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Abstract—Codes are developed for two-user multiple access
and broadcast channels starting from Gelfand–Pinsker codes
with known block lengths, rates, and error performances. Guar-
antees are provided on the block error rates of the MAC and
BC codes in terms of the parameters of the constituent Gelfand–
Pinsker codes. These guarantees hold as long as the constituent
codes satisfy the assumed properties on rate, codeword weights,
and performances, irrespective of the basic structure and other
properties.

I. INTRODUCTION

The channel coding problem has been studied extensively

ever since Shannon, in his seminal 1948 paper [1], modeled a

point-to-point communication channel as a collection of con-

ditional probability distributions. The point-to-point channel

coding theorem was established, among others, by Shannon

[1] and Gallager [2]. In a parallel direction of research, the

practical problem of coding for point-to-point channels has

seen enormous advances in recent years, with the advent and

extensive studies of several low-complexity coding schemes

that approach or achieve the Shannon capacity. Of particular

note among these are the turbo codes [3], low-density parity-

check (LDPC) codes [4]–[6], and polar codes [7]. Generalizing

the point-to-point case, communication scenarios involving

multiple senders and/or receivers were similarly modeled and

studied by Ahlswede [8], Liao [9], Cover [10], Slepian and

Wolf [11], Bergmans [12], and others. While a multitude

of information-theoretic results on achievable rate tradeoffs

(inner bounds) for multi-user channels exist in the literature

(see, for example, [13, Chapter 1] and [14] for comprehensive

reviews), we are far from achieving known inner bounds with

low complexity coding schemes due to the high computational

complexity in implementing some sophisticated multi-user

coding schemes, such as Marton coding [13, Theorem 8.3

and Proposition 8.1] for broadcast channels and simultaneous

decoding [13, Chapter 4.5.1] for multiple access channels.

At such a juncture, this work attempts to answer the follow-

ing question: what happens when a code, whose performance

is known in some setting through simulations or theoretical

studies, is used for a different problem? More specifically,
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given point-to-point channel codes with certain known pa-

rameters such as block length n, rate R, and block error

probability ǫ, we attempt to come up with coding schemes

for multi-user channels whose performance can be directly

obtained as a simple function of parameters of the original

code, without redoing extensive studies in the new setting.

In essence, we treat encoders and decoders of known codes

as “black boxes” (or “Lego-bricks”) satisfying some primitive

properties and assemble them (potentially with other simple

“bricks” such as interleavers or dithers) to build a bigger “box”

for a different, and potentially more complicated, scenario,

with performance guarantees. Such a theory enables one to

leverage commercial off-the-shelf codes (such as those studied

in [3]–[7]) for single user channels, or even hypothetical

codes to be invented in future, to build codes for multi-user

communication.

What are the minimum primitive properties these “Lego-

bricks” should satisfy while being versatile in building various

network communication codes? Given such “Lego-bricks”,

how do we assemble them in different network communication

scenarios? How does the performance guarantee translate be-

tween different communication settings? These questions were

studied between channel coding and Slepian–Wolf coding

first by Wyner for binary symmetric channels and doubly

symmetric binary source [15] and later for general binary-

input channels and general Slepian–Wolf problems [16], [17].

In this paper, we propose another “Lego-brick”, which is

capable in building Gelfand–Pinsker codes for channel with

states, channel codes for (asymmetric) point-to-point channels,

and Marton coding for broadcast channels, among others.

The focus of the paper is on how the performance of one

code in a certain communication setting can be translated into

the performance of another code in a different setting. The

discussion on how to achieve an inner bound under random

coding is beyond our scope.

We start out with primitive Gelfand–Pinsker (GP) codes [18]

for binary-input, binary-state channels and construct codes

for binary-input multiple access channels (MAC) and finite-

alphabet broadcast channels (BC). In addition to primitive GP

codes, we use a random interleaver that applies to a length-

n sequence, a permutation chosen uniformly at random from

the n! possible permutations, as well as shared random bits

between transmitters and receivers.

The rest of the paper is organized as follows. Section II-A
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introduces the primitive GP encoding and decoding blocks we

use throughout the paper and establishes the performance of

this code when a random interleaver is used on the output of

the encoder and additional random bits are shared between the

encoder and the decoder. Section II-B shows how to construct

an ordinary point-to-point channel code from the primitive

GP code. Section III develops a coding scheme for the 2-

user binary-input MAC using two channel codes (ultimately

derived from primitive GP codes). Section IV develops a

coding scheme for the 2-user BC using a primitive GP code

and a channel code. Throughout the paper, we follow the

notation in [13], with the exception that for a natural number

n, that we use [n] to denote the set {1, . . . , n}. In addition,

|xn| := |{i ∈ [n] : xi = 1}| denotes the Hamming weight of

a binary sequence xn ∈ {0, 1}n and for two binary sequences

xn, yn, we denote by xn ⊕ yn := {zn : zi = xi ⊕ yi, i ∈ [n]}
the bitwise XOR operation or equivalently, binary addition

without carry.

II. GELFAND–PINSKER CODES TO CHANNEL CODES

A. Gelfand–Pinsker coding

A Gelfand–Pinsker problem p(y |u, s)p(s) consists of finite

alphabets U = S = {0, 1} and Y, a collection of conditional

probability mass functions p(y, s |u) on Y × S for u ∈ U
(referred to as the “channel” with input u and state s), and a

probability mass function p(s) on S.
A (R,n, α, ǫ, δ) code (g, ψ) depicted in Fig. 1 for the

Gelfand–Pinsker problem p(y |u, s)p(s) consists of

• an encoder g : [2nR] × Sn → Un that maps each

message m and each state sequence sn to a codeword

un = g(m, sn) such that |g(m, sn)⊕sn| = nα for every

m ∈ [2nR], sn ∈ Sn,
• a decoder ψ : Yn → [2nR] that assigns a message

estimate m̂ = ψ(yn) to each received sequence yn.

The average probability of error of the code with a perturbed

input is defined as

P (n)
e (zn) :=

∑

m

∑

sn

(

2−nR
n
∏

i=1

pS(si)×

P(M̂ 6= m |Un = g(m, sn)⊕ zn, Sn = sn)

)

for zn ∈ {0, 1}n. The maximal average probability of error

under sublinear perturbation is

max
zn∈{0,1}n:

|zn|≤n1/2+δ

P (n)
e (zn) = ǫ. (1)

The condition (1) states that the message is decoded correctly

w.h.p. as long as the Hamming weight of the perturbation zn

is not larger than n1/2+δ. This condition is motivated by the

existence of practical codes with low decoding complexity and

large block lengths n, such as Reed–Muller codes [19], [20]

and BCH codes [21], for which the minimum distance can be

made to grow as n1/2+δ or faster by choosing code parameters

appropriately.

Remark 1. For the rest of the paper, we assume that such a

code satisfying (1) exists for every channel p(y |u, s), every

α ∈ (0, 1), and every ǫ > 0, however small, for some large-

enough block length n and some δ ∈ (0, 1/2).

g ψp(y|u, s)

sn

m M̂

Zn

un Y n

Fig. 1. Primitive GP code.

We now adapt the primitive Gelfand–Pinsker code to a

form that is more useful in coding for multi-user channels.

Specifically, we add a random dither Wn ∼ i.i.d. Bern(1/2)
to the codeword as well as to the observed state sequence, and

apply a uniform interleaver Γn (i.e., a permutation of n objects

chosen uniformly at random) to both of them. To compensate

for the interleaver, we apply the operation Γ−1
n to the channel

output Y n and try to decode the message M assuming Wn

is also available at the decoder. This arrangement is shown in

Fig. 2. The following result connects the probability of error

of this scheme to that of a slightly different Gelfand–Pinsker

problem.

Lemma 2. Consider a Gelfand–Pinsker problem

q(y, w |u, s)p(s), where the channel q is obtained by

adding a random dither Wn ∼ i.i.d. Bern(1/2) to the input

Un as well as the state Sn of the channel p(y |u, s), and

taking (Y n,Wn) as the output, as shown in Fig. 2. Suppose

that we have a (R,n, α, ǫ, δ) code (g, ψ) for the problem

q(y, w |u, s)p(s). Then,

∑

m,sn

(

n
∏

i=1

pS(si)2
−nR · P

(

ψ(Γ−1
n (Y n),Wn) 6= m

∣

∣

∣

Un = Γn(g(m, s
n)), Sn = Γn(s

n))
)

)

≤ ǫ.

Lemma 2 illustrates that the arrangement in Fig. 2

can achieve the same rate and probability of error as a

usual primitive Gelfand–Pinsker code adapted to the channel

q(y, w |u, s) ≡ p(w)pY |U,S(y |u⊕ w, s⊕ w).

g ψp(y|ũ, s̃)

sn

S̃n

Wn

Wn

Wn

m M̂un Ũn Y n

Γn

Γn Γ−1
n

Fig. 2. GP code with interleavers and dithers.

B. Point-to-point channel coding

The Gelfand–Pinsker code described in Section II-A can

be easily converted into a point-to-point channel code, as
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described in this section. Similar to [16], we define a binary-

input discrete memoryless channel p(y |u) as consisting of an

input alphabet U = {0, 1}, a finite output alphabet Y, and a

collection of conditional probability mass functions p(y |u) on

Y for u ∈ U . A (R,n, ǫ) code (f, φ) for the channel p(y |u)
consists of

• an encoder f : [2nR] → Un that maps each message m
to a codeword un = f(m),

• a decoder φ : Yn → [2nR] that assigns a message

estimate m̂ = φ(yn) to each received sequence yn.

The average probability of error of this code is

∑

m

2−nR · P(φ(Y n) 6= m |Un = f(m)) = ǫ.

Now, suppose we have a (R,n, α, ǫ, δ) code (g, ψ) for the

Gelfand–Pinsker problem p(y |u, s)p(s), where p(y |u, s) ≡
p(y |u) (i.e., the channel output is independent of the state

given the channel input) and pS(0) = 1. Define f : [2nR] →
Un by f(m) = g(m,0), where 0 is the all-zero sequence.

Then, (f, ψ) forms a code for the channel p(y |u) with length

n and rate R, and has average probability of error

∑

m

2−nR · P(ψ(Y n) 6= m |Un = f(m))

=
∑

m

2−nR · P(ψ(Y n) 6= m |Un = g(m,0)).

We write

P(ψ(Y n) 6= m |Un = g(m,0))

= P(ψ(Y n) 6= m |Un = g(m,0), Sn = 0)

n
∏

i=1

pS(0)

+
∑

sn 6=0

P(ψ(Y n) 6= m |Un = g(m,0), Sn = sn)

n
∏

i=1

pS(si)

(a)
= P(ψ(Y n) 6= m |Un = g(m,0), Sn = 0)

(b)
= P(ψ(Y n) 6= m |Un = g(m,0), Sn = 0)

n
∏

i=1

pS(0)

+
∑

sn 6=0

P(ψ(Y n) 6= m |Un = g(m, sn), Sn = sn)

n
∏

i=1

pS(si)

≤ ǫ,

where (a) and (b) follow since
∏n

i=1 pS(si) = 0 for sn 6=
0, and the last step follows from condition (1). Thus, we

have obtained a (R,n, ǫ′) channel code from a (R,n, α, ǫ, δ)
Gelfand–Pinsker code, where ǫ′ ≤ ǫ. Similar to Lemma 2, the

following result adapts the Gelfand–Pinsker code to a channel

with dithered and permuted input.

Lemma 3. Consider a Gelfand–Pinsker problem

q(y, w |u, s)p(s), where pS(0) = 1 and the channel

q(y, w |u, s) ≡ q(y, w |u) is obtained by adding a random

dither Wn ∼ i.i.d. Bern(1/2) to the input Un to the channel

p(y |u) and taking (Y n,Wn) as the output, as shown in

Fig. Consider a (R,n, α, ǫ, δ) code (g, ψ) for the problem

q(y, w |u, s)p(s). Then,

∑

m

(

2−nR · P

(

ψ(Γ−1
n (Y n),Wn) 6= m

∣

∣

∣

Un = Γn(g(m,0))
)

)

≤ ǫ.

Remark 4. While this approach of coding for a point-to-

point channel by using a Gelfand–Pinsker code may seem

redundant since a multitude of good codes already exist for

several different classes of channels, this enables us to code

for multi-user channels by using only Gelfand–Pinsker blocks,

rather than adding separate channel coding blocks as and when

we need it. This aligns with the spirit of this work, which aims

to eventually code for complex channels, starting out with a

minimal number of elementary blocks.

III. CODING FOR TWO-USER MAC

In this section, we put together two channel codes, derived,

as described in Section II-B, from Gelfand–Pinsker codes, to

build a code for a binary-input discrete memoryless multiple-

access channel (DM-MAC) p(y |u1, u2), defined as consisting

of input alphabets U1 = U2 = {0, 1}, a finite output alphabet

Y, and a collection of conditional probability mass functions

p(y |u1, u2) on Y for (u1, u2) ∈ U1 × U2. A (R1, R2, n, ǫ)
code (f1, f2, φ) for the channel p(y |u1, u2) consists of

• encoders fj : [2nRj ] → Un
j for j = 1, 2, that map each

message m1 ∈ [2nR1 ] to a codeword un1 = f1(m1) and

each message m2 ∈ [2nR2 ] to a codeword un2 = f2(m2),
• a decoder φ : Yn → [2nR1 ]×[2nR2 ] that assigns message

estimates (m̂1, m̂2) = φ(yn) to each received sequence

yn.

The average probability of error of this code is

2−n(R1+R2) ·
∑

m1,m2

(

P

(

φ(Y n) 6= (m1,m2)
∣

∣

∣

(Un
1 , U

n
2 ) = (f1(m1), f2(m2))

)

)

= ǫ.

Now, let us add independent dithering sequences Wn
1 ,W

n
2 ∼

i.i.d. Bern(1/2) to the codewords Un
1 and Un

2 and make

Wn
1 ,W

n
2 available at the decoder. We will construct a code

for this modified MAC

q(y, w1, w2 |u1, u2)

:= p(w1)p(w2)pY |U1,U2
(y |u1 ⊕ w1, u2 ⊕ w2)

using codes for the point-to-point channels

q(y, w1 |u1)

=
∑

u2∈U2

q(y, w1 |u1, u2)p(u2)

=
∑

u2∈U2

w2∈W2

(

p(w1)p(w2)p(u2)× pY |U1,U2
(y |u1 ⊕ w1, u2 ⊕ w2)

)
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g1

g1

g2

un
1

un
2

MAC

0

0

Wn

1

Wn

1

Wn

2

Wn

2

m1

m2

M̂1

M̂2

Y n

Y n

ψ1

ψ2

Fig. 3. Coding for MAC using primitive GP codes.

and

q(y, u1 ⊕ w1, w2 |u2)

= p(w2)p(u1 ⊕ w1)pY |U1,U2
(y |u1 ⊕ w1, u2 ⊕ w2).

Suppose that we have a (R1, n, α, ǫ1, δ) code (g1, ψ1)
for the Gelfand–Pinsker problem q(y, w1 |u1, s1)p(s1) ≡
q(y, w1 |u1)p(s1) where pS1

(0) = 1. Similarly, let us

consider a (R2, n, α, ǫ2, δ) code (g2, ψ2) for the Gelfand–

Pinsker problem q(y, u1 ⊕ w1, w2 |u2, s2)p(s2) ≡ q(y, u1 ⊕
w1, w2 |u2)p(s2), where pS2

(0) = 1. The following result

demonstrates that combining these two codes in the manner

shown in Fig. 3 yields a (R1, R2, n, ǫ
′) code for the MAC

p̃(y, w1, w2 |u1, u2), where ǫ′ ≤ ǫ1 + ǫ2.

Proposition 5. Define f1(m1) := g1(m1,0), f2(m2) :=
g2(m2,0), and

φ(yn, wn
1 , w

n
2 )

:= (ψ1(y
n, wn

1 ), ψ2(y
n, g1(ψ1((y

n, wn
1 )))⊕ wn

1 , w
n
2 )),

i.e., the decoding function φ yields message estimates m̂1 =
ψ1(y

n, wn
1 ) and m̂2 = ψ2(y

n, f1(m̂1) ⊕ wn
1 , w

n
2 ). Then, the

average probability of error is bounded as

ǫ′ := P((M̂1, M̂2) 6= (M1,M2))

= 2−n(R1+R2)
∑

m1,m2

P

(

φ(Y n,Wn
1 ,W

n
2 ) 6= (m1,m2)

∣

∣

∣

Un
1 = f1(m1), U

n
2 = f2(m2)

)

≤ ǫ1 + ǫ2.

Proof sketch: One can show that addition of the dithering

sequences ensures that the channel Un
1 → (Y n,Wn

1 ) obtained

by averaging over M2 ∼ Unif([2nR2 ]) and Wn
2 is discrete

memoryless and charaterized by the conditional probability

distribution

n
∏

i=1

pW1
(w1i)pY |U1

(yi |u1i ⊕ w1i). (2)

This implies that the probability of incorrectly decoding the

first message is bounded as

P(ψ1(Y
n,Wn

1 ) 6=M1) ≤ ǫ1 (3)

by our assumption on the (R1, n, α, ǫ1, δ) Gelfand–Pinsker

code. Similarly, the channel Un
2 → (Y n, Un

1 ⊕ Wn
1 ,W

n
2 )

is discrete memoryless and therefore, if the first message is

decoded correctly, the probability of incorrectly decoding the

second message is bounded as

P(ψ2(Y
n, Un

1 ⊕Wn
1 ,W

n
2 ) 6=M2) ≤ ǫ2. (4)

We can now combine (3) and (4) to bound the average

probability of error ǫ′ = P̃((M̂1, M̂2) 6= (M1,M2)). We write

P

(

{M̂1 6=M1} ∪ {M̂2 6=M2}
)

= P

(

{M̂1 6=M1} ∪ {M̂1 =M1, M̂2 6=M2}
)

≤ P(M̂1 6=M1) + P(M̂1 =M1, M̂2 6=M2)

= P(ψ1(Y
n,Wn

1 ) 6=M1)+

P(ψ1(Y
n,Wn

1 ) =M1, ψ2(Y
n, f1(M1)⊕Wn

1 ,W
n
2 ) 6=M2)

≤ P(ψ1(Y
n,Wn

1 ) 6=M1)

+ P(ψ2(Y
n, Un

1 ⊕Wn
1 ,W

n
2 ) 6=M2) ≤ ǫ1 + ǫ2.

Remark 6. The coding scheme used here corresponds to

the well-known successive cancellation decoding [13, Chap-

ter 4.5.1], where the message of user 1 is decoded first and the

corresponding message estimate is used to decode the message

of user 2. One can also implement the decoding order 2 → 1
to achieve a different rate pair for the same MAC.

IV. CODING FOR TWO-USER BC

In this section, we put together a Gelfand–Pinsker code and

another channel code derived from a Gelfand–Pinsker code,

to build a code for a discrete memoryless broadcast channel

(DM-BC) p(y1, y2 |x), defined as consisting of a finite input

alphabet X , finite output alphabets Y1, Y2, and a collection of

conditional probability mass functions p(y1, y2 |x) on Y1×Y2

for x ∈ X . A (R1, R2, n, ǫ) code (f, ξ1, ξ2) for the channel

p(y1, y2 |x) consists of

• an encoder f : [2nR1 ] × [2nR2 ] → X that maps each

message pair (m1,m2) to a codeword xn = f(m1,m2),
• decoders ξj : Yn

j → [2nRj ] for j = 1, 2, that assign

message estimates m̂1 = ξ1(y
n
1 ) and m̂2 = ξ2(y

n
2 ) to

received sequences yn1 and yn2 , respectively.

The average probability of error of this code is

2−n(R1+R2)
∑

m1,m2

P

(

{ξ1(Y
n
1 ) 6= m1} ∪ {ξ2(Y

n
2 ) 6= m2})

∣

∣

∣

Xn = f(m1,m2)
)

= ǫ.

Now, let us implement the Marton coding scheme for the

broadcast channel using primitive GP codes. Take U1 = U2 =
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0
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2

Wn

WnWn

WnZn

m1

m2

M̂1

M̂2

Y n

1

Y n

2

ψ1

ψ2

Γn

Γn

Γ−1
n

Γ−1
n

Xn

h(·, ·)

Fig. 4. Coding for BC using primitive GP codes.

{0, 1} and fix a mapping h : U1 × U2 → X . We will use

un1 ∈ Un
1 and un2 ∈ Un

2 to carry the messages m1 and m2,
respectively. We will use a (R2, n, ǫ2) channel code (f2, φ2)
for carrying the message m2 and a (R1, n, α, ǫ1, δ) Gelfand–

Pinsker code (g1, ψ1) for carrying the message m1, using the

codeword carrying m2 as the state sequence known to the

encoder, as in Marton coding [13, Chapter 8.3]. Analogous

to Remark 6, we could also have flipped the encoding order

and used a Gelfand–Pinsker code for m2 and a channel code

for m1. In this section, we will finally add a perturbative

noise Zn to the codeword un1 and make use of condition (1).

Zn is generated as follows. Let I0 ⊆ [n] and I1 ⊆ [n]
be the indices of the positions where 0 and 1, respectively,

occur in un1 ⊕ un2 , i.e., I0 = {i ∈ [n] : u1i ⊕ u2i = 0}
and I1 = {i ∈ [n] : u1i ⊕ u2i = 1}. Denote the (sorted)

indices in I0 by j1, j2, . . . , jn(1−α), and the sorted indices in

I1 by l1, . . . , lnα. Let Q be a Binom(n, α) random variable.

If Q = k for nα < k ≤ n, we choose Zn to have 1s at the

positions j1, . . . , jk−nα, and 0s everywhere else. If Q = k
for 0 ≤ k < nα, we choose Zn to have 1s at the positions

l1, . . . , lnα−k, and 0s everywhere else. Finally, if Q = nα,
we take Zn = 0. It can be shown that with this choice of

Zn, |Zn ⊕ un(m, s̃n) ⊕ s̃n| is distributed as Binom(n, α).
The perturbative noise Zn is crucial to introducing correlation

among the codewords carrying the two messages. We will

also add the same dithering sequence Wn ∼ i.i.d. Bern(1/2)
to each of (un1 ⊕ Zn) and un2 and make Wn available to

both decoders as common randomness. We will then apply a

random permutation Γn(·) on the sequences (un1 ⊕Z
n⊕Wn)

and un2 ⊕Wn, similar to Lemma 2, and finally, generate the

transmitted codeword Xn as

Xi = h(Γn(u1i ⊕ Zi ⊕Wi),Γn(u2i ⊕Wi)), i ∈ [n].

The arrangement is put together as shown in Fig. 4. We note

here that the Gelfand–Pinsker code used is for the effective

channel q1(y1, w |u1, u2), obtained by adding a random dither

W ∼ Bern(1/2) to the input U1 and state U2 of the channel

p(y1 |u1, u2) defined using the BC p(y1, y2 |x) and the map

x = h(u1, u2). Similarly, the channel code used is for the

channel q2(y2, w |u2) obtained by adding W to the input U2

of the channel p(y2 |u2).

Lemma 7. For the arrangement shown in Fig. 4,

(Γn(g1(m1, f2(m2))⊕ Zn ⊕Wn),Γn(f2(m2)⊕Wn))

∼ i.i.d. DSBS(α)

for every (m1,m2) ∈ [2nR1 ]× [2nR2 ].

The following result demonstrates that combining the

Gelfand–Pinsker code and the point-to-point channel code as

shown in Fig. 4 yields a (R1, R2, n, ǫ
′) code for the BC

p(y1, y2, w |x), where ǫ′ ≤ ǫ1 + ǫ2 + 2e−2n2δ

.

Proposition 8. For the coding scheme depicted in Fig. 4, the

average probability of error is bounded as

ǫ′ := P((M̂1, M̂2) 6= (M1,M2))

= 2−n(R1+R2)
∑

m1,m2

P

(

{ψ1(Γ
−1
n (Y n

1 ),Wn) 6= m1}∪

{φ2(Γ
−1
n (Y n

2 ),Wn) 6= m2}
∣

∣

∣

Un
1 = g1(m1, f2(m2)), U

n
2 = f2(m2)

)

≤ ǫ1 + ǫ2 + 2e−2n2δ

.

Proof sketch: We first note that similar to Section III, the

channel Un
2 → (Y n

2 ,W
n) obtained by averaging over M1 ∼

Unif([2nR1 ]) and Zn, as well as the channel Un
1 → (Y n

1 ,W
n)

obtained by averaging over Zn, is discrete memoryless. There-

fore, we have

P(ψ1(Γ
−1
n (Y n

1 ),Wn) 6=M1)

=
∑

|zn|≤n1/2+δ

p(zn)P

(

ψ1(Γ
−1
n (Y n

1 ),Wn) 6=M1

∣

∣

∣
Zn = zn

)

+
∑

|zn|>n1/2+δ

p(zn)P

(

ψ1(Γ
−1
n (Y n

1 ),Wn) 6=M1

∣

∣

∣
Zn = zn

)

(a)

≤ ǫ1 P

(

|Zn | ≤ n1/2+δ
)

+ P

(

|Zn | > n1/2+δ
)

≤ ǫ1 + P(|Q− nα| > n · n−1/2+δ)

(b)

≤ ǫ1 + 2e−2n·(n−1/2+δ)2 = ǫ1 + 2e−2n2δ

,

where in (a), we use the error probability bound (1) for the

(R1, n, α, ǫ1, δ) Gelfand–Pinsker code and in (b), we use the

Hoeffding bound [22] P(|Q − nα| > nβ) ≤ 2 exp(−2nβ2)
for Q ∼ Binom(n, α). Similarly, by the memorylessness of

Un
2 → (Y n

2 ,W
n) and the assumed property of the (R2, n, ǫ2)

channel code, we conclude that P(φ2(Γ
−1
n (Y n

2 ),Wn) 6=
M2) ≤ ǫ2. The result is then established by the union bound.
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