the positive side, it is possible to approximately achieve
the centralized MIMO uplink sum-rate for finite fronthaul
capacities, provided we spend a certain amount of extra
capacity on the fronthaul. To show this, we need the following.

Definition 1. An N-dimensional polymatroid is a subset of
[0,00)V that can be expressed in the form

Z(¢) = {($1,~~-71’N) QRf:le < ¢(S)

les

sV},

where ¢ : 2Nl 5 R, = [0,
o(0) =0, (S) <P(T)if SCT
o(S) + o(T).

The following result [16] will be useful in rewriting the

achievable sum-rate for the Gaussian uplink C-RAN in an
alternative form.

) is a set function satisfying
and ¢(SUT)+¢(SNT) <

Edmonds’s Polymatroid Intersection Theorem. If Z2(¢)
and P (1) are two polymatroids, then

max Z x: (T1,...,2N8) € P(¢) NP ()

IE[N]

= min (¢(5) +9(5)).

SC[N]

Using this, we can quantify the fronthaul requirement for
noisy network coding to approximate the centralized MIMO
———GGT +1I|+

MAC capacity as follows.
L 1
o} log 1+ =)

Theorem 1. If

for some o< > 0, then there exist fronthaul link capacities
C1,Cs,...,Cr, > 0 with Zle[L] C; = C* at which noisy
network coding can achieve a sum-rate

1
Cc*>=1lo
2%

2

Roum (NNC) =

1

=1 Tyr

5 l0g |~ n IGG + ‘
Conversely, to achieve the centralized MIMO sum-rate
Reum (MIMO) = (1/2) log |I + PGGT|, we must have a total

fronthaul capacity

o log |I + PGG™|.

[\DM—A

Proof: The maximum sum-rate corresponding to Z,(c?)
can be written as

RMANNCL:é%&< bg‘2+1G K1Ghe ) +1
+> G- log(1+ ))
lGSz
= guin (9(55) +w<sg>), @
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where

1
¢) = —log | ——
¢(SQ) 2 0g o2 +1

P(S2) =Y (c, - %log <1 + ;))

leSy

G5, (k)G §s (5] + I’ :

can be easily verified to be such that &?(¢) and Z?(¢)) are
both polymatroids whenever C; > (1/2) log(1+ 1/c2) for all
I € [L]. Therefore, by Edmonds’s polymatroid intersection the-
orem, Rum(NNC) = max{},c %}, where the maximum
is over all tuples (y1,...,y;) satisfying

1 1
yu < C— 510g (]—“1‘0_2)
for all [ € [L] and

> < 6(Ss)

leS>

for all S; C [L]. Using this alternative representation of
Rym(NNC), it can be shown that a choice of (C1,...,CL)
satisfying C;+- - -+C = C* and guaranteeing Rgm(NNC) =
@([L]) exists whenever ¥([L]) > ¢([L]). Thus, the sufficient
condition boils down to

. 1 1 L 1
C —162[2] (01—210g<1+02>>+210g<1+02>

= (L)) + - log (1 + ;)

> G((L) + = log (1 n 01)

2
L 1
+210g<1+0_2>,

establishing the result. The converse follows immediately from
the cutset bound. ]

Given C*, one can come up with an allocation (C1, ...,C})
which achieves the sum-rate predicted by Theorem 1 by solv-
ing a linear feasibility problem involving 2% — 2 inequalities
and one equality. One can also modify this feasibility problem
to include other constraints such as requiring all but one
of the link capacities to be zero. Theorem 1 demonstrates
that we can approximate the centralized MIMO uplink sum-
capacity, provided we have at our disposal a total fronthaul
capacity “slightly” larger than this amount. In the next section,
we examine how these sum-capacities scale with network
size for specific network models, in order to further examine
how closely the achievable sum-rates for the uplink C-RAN
approximate the centralized MIMO uplink sum-capacity, and
what cost (in terms of fronthaul requirement).

i
GG

1
= §log

C. Capacity Scaling

1) Rich scattering: We first consider a rich scattering
network model with slow fading, where the entries of the
channel matrix G are i.i.d. N(0, 1) random variables and are
assumed fixed for the duration of transmission. Moreover,

the average power constraint P is kept fixed. We recall the
following.

Lemma 1 (Telatar [17], Silverstein [18]). Let H be an m X n
random matrix with i.i.d. entries H;;, each of which has unit
variance. Then, as n — oo such that n/m — p > 1, the
limiting density of the empirical distribution of the eigenvalues
of HHT /m is given, almost surely, by

fy = Y- a(gi)A(B(p) -
where a(p) := (y/p— 1)* and B(p) := (\/p+ 1)

Now, let L — oo such that L/K — p € (1,00]. By
Lemma 1, for every € > 0,

Lia(p),8(00>

1
5 log |1+ PGGT|
1
= 5 log |+ PGTG|
K 2
€ |5 log (1+ PE(Vp— 1)) ¢,
K
5 log (1+ PE(Vp+1)?) +¢|
for L sufficiently large, w.p. 1. Therefore,
1 K
51og|1+PGGT| ~ G logl  wp. 1. (3)
Similarly, for a fixed o2 > 0, we have

I+ GGT

K
~ ElogL w.p. 1. “)

L 1

2 8 T
We now consider various scaling regimes of L and K, namely,
K fixed and L growing, L = vK with v > 1, and L = K"
with v > 1. For each case, we can choose o2 appropriately,
and use Theorem 1 and Lemma 1 to examine the scaling of
the achievable sum-rate and the corresponding C* required.
The results are summarized in Table I. These are limiting
results for large network size that hold w.p. 1 under the
rich scattering network model. As an example of how to
interpret the table, let L = vK with a fixed v > 1. Then,
as K — oo with C* ~ Klog K/2, noisy network coding
can achieve Rgum(NNC) ~ Klog K/2 w.p. 1 if we choose
0? = 1. We also note that the centralized MIMO uplink
capacity scales as K log L/2 in all these cases considered.
If K grows faster than L, one can exchange the roles of L
and K in Lemma 1 and choose 02 = 1 to demonstrate that
for L = vK with v < 1, L = K7 with v < 1, as well as for
L fixed and K growing, Rsum(NNC), C*, and the centralized
MIMO sum-rate all grow as Llog K/2. For L = K — o0,
Lemma 1 unfortunately does not allow us to make an a.s.
statement directly. However, one can choose to only serve
(1 — €)K of the users, thereby leading to a sum-rate scaling
of (1 —€)K log K/2 in accordance with table I.

2) Stochastic geometry: We now consider a more realistic
network model based on stochastic geometry [19]. In this
model, users and relays are distributed over a square with
unit area according to independent Poisson point processes
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Lvs. K o? C* Rsum (NNC) Rsum (MIMO)
L=~K 1 Klog K/2 Klog K/2 KlogK/2
Kyt Klog K/2 Klog K/2
L=K" K110 (loge/2)K1+5 (14 6)K log K/2 VK log K/2
K fixed Le (loge/2)L1—¢ (1—€)KlogL/2 Klog L/2
TABLE I: Sum rate scaling for uplink; v >1,0<d<y—-1,0<e< 1.
with intensities A\, and A, respectively. All channel gains are 8O Contalzea MO 7 1O Gontralizea MG
. sum rate - sum rate
assumed to be real and unchanged for the duration of trans- ool AN sum e o C-AANamate
mission, and the gain g;; from sender k to relay [/, separated @ [ sl o9 2
by Euclidean dis.tance T i§ given.by r‘é, where 3 is the path Z “
loss exponent. Since a unit area is considered, A\, and A, act 0 S P
as stand-ins for K and L, respectively. We therefore scale A, / / = —
. . . . . . [ H H " H H
and A, in a similar fashion as Section II-C1. In particular, we 2 7 2 5 10 2 p N G 10
= )2 u u

examine the cases A\, = 2A,, A, -, and A, fixed. The
corresponding median sum-rates for centralized MIMO and
C-RAN uplink (with appropriate choices of o2 according to
Table I), as well as the corresponding C* required, are plotted
as functions of A, in Fig. 2 for different values of 5. The
median values are taken over 1000 runs of the simulations.
From the plots, we observe that the uplink C-RAN sum-
capacity scales in a similar fashion as the centralized MIMO
MAC sum-capacity, provided we have a similar amount to
spend on the fronthaul. Under this network model, the C-RAN
capacity seems to show a faster scaling than the theoretical one
obtained for the rich scattering situation in Section II-C1, the
latter having been plotted in all the figures with a solid line.
A plausible reason for this is that in the path loss regime
B > 2, the locality of propagation (fast decay of channel
gains with distance) helps the capacity by reducing inter-user
interference.

III. DOWNLINK COMMUNICATION
A. Network Model and the Capacity Inner Bound

Similar to the uplink, we model the downlink C-RAN as a
two-hop relay network in Fig. 3, where the first hop (central
processor to radio heads) consists of orthogonal noiseless links
of capacities C1, ..., Cy, bits per transmission and the second
hop (radio heads to user devices) is modeled as a memoryless
Gaussian network YX = HXT + ZK . Here, H € RX*L ig
a channel gain matrix and ZX consists of i.i.d. N(0, 1) noise
components; we assume the average power constraint P at
each relay.

We have the following inner bound on the capacity region
of this network, which was obtained in [5] by specializing and
simplifying the distributed decode—forward scheme [20].

Proposition 2. A rate tuple (Ry, ..., Rk) is achievable if
1 P T
Z Rk < Qlog ‘EHS&SIHS&SI +I‘ + Z Cl
keSS lese
‘ 4

—52|10g(1+012>

5 )]
for all Sy C [L] and So C [K] for some o > 0.

(@) B =25, \r = 2\u. () B =3, A\r = 2)\u.
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Fig. 2: Uplink capacity scaling under stochastic geometry.

Z1
G X1 "é—’ Y
S [

Fig. 3: Downlink network model.

For a fixed 0> > 0, we denote the region defined by

(5) as Zaown(0?). The maximum sum-rate corresponding to
Raown(c?) is given by

/1 P
Rum(DDF) = min (5 log ’;H[m,sl Hi) s, + 1‘

+ ZC;—%log(l—i-%)).

less
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The centralized MIMO downlink sum-capacity is, on the
other hand, upper-bounded by (1/2)log|I + PHHT|, corre-
sponding to full cooperation among receivers. Similar to Sec-
tion II-B, we can now use Edmonds’s polymatroid intersection
theorem to quantify the total fronthaul required to approximate
the centralized MIMO downlink sum-capacity.

Theorem 2. If

1

P
—HHT + 1‘
g

for some 0% > 0, then there exist C1,Cs,...,Cp > 0 with
Zle[L] C; = C*, at which distributed decode—forward can
achieve a sum-rate

Reum(DDF) = %log

P K 1
—HHT +1|— —log(1+ = ).
o2 2 o2

Conversely, to achieve a sum-rate of (1/2)log|I + PHHT],
we must have

1
Cc* > §log\I+PGGT|.

B. Capacity Scaling

Similar to Section II-C1, we first consider a rich scattering
model and use Lemma 1 and Theorem 2 with 02 = 1. In
this case, for all the scaling regimes considered, namely, fixed
K, L = ~vK, and L = K7 (the latter two for v > 1), the
centralized MIMO downlink sum-rate and the downlink C-
RAN sum-rate, as well as the fronthaul requirement C*, show
the same scaling K log L /2. For a stochastic geometry model
similar to that in Section II-C2, Fig. 4 plots the median sum-
rates obtained experimentally over 1000 simulation runs each,
for different scaling regimes and different path loss exponents.
The power constraint P at each relay is kept fixed. As before,
the C-RAN downlink sum-rate closely tracks the centralized
MIMO sum-rate using a similar amount of fronthaul capacity,
and the C-RAN capacity under stochastic geometry scales
faster than that under rich scattering.
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