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Abstract—In index coding, a server broadcasts multiple
messages to their respective receivers, each with some side infor-
mation that can be utilized to reduce the amount of communica-
tion from the server. Distributed index coding is an extension of
index coding in which the messages are broadcast from multiple
servers, each storing different subsets of the messages. In this
paper, the optimal tradeoff among the message rates and the
server broadcast rates, which is defined formally as the capacity
region, is studied for a general distributed index coding problem.
Inner and outer bounds on the capacity region are established
that have matching sum-rates for all 218 non-isomorphic four-
message problems with equal link capacities for all the links
from servers to receivers. The proposed inner bound is built
on a distributed composite coding scheme that outperforms
the existing schemes by incorporating more flexible decoding
configurations and enhanced fractional rate allocations into two-
stage composite coding, a scheme that was originally introduced
for centralized index coding. The proposed outer bound is built
on the polymatroidal axioms of entropy, as well as functional
dependences such as the fd-separation introduced by the multi-
server nature of the problem. This outer bound utilizes general
groupings of servers with different levels of granularity, which
allows a natural tradeoff between computational complexity and
tightness of the bound, and includes and improves upon all exist-
ing outer bounds for distributed index coding. Specific features of
the proposed inner and outer bounds are demonstrated through
concrete examples with four or five messages.

Index Terms— Network coding, Satellite

broadcasting.

source coding,

I. INTRODUCTION

NDEX coding has been recognized as one of the canonical
problems in network information theory. In its classic set-
ting, the index coding problem studies the broadcast rate of n
messages from a single centralized server to multiple receivers
with side information. In this paper, we study the distributed
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index coding problem, whereby different subsets of the mes-
sages are stored over multiple servers. Such communication
model has clear applications for practical scenarios, in which
the information is geographically distributed and stored across
many locations.

A. Background

Since its introduction by Birk and Kol [3] in 1998, the cen-
tralized index coding problem has intrigued various research
communities and has been extensively investigated from vari-
ous perspectives such as algebraic coding theory, graph theory,
network coding, Shannon theory, and interference alignment.
See, for example, [4]-[17], and the references therein. How-
ever, the index coding problem remains open in general.

Among all linear and nonlinear coding schemes proposed
in the literature for the centralized index coding problem
[18], we focus on the composite coding scheme from [14]
for the following reasons. Many coding schemes in the
literature have been designed to achieve lower bounds on
the symmetric capacity (upper bounds on the broadcast rate)
only. These schemes include clique covering [3], maximum
distance separable (MDS) codes [3], partial clique covering
[3], minrank-based codes [5], [6] and interference-alignment-
based codes [15], [16]. Fractional local partial clique covering
and recursive coding proposed in [10] generalize some of
the aforementioned schemes and allow characterization of
non-symmetric rates (inner bounds on the capacity region).
However, it is shown in [18] that an enhanced version of
composite coding strictly subsumes the inner bound provided
by both fractional local clique covering and recursive coding.'
Furthermore, composite coding can give tight inner bounds on
the capacity region for all centralized index coding problems
with five or fewer messages [14]. In plain terms, composite
coding is a two-stage nonlinear coding scheme based on
random coding. In the first stage of encoding, each nonempty
subset of messages is mapped via random coding to a cor-
responding random codeword, referred to as composite index.
In the second stage, all composite indices are mapped together
to a final codeword, again via random coding. Decoding takes
place in the reverse order of stages. In the second stage of
decoding, each receiver can choose which messages to decode,
which dictates which composite indices are useful in this
stage of decoding. Each such decoding configuration results
in an achievable rate region for the centralized index coding
problem, which is an inner bound on its capacity region.

T Also note that in general, searching the maximum symmetric rate in the
convex hull of (asymmetric) inner bounds on the capacity region can result in
a higher symmetric rate (compared to searching for the maximum symmetric
rate among individual coding schemes).
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Although composite coding is not practical due to random
coding, it achieves a computable achievable rate region that
can be used as a benchmark when designing linear index
codes. Simplification methods for composite coding were
recently proposed in [19] for eliminating unnecessary compos-
ite indices and excluding unnecessary decoding configurations,
leading to reduced computational complexity.

An outer bound on the capacity region of the centralized
index coding problem was presented in [8], [14], which is
based on the polymatroidal (PM) axioms of the entropy func-
tion.> The well-known maximum acyclic induced subgraph
(MAIS) lower bound on achievable broadcast rates, proposed
in [5], is implied by the PM outer bound and can be strictly
looser [14].

The distributed index coding problem was first introduced
in [20], which derived lower and upper bounds on the broad-
cast rate in a special case in which each receiver has a distinct
message as side information. Subsequently, the authors in [21]
considered another interesting special case with two servers
and arbitrary message subsets.

Previous work [2] is the first known work to consider the
most general setting for distributed index coding, where there
is a server for every subset of messages. These servers are
connected to their subsets of messages and communicate the
messages to all receivers via individual noiseless broadcast
channels with fixed capacities. The centralized index coding
problem can be seen as a special case of this model, in which
only one server with all messages and a nonzero broadcast
channel capacity is present. The general distributed index
coding problem shows non-trivial behavior compared to the
centralized version, as first reported in [2]. See also Figure 1
and Example 1 in Section II. Paper [2] is also the first work
to apply composite coding to distributed index coding and
present a basic outer bound on its capacity region, which is
based on the PM axioms of the entropy function and includes
distributed MAIS bound as a special case. Papers [1], [22]
both built on [2] and were independently developed. Two
key differences between [22] and [1] are as follows. The
authors in [22] demonstrated the necessity of cooperative
composite coding among distributed servers for achieving
tighter inner bounds (as opposed to independently splitting
composite index rates across servers as used in [2]). This paper
subsequently formed a basis for [23]. Neither [22] nor [23]
develop new performance bounds and use a simplified version
of the distributed MAIS bound in [2] for benchmarking their
coding scheme. On the other hand, [1] utilizes a more flexible
enhanced fractional allocation of server link capacities over
different decoding configurations compared to [2], [22], [23].
In addition, it nontrivially extended and strictly tightened the
outer bound in [2].

B. Contributions

In this paper, we build upon the accumulated knowledge in
general distributed index coding [1], [2], [22], [23] and provide
further contributions as follows.

2The resulting outer bound on the rate region itself is not polymatroidal.
However, since the bound uses all the polymatroidal axioms for the entropy
function, it is referred to as the PM outer bound.
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Firstly in Section III, we propose a more general distributed
composite coding scheme that strictly subsumes those in [1],
[2], [22], [23], thus establishing a tighter inner bound on
the capacity region of the distributed index coding problem.
Notably, the proposed coding scheme combines our previously
devised enhanced fractional composite coding [1] and the
cooperative composite coding of [22], [23] and adds a new
dimension of decoding flexibility. In our new scheme, each
receiver can choose a different group of servers for decod-
ing, independent of other receivers. Therefore, the decod-
ing configuration has many more possibilities compared
to [11, 2], [221, [23].

The second main contribution is a more general outer bound
on the capacity region of the distributed index coding problem
that strictly subsumes our previous outer bound in [1]. It still
uses the PM axioms of the entropy function. The novelty,
however, is twofold. First, [1] only considered server groups
based on the touch (intersecting) structure of the servers with
messages. In this paper, we incorporate the most flexible use
of server groups to derive the necessary conditions for the
achievable rates. Second, due to the specific touch structure in
server groups, some functional structures of the problem were
not reflected in the formulation of the outer bound in [1].
In this paper, we incorporate conditional independence rela-
tions among messages, as identified according to fd-separation
[24], [25]. We refer to this general bound as the grouping
polymatroidal (PM) outer bound.

For gentler presentation, in Section III-A, we first describe
the basic form of our distributed composite coding scheme
with fixed decoding configuration and provide the achiev-
able rate region and detailed error analysis (Theorem 1).
We present the resulting inner bound in a series of equiv-
alent or simplified forms that can help better understand
the coding scheme and reduce the complexity of computa-
tion (Proposition 1 and Corollaries 1-2). In Section III-B,
we present our general composite coding scheme (Theorem 2
and Corollary 3). We provide detailed numerical examples
and discussions to showcase the use and novelty of our
results.

In Section I'V-B, we first present the general grouping PM
outer bound (Theorem 3). Then in Sections IV-C and IV-D,
we specify a number of construction techniques for group-
ing servers and present the corresponding specialized group-
ing PM outer bounds (Corollaries 4-5 and Proposition 2).
We present the examples for which these simplified server
group constructions can provide tight sum capacity results.
In Section IV-E, we formalize the hierarchy of server group-
ings in terms of tightness and computational complexity of the
outer bound (Corollaries 6-7 and Propositions 3-5).

In Section V, utilizing the inner and outer bounds derived
thus far, we establish the sum-capacity of all 218 four-message
distributed index coding problems with equal link capacities.
Finally, we summarize our insights and present an outlook for
future research directions in Section VI.

For a positive integer n, [n] denotes the set {1,2,...,n}.

For a finite set 4, 24 denotes the set of all subsets of A.
In particular, N = 2["] denotes the set of all subsets of [n].
For a subset A of a ground set, A denotes its complement
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with respect to the ground set. For two sets A and B, A\ B
denotes A N B€.

II. THE SYSTEM MODEL AND THE FORMAL
DEFINITION OF THE PROBLEM

Consider the distributed index coding problem with n
messages, z; € {0,1}",i € [n]. For brevity, when
we say message ¢, we mean message x;. Let X; be the
random variable corresponding to z;. For any K C [n],
we use the shorthand notation xx and Xy to denote
the collection of messages and the collection of mes-
sage random variables, whose index is in K, respectively.
We use the convention x5 = Xy = (. We assume that
Xi,...,X, are uniformly distributed and independent of each
other.

There are 2" — 1 servers, one per each nonempty subset of
the messages. The server indexed by J € N has access to
messages x ;. For brevity, when we say server J, we mean
the server indexed by .J. Server .J is connected to all receivers
via a noiseless broadcast link of finite capacity C'; > 0. Note
that this model allows for all possible servers that contain any
subset of messages to be present in the system. If C; =1 for
J = [n] and is zero otherwise, we recover the centralized
index coding problem. Let y; be the output of server .J,
which is a function of x;, and Y; be the random variable
corresponding to y;. For simplicity of notation, we also
assume that there exists a dummy server indexed by J = (),
which does nothing (Cy = 0 and Yy = (). For a collection
P C N of servers, we use the shorthand notation yp (Y p) to
denote the corresponding collection of outputs (output random
variables) from servers in P. In particular, for P = N, Yy
denotes the collection of output random variables from all the
servers.

There are n receivers, where receiver ¢ € [n] wishes
to obtain z; and knows x4, as side information for some
A; C [n]\ {i}. The set of messages which receiver ¢ does not
know or want is denoted by B; = [n] \ (4; U {i}).

The central question of distributed index coding is to find
the maximum amount of information that can be communi-
cated to the receivers and the optimal coding scheme that
achieves this maximum. To answer this question formally,
we define a (t,r) = ((¢;,7 € [n]), (rs,J € N)) distributed
index code by

e 2" encoders, one for each server J & N, such that
¢+ [1;es10,1}% — {0,1}" maps the messages x;
in server J to an r;-bit sequence ys, and

e n decoders, one for each receiver ¢ € [n], such that v; :
[T/en{0,1}7 X TTea, {0, 1} — {0,1}" maps the
sequences y and the side information x4, to ;.

We say that a rate—capacity tuple (R,C) = ((R;,i €
[n]), (Cy,J € N))is achievable if for every € > 0, there exists
a (t,r) code and a common normalization positive integer r
such that the message rates %, i € [n] and broadcast rates TT'],
J € N satisfy

t

Rzg?’b; Ze[n]; CJZ?v JeN; (1)
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and the probability of error satisfies

P{(X1,...

LX) £ (X,

For a given link capacity tuple C, the capacity region
% = %€ (C) of this index coding problem is the closure of the
set of all rate tuples R such that (R, C) is achievable. Unlike
the centralized case in which the capacity region is equal to
the zero-error capacity region [26], it is not known whether
these two capacity regions are equal for the distributed index
coding problem.

We will compactly represent a distributed index coding
instance by a sequence (i|j € A;), i € [n]. For exam-
ple, for A1 = 0, Ay = {3}, and A3 = {2}, we write
(1]-), (2]3), (3]2). The list of main symbols introduced so
far and to be introduced later in the paper is summarized
in Table L.

Example 1: Figures 1(a) and 1(b) respectively show the
system models for the centralized index coding problem and
the distributed index coding problem with n = 3 messages.
Recall that the server indexed by J € N contains messages
xj = (xj,j € J). The multi-server nature of the distributed
index coding problem can lead to fundamentally different
properties compared with the centralized index coding prob-
lem. For example, consider the centralized and distributed
index coding problems, both with the same receiver side
information (1|3), (2]3), (3|2). For the centralized problem,
the capacity region remains unchanged if the side information
at receiver 1 is removed [27], i.e., if A; becomes (). However,
in its distributed counterpart, as long as the broadcast channel
capacities from the servers J; = {1,2} and J, = {1,3}
are positive, removing the side information at receiver 1 does
result in a strictly smaller capacity region [2].

, X)) <e. (2)

III. COMPOSITE CODING FOR THE DISTRIBUTED
INDEX CODING PROBLEM

A. Composite Coding for a Fixed Decoding Configuration

Let r > 0, t; = [rR;], ¢ € [n], where t; is the length and
R; is the rate of message 7, respectively. Composite coding
scheme is a two-stage nonlinear coding scheme based on
random coding. In the first stage of encoding, each nonempty
subset of messages K C [n] is mapped via random coding to
a corresponding random codeword, referred to as composite
index, denoted by wx € {0,1}°%, with rate Sk and length
sk = [rSk]. We set sy = Sy = 0 by convention. In the sec-
ond stage, composite indices K C .J that are available at server
J are mapped together to a codeword y; € {0,1}"/, again via
random coding, where r; = [rC; ], J € N.

Decoding takes place in the reverse order of stages. For
each receiver ¢ € [n], fix a set P, C N called the decoding
server group and a set D; C [n] \ A; called the decoding
message set such that ¢ € D;. The tuples P = (P;,¢ € [n]) and
D = (D;,i € [n]) are collectively referred to as the decoding
configuration. In this subsection, we provide an achievable
rate region for composite coding for a fixed (P,D). Note
that J ;¢ p, J is the set of message indices that is collectively
available to servers in P;. Thus, receiver ¢ can effectively
recover messages whose indices are in A; = (U ¢cp J) N D;.

Authorized licensed use limited to: Young-Han Kim. Downloaded on July 18,2020 at 06:16:42 UTC from IEEE Xplore. Restrictions apply.



4656

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 66, NO. 8, AUGUST 2020

TABLE I
LIST OF SYMBOLS

Symbol Meaning
n>1 Number of messages (and receivers) in the system
[n] =4{1,2,--- ,n} Index set of messages (and receivers)
i, 75, k, General-purpose running indices
x; € {0,1}% Binary message ¢ of length t;
R; Rate of message ¢
X; Random variable corresponding to message x;
T, X; Decoded message or decoded message random variable ¢
A; Cn]\ {i} Index of side information for receiver %

Bi = [n] \ (A U{i})

Index of interfering messages that receiver ¢ neither wants nor has

D; C [n]\ Ai,i € D;

Index of messages receiver ¢ wishes to decode

L,L',K,K' C [n]

Subset of message indices

XK, XK Collection of messages (message random variables) indexed by K
wie (Xx) Composite message that is randomly generated from messages X i
KAXK Shorthand: wg, composite index K
Sk Rate of composite index K
N =2l The set of all possible message subsets
JeN Server J that contains messages Xy
C;>0 Link capacity of server J
ys = {0,1}"7 Output of server J of length r;
Ys Random variable corresponding to vy s
PQCN Arbitrary collection of servers
yp, Yp Collection of outputs (output random variables) for servers in P
T CN Group of servers that contain at least one message from message set indexed by K;
K C JeTg & JNK#0
m Number of server groups in a grouping

[m] ={1,2,--- ,m}, [ ={1,2,--- , £}

Index set of server groups

P={P1,Ps,---,Pn}

A valid server grouping of m server groups

Pg =Ujeq Pi; G Cm]

Collection of servers in the server groups identified by G

MCN

A collection of composite indices (corresponding to all wg : K € M)

D.(P) = U, cp{K : K CJ}

The subset completion of P. For a group of servers P C N, I, (P) signifies the set of all
composite indices that the servers in P can collectively access.

(M) =Upen{/ €N: K CJ}

The superset completion of M with respect to the ground set IN. For a collection of
composite indices M, I'* (M) signifies the set of servers P C N that can access at least

one composite index in M.

f(G,K), G C [m], K C [n], for a valid server
grouping P = {Py, P2, , Pm}

A general double set function that is used for establishing outer bounds on the capacity

region of the distributed index coding problem.

9(K), K C [n]

A single set function that is used for establishing a simplified outer bound on the capacity

region of the distributed index coding problem.

For notational brevity, the dependence of A; on (P,D) is
implicit.

Forany P C N, T.(P) = ep{K : K CJ} = U ep2’
is the subset completion of P. Similarly, for any M C N,
“(M) = UgentJ € N @ K C J} is the superset
completion of M (with respect to N). One can think of ', (P)
as the set of all composite indices that the servers in P can
collectively access. One can think of I'*(M) as the set of
all servers that have access to at least one composite index
in M.

Theorem 1: A rate-capacity tuple (R, C) is achievable for
the distributed index coding problem (i|4;), i € [n], under a
given decoding configuration (P, D) if R; = 0 for all ¢ € [n]

such that i ¢ A; and?

S Rj< > Sk, VLCA, 3)
jEL KgAi,UAi,
KeT.(F;),
KNL#)
doSk< > Cy VM CTW(P)\2%, )
KeM JET*(M) N P

for some Sk > 0, K C [n], for all other i € [n] such that
IESWAVE

3As a degenerate case, if ¢ ¢ A;, then this “poor” choice of P; will simply
result in R; = 0. This is reflected in the conditions of Theorems 1 and 2.
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(l'ui € A])

Receiver 1 1

I

(i, € Ag)

Y{1,23} N
Server {1,2,3 — 29

Receiver 2

I

(23,0 € A3)
i

(w1 € Ay)

(b)
Fig. 1.  Centralized and distributed index coding problems with n = 3
messages.
One can use Fourier—Motzkin elimination (FME)

[28, Appendix D] to express the achievable rate—capacity
region in Theorem 1 without the intermediate variables S,
K C [n]. A linear program (LP) can also find a (weighted)
achievable sum-rate of composite coding, which typically
has a lower computational complexity. Before outlining the
coding scheme corresponding to Theorem 1, we showcase its
use via the following example.

Example 2: Consider the distributed index coding prob-
lem (1]-),(2|3),(3|2) with n = 3 messages and non-
negative, but otherwise arbitrary link capacities C; >
0,J € N\ {0} and Cy = 0. Note that the set
N = {(Z)a {1}7 {2}a {17 2}; {3}7 {17 3}7 {27 3}7 {17 2, 3}} is sub-
set complete and hence, I',.(N) = N.

We fix P = {{1}}, P» = {{2},{1,2},{2,3}}, and
P; = {{3},{1,3},{1,2,3}}. We fix D; = {1}, Dy =
{1,2}, and D3 = {1,3}. Hence, D; U Ay = {1}, and
D; U A, = {1,2,3}, 1 = 2,3. Note that A; = D,
i € [n]. Note also that I',(Py) = {0,{1}}, I'.(P) =
{0,{1},{2},{1,2},{3},{2,3}} and ['.(P3) = N. Inequality
(3) (including active and inactive inequalities) gives (5), shown
at the bottom of the next page. Inequality (4) (excluding
inactive inequalities) yields (6), shown at the bottom of
the next page.

We apply FME to eliminate all present Sk and find that the
achievable rate-capacity tuple (R, C) satisfies

Ry < min{C{l}, C{LQ}, 0{1,3} + C'{1,2,3}}7
R+ Ry < C{Q} + 0{172} + C{2,3}a
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Ry + R3 < Czy + Cpi 3y + Cri2,3)-

Note that we are not claiming that the choice of (P,D)
is optimal for this toy example. The chosen D is indeed
optimal, but for a more compact exposition, we chose different
and smaller suboptimal sets P; C N, instead of the optimal
P,=N,ie€ [n]

Proof: [Outline of Coding Scheme for Theorem 1]
Codebook generation. Step 1. For each K C [n] and each
value of xk, generate a composite index wy (xx) drawn
independently and uniformly at random from [2°K]. That is,
wg is a random mapping as

i [ 2]~ 2.
JEK
For brevity, when we say composite index K, or wx, we mean
composite index wg (xg ). Step 2. For each J € N and each
value of composite index tuple (wx,K € 27), generate
a codeword y;((wx, K € 27)) drawn independently and
uniformly at random from [2"/]. That is, y; is a random
mapping as
yoo I 2] = 2.
Ke 27
The codebook {(wx(xk),K < [n]),(ys((wx,K €
27)),J € N)} is revealed to all corresponding parties.*->

Encoding. To communicate messages X[,], each server
J € N computes wi (xx) for each K € 27 and transmits
yJ((wK7 K e ZJ))'

Decoding. Step 1. For i € [n] such that i € A, receiver ¢
finds the unique composite index tuple (Wx, K € I'y(F;))
such that y; = y;((ik, K € 27)) for every J € P;. If there
is more than one such tuple, it declares an error. Step 2.
Assuming that (g, K € T'.(P;)) is correct, receiver ¢ finds
the unique message tuple Xa, such that Wy = wg (X ) for
every K € I',(P;) with K C A; U A;. If there is more than
one such tuple, it declares an error.

The inequalities in (3) signify the second-step decoding
constraints for the messages in A; to be recovered with
vanishingly small probability of error from all composite
indices K in I, (P;), with the help of side information A;. The
inequalities in (4) signify the first-step decoding constraints
for the composite indices that the servers in P; have access to
(except those that can be generated from side information) to
be recovered with vanishingly small probability of error from
the outputs y; from the servers J in P;. The details of error
analysis of Theorem 1 is provided in Appendix A. [ ]

To help with understanding of Theorem 1, we also present
the error analysis for a specific example as follows.

It is worth contrasting single-layer flat coding of messages into random
codewords versus two-layer composite coding of messages into random
composite indices and then composite indices into random codewords. In other
words, composite coding can be viewed as random construction of an approx-
imate MDS code for composite indices, rather than messages themselves. This
adds flexibility in decoding conditions and can enhance the achievable rate
region. Please also see [14], [18].

SOne of the servers must act as a representative or a central processing
unit to generate the codebook and reveal the codebook to all corresponding
servers and all users. This is because the random mapping of x ¢ to composite
index wp should be identical among all servers that can generate w . For
composite index K, the corresponding servers are indexed by the superset of
K with respect to the set of all servers N, I'* (K).
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Example 3: Let us revisit Example 2 and consider decod-
ing for receiver 2 with P, = {{2},{1,2},{2,3}},
Ay = Dy ={1,2}.

In the first step of decoding, receiver 2 tries to decode
composite indices wg, K € TI',(P;) from the received
codewords ys,J € P, and its side information x4,. The
decoding error probability P. is the probability that there
exists some composite index tuple (wg,K € T (P)) =
(W1}, Wyiay, Wy1,2y, Wy3y, Wie,3y) other than the correct (actu-
ally transmitted) tuple (wy1y, wyay, wy1,2}, W3}, W{2,3}) such
that they are mapped to the same codeword y; for every
J € P, = {{2},{1,2},{2,3}}. To utilize the union bound
for upper bounding P,, we partition the error event according
to the erroneous composite index set M C T',(P) \ 242 =
{{1},{2},{1,2},{2,3}}. That is, wx # wg iff K € M.
Note that 242 is always excluded from M for the reason that
wy3y can be generated by receiver 2 from x4, = X33 and
thus will never be erroneous. Therefore, by the union bound,

we have P, < ZMQ{{1}7{2}7{172}7{273}} PeM, where

PM = >

(Wg1y,W 2y, Wi1,2}, W3}, D{2,3})):
W #wi ,KeM,
ﬁ;K:wK,K¢]W

P N
Je{{2},{1,2},{2,3}},
Jer*(M)

{ys =y, K €27)}

To ensure vanishingly small decoding error probability
P., each PM has to be vanishingly small. In particu-
lar, we present detailed analysis for PM with M
M, = {{1},{1,2},{2,3}} as specified in Example

while other PM can be analyzed similarly. Since P»

F*(M) = {{2}a {17 2}; {27 3}} n F*({{l}, {]_, 2}7 {2, 3}})
{{1,2},{2,3}}, we have

D>
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P (N {w=wslix K €2’)}
Je{{1,2},{2,3}}
25{1y — 1) . (25412 — 1) . (2523 — 1
_ ) ) ) -

2T{1,2} . 27{2,3}
< 25(1} L 98{1.2} . 25{2,3} . 97 T{1,2} . 97 {2,3}

< 9rSy TS 1,0y F 14782 53 +1— (101,23 = 1) = (rCp2 51 —1)

— 95. 27"(5{1}-1‘5{1,2}4‘5{2,3}—0{1,2}—0{2,3})7 ®)
where (7) holds since there are (2%} — 1)
2%y — 1) (2423t — 1) erroneous tuples

(’L@{l},w{g},w{lyg},’LU{3},UA}{2’3}) where wWg 75 wr, K €
My, and for each erroneous composite index tuple, it is
mapped to the same codeword y; as the correct tuple for
all J € {{1,2},{2,3}} with probability 1/(27(1.2} . 27(2.:3})
due to the uniform random codebook generation. According
to (8), PM+ tends to 0 as r — oo, provided that

S{l} + 5{172} + 5{273} < C{LQ} + C{273}.

Note that the above constraint has appeared in the system of
inequalities given by (4) in Example 2. Other inequalities given
by (4) with ¢ = 2 in Example 2 are required to ensure vanish-
ingly small PM for other M C {{1},{2},{1,2},{2,3}}. All
these inequalities are to be satisfied to ensure a vanishingly
small first-step decoding error probability P, for receiver 2.
The error analysis for the second step of decoding can
be done in a similar way. Assume that all the compos-
ite indices wg, K € I'.(P2) have been correctly decoded.
In the second step of decoding, receiver 2 tries to decode
messages Xa, = X2} from the decoded composite indices
g, K € T.(P) and its side information x4, = X{3}.
The decoding error probability P, is the probability that
there exists some message tuple (21,29, x3) other than the
correct tuple (x1,x2,x3) such that they are mapped to the
same composite index wy for every K € 282Y42 N

Pejw4 = Z Lu(P2) = 2{123} n {{1}7{2}a{1.7.2}5{3}a{2a3}} =
(1302} D127 W (3} D25} )" {{1},{2},{1,2},{3},{2,3}}. We partition this error event
brAwr, Ke{{1},{1,2},{2,3}} according to the erroneous message set L C Ap = {1,2}.

R1<S{1}, izl,L:Al,

Ry < Sy + Sq12ys i=2,L={1} C Ao,

Ry < S{Q} + 5{172} + 5{273}, 1=2,L= {2} C Ao,

Ry + Ry < Sp1y + Sp2y + Sq1,2) + Si2.3), 1=2,L = Ay, (5)
Ry < Sg1y + Sqi2y + Squ3y +50,2,3) i=3,L={1} C As,

R3 < Sz + Sq1,3) + Sp2,3) +501,2,3) i=3,L={3} C As,

Ri1+ Rs < S{l} + 5{172} + S{g} + 5{173} + 5{273} + 5{17273}, 1=3,L= As.

S{l} <C’{1}7 i:1,M1ZF*(Pl),F*(Ml)ﬂplzpl,

Spy + 50,2 <Oy, i =2, My = {{1},{1,2}},I"(M2) N P = {{1,2}},

S2,31 < Crazy, i=2,Ms={{2,3}},I"(Ms) N P, = {{2,3}},

S{l} +S{172} +S{273} < C{LQ} +C{273}, 1=2,My = {{1},{1,2},{2,3}}, ©)

Sty + 5723 + 5112y + Sp28) < Cpay + Cpugy + Crasy,
St1,2y + 52,3y + 571,23y < Ci2,3)5

Sty + 80,2y + 50,3 + 52,3 + Sp1.2.3) < Crizy + Chi,a),

> rems Sk < Cpzy + Crigy + Claia sy,

it =2,Ms = {{1}a {2}7 {]-a 2}7 {273}}7
i=3,Ms ={{1,2},{2,3} {1,2,3}},
i = 3. 0My = {{1},{1,2}, {1,3},{2.3} {1,2,3}},
i =3, My = T.(Py) \ {{2}}.T*(Ms) N Ps — P
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That is, ; # x; iff j € L. Therefore, by the union bound,
we have P. <37 () 5y P, where

Pl = {x = wk (xK)}

> Py

(&1,22): Ke{{1}.,{2},
&#a;,j€L, {1,2},{3},{2,3}},
Zj=x;,j¢L KNL#D

To ensure vanishingly small P,, each P has to be vanishingly
small. In particular, we present detailed analysis for PL with

L = Ay = {1,2}, while other P can be analyzed similarly.
We have

PeL = Z P ﬂ {’LZ}K = wK()A(K)}
(21,22): Ke{{1}.{2},
217w, T2FT2 {1,2},{2,3}}
__ereneeoy 0
T 95{1} . 95(2} . 25{1.,2} . 25{2,3} ®
< 2t 9t2 L 9TS{1} L 9TS(2} L 978(1,2} . 27 5(2,3}
< 27"R1+1+T‘R2+1_TS{1}_TS{2}_T'S{112}_7"S{213}
=92 . 9r(FatR2 =Sy =812 = S(1,2) = S(2.3)) | (10)

where (9) holds since there are (2°* —1)- (2% — 1) erroneous
message tuples, and for each erroneous tuple, it is mapped
to the same composite index wyg as the correct tuple for
all K e {{1},{2},{1,2},{2,3}} with probability 1/(2°(1} -
2%(2) . 2%(1.2} . 25(2:3}) due to the uniform random codebook
generation. According to (10), PeL tends to 0 as r — oo,
provided that

R+ Ry < 5{1} + 5{2} + 5{1,2} + 5{2,3}-

Note that the above constraint appears in the system of
inequalities given by (3) in Example 2. Other inequalities
given by (3) with ¢ = 2 in Example 2 are required to
ensure vanishingly small PZ for other L C {1,2}. All these
inequalities are to be satisfied to have a vanishingly small
second-step decoding error probability P, for receiver 2.

The rate region in Theorem 1 can be represented equiva-
lently as follows.

Proposition 1: A rate-capacity tuple (R, C) is achievable
for the distributed index coding problem (i|A;), ¢ € [n], under
a given decoding configuration (P, D) if R; = 0 for all i € [n]
such that ¢ ¢ A;. And for ¢ € [n] such that i € A;, (3) holds

and
Z SK < ZCJ,

KET.(Q)\I. (P\Q)\24i 7eQ

Here, the summand on the LHS of (11) signifies the set of
composite indices that can be accessed only by the servers
in @ (and not by the servers in P; \ @), and that are not
generated freely from the side information A;. A formal proof
of Proposition 1 is provided in Appendix B.

Remark 1: In previous work [1], [2], composite index rates
had been split across servers, where server-specific rates, Sg . 7,
K C J, were limited by the corresponding server capacity,
C;. However, as demonstrated by [22], [23] such rate splitting

vQ c B. (1D
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can be suboptimal, and cooperative composite coding (CCC)
can generally achieve tighter inner bounds on the capacity
region of distributed index coding problems, where the same
subset of messages are mapped to the same composite index
at different servers. Subsequently, composite indices wx and
their corresponding rates Sy are not server-specific. In the
current work, we have adopted cooperative compression of
composite indices as baseline.

Remark 2: Compared to all previous work [1], [2], [22],
[23], we have introduced user-specific decoding server groups,
P, C N, i € [n]. Compared to [22], [23] we use a more
flexible enhanced fractional allocation of link capacities over
decoding configurations (see Section III-B), which was also
reported in earlier work [1]. See Remarks 3 and 5, as well as
Examples 6 and 8 for more details on how these improvements
can lead to generally tighter inner bounds on the capacity
region.

Remark 3: If C'; = 0 for some J € N, we can limit our
attention to the set of active servers J with positive capacity,
denoted by Ny = {J € N : C; > 0}. Our results in
Theorem 1 and Proposition 1 can easily incorporate the set
of active servers N4, which can reduce the computational
complexity of characterizing the rate region. Example 17 in
Appendix C illustrates how the rate region is easily specialized
when active servers N4 is a strict subset of N. Example 17
also shows an instance of equivalence of Proposition 1 and
Theorem 1. Note that the results in [22], [23] are presented
based on the set of active servers N 4.

We now present a few simplifications of Theorem 1. First,
setting P, = N, i € [n] yields the following.

Corollary 1: A rate-capacity tuple (R, C) is achievable for
the distributed index coding problem (i|A;), ¢ € [n], under
given decoding message sets D if

> Ri< > Sk, VLCD;ien], (12)
jEL KCD,;UA;,
KNL#)D
and
Y Sk< > €y YMCN\2%ien]. (13)
KeM JET* (M)

The simplification in Corollary 1 can still result in a tight
sum-rate.

Example 4: Consider the distributed index coding prob-
lem (1|—),(2[4),(3]4), (4|3) with equal unit link capacities
Cy =1forall J € N\{0}. Choose P, = N, i € [n]. Choose
Dy = {1} and D; = [n] \ A; for i = 2,3,4. Maximizing
the sum-rate under the constraints (12) and (13) results in
Ri1 4+ Re + Rs + R4 < 21, which is the sum-capacity of
this index coding problem under equal link capacities; see
Example 12 for the matching upper bound.

We now further simplify Corollary 1 by choosing the com-
posite rates explicitly (and potentially suboptimally) as Sk =
Ck, K € N, which essentially prevents cooperation among
the servers and forces server .J to transmit the composite index
wy by a one-to-one mapping yj(wy(x7)).

Corollary 2: A rate-capacity tuple (R, C) is achievable for
the distributed index coding problem (i|A;), ¢ € [n], under
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given decoding message sets D if

S Ri< Y €y, VLCDiien. (14
JjerL JCD;UA;,
JNLAQ

With no need for Fourier—Motzkin elimination of the compos-
ite index rates, the rate region in Corollary 2 can be easily
evaluated.

Example 5: Consider the distributed index coding problem
(1]4), (2]4), (3]2), (4|3) with equal unit link capacities Cy = 1
forall J € N\{0}. Choose D; = [n]\ A;, i € [n]. Corollary 2
then simplifies to the set of inequalities R, < 8, i € [n],
Ri—l—Rj < 12,1 75] S [’I’L], Ri+Rs+R3 <14, Ri+Roy+ Ry <
14, and R; + R3 + R4 < 14. For this problem, Theorem 1
(with no pre-specified restriction on Sgk) yields the same rate
region under equal link capacities.

B. Enhanced Fractional Composite Coding

The main idea behind enhanced fractional composite coding
is to allow message rates R;, ¢ € [n], and composite index rates
Sk, K C [n], to be a function of the decoding configuration
(P, D) at the receivers. More formally, let P; = 2V \ {()} be
the set of all possible nonempty decoding server groups and
D, ={D; C [n]\ A; : @ € D;} be the set of all possible
decoding message sets at receiver ;. Whenever we refer to a
decoding configuration (P, D), we refer to a decoding server
group tuple P = (P;,i € [n]) € [, P; and a decoding
message set tuple D = (D;,i € [n]) € []}; D;. Recall that
A; = (Ujsep, J) N D;, for each i € [n] and (P, D).

Let » € N. Let for each (P,D) and i € [n], t;(P,D) =
[rR;(P,D)], where R;(P,D) is the rate of message i com-
municated via decoding configuration (P, D). Let z;(P,D) €
[2¢:(P-D)] be the part of message i communicated via decoding
configuration (P,D). Denote sx(P,D) = [rSk(P,D)],
K C [n], where Sk (P, D) is the rate of composite index K
and configuration (P, D). Denote r;(P) = [rC;(P)], where
Cy(P) is the fractional capacity of server J for decoding
server group P. By convention, sp(P,D) = Sy(P,D) = 0
for each (P, D).

Theorem 2: A rate-capacity tuple (R, C) is achievable for
the distributed index coding problem (i|A;), i € [n], if

R =Y Ri(P,D), icln, (15)
P,.D

C;=Y_Cy(P), JEN, (16)
P

for some R;(P,D), C;(P), and Sk (P,D) > 0 that satisfy

> R;P,D)< >  Skg(P,D), VLCA; (7
JjeL KCA;UA;,
KEr. (P,
KNL#)D
and
YD sk®D)< > CuP),
D KeM JET*(M) N P;
VM CT.(P)\ 24,  (18)
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for i € [n] such that i € A; and for J € N such that J €
Uie[n) Pi- Otherwise, set R;(P,D) = 0 for i € [n] such that
i ¢ A;andset Cy(P) = 0for J € N suchthat J & ;) Pi-

We now outline the coding scheme corresponding to the
achievable rate region of Theorem 2. The details of error
analysis is omitted for brevity and follows similar steps as
in the proof of Theorem 1.

Codebook generation: Step I. For each K C [n], (P, D),
and each value of x (P, D), a corresponding composite index
wg,p,p(xXx(P,D)) is drawn independently and uniformly at
random from [25%(P-D)]. That is,

WK,P,D : H [2%3(P-P)] — [2ox(P.D)],
JEK
Step 2. For each server J € N, decoding server group
tuple P € [\, P:, and each value of composite index
tuple (wg.p,p,(K,D) € 2/ x [, D;), a fractional server
index ysp((wkpp,(K,D) € 27 x [, D;)) is drawn
independently and uniformly at random from [277(P)]. That

is,
Yip i H H

Ke 27 De[][}, D;

[QSK(P,D)] _ [27“,](13)].

For each J € N, the final codeword y; is the deter-
ministic concatenation of the fractional server index tuples,
(ysp, P €], P;). The random codebook

{(wrpp(xx(P.D)),K C[n],P e [[Pi.De[][D),

(yJ7p((wK7p7D,(K, D) S 27 % H 'Di)),J e N,Pe H 7)1)}
i=1 i=1
is revealed to all corresponding parties. See Footnote 5.

Encoding: To communicate messages X[n]> each server
J € N computes wg pp(xx(P,D)) for each K € 27
and (P,D), as well as y;p((wxpp,(K,D) € 27 x
[I_, D;)) for each P and then transmits the codeword
ys = (ysp, P e[, Pi).

Decoding: Step 1. For each i € [n] and each P, receiver 4
finds the unique tuple (g pp, (K,D) € I'\(P) x [, D;)
such thaty;p = ysp((Wk,pp, (K,D) € 2/x[]" | D;)) for
every J € P;. If there is more than one such tuple, it declares
an error. Step 2. Assuming Step 1 is correctly executed and for
each i € [n] and each (P, D) such that i € A, receiver ¢ finds
the unique message tuple Xa,(P,D) such that Wwxpp =
wg,p.p(Xg(P,D)) forevery K € I',(P;) with K C A;UA,;.
If there is more than one such tuple, it declares an error.

A few remarks are in order.

Remark 4: Computing the rate region in Theorem 2 over all
decoding configurations (P, D) is quite expensive, but a few
simplifications are possible. First, as mentioned earlier, if i ¢
A; = DiN(Uyep, J), then the corresponding R;(P, D) = 0.
Also if J & Ujc(n) P;, then C;(P) = 0. Second, as mentioned
in Remark 3, we can focus on active servers and consider P; C
Ny ={J € N :Cj > 0}. Third, it suffices to consider subset
complete decoding server groups, such that P; = I',(P;). This
is because, all subsets of indices that can be generated by the
servers in P; (except those that are already known) appear
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in the LHS of (18). That is, composite indices K in M C
I.(P;) \ 24 appear on the LHS of (18). However, in the
RHS of (18), the contributing server capacities are “cut" by
P;. Therefore, the region becomes no smaller if we use subset
completion of P;, I',(F;), instead of P;.

Remark 5: A less general version of the fractional coding
over different decoding configurations was proposed in the
cooperative composite coding (CCC) scheme [23]. In our
notation, CCC uses the same decoding server group P; = P C
N for all the receivers and for a fixed decoding message set
tuple D, the corresponding achievable rate region Zccc(D)
can be written as

R =) Ri(P), i€ln] (19)
P
C;=Y_Cy(P), JEN, (20)
P
for some R;(P), Sk (P), and C;(P) such that
SRi(P)< > Sk(P), VLCA, @1
jeL KCA;UA;,
KeT'.(P),
KNL#)
Y Sk(Py< > Cy(P), VM CTL.(P)\2%,
KeM Jer=(M)n P

(22)

for ¢ € [n] such that i € A; and for J € N such that J € P.
Otherwise, set R;(P) = 0 for ¢ € [n] such that i ¢ A; and
set Cy(P) = 0 for J € N such that J ¢ P. Here A; =
(Ujep J) N Dy, for each i € [n] and (P, D). By taking time
sharing over different Zccc (D) regions, the convex hull of
Up Zccc(D) is then achievable. The fractional composite
coding scheme in Theorem 2 is more general in two aspects.
First, as mentioned above, our coding scheme allows more
degrees of freedom in choosing the decoding server groups
P; C N that are receiver-dependent.® Second, more subtly, our
coding scheme requires the fractional link capacity constraints
to be satisfied on average over D (cf. (18)), whereas CCC
in [23] requires the link capacity constraints to be satisfied
for each D (cf. (22)). As illustrated by Examples 6 and 8§,
respectively, flexibility in choosing different decoding server
groups or averaging fractional link capacities over different
decoding configurations can strictly increase the achievable
rates.

Example 6: Consider the distributed index coding problem
(112,5), (2]3,4), (3]-), (4]2,5), (5]1,2,4) with C; = 1 for
J = J1 = {1,2,3} and J = JQ = {1,4}, CJ = 2 for
J =Js=1{1,3,4,5},and C; = 0 otherwise. Hence, the set of
active servers is Na = {Jy, Jo2, J3}. We use a single decoding
message set tuple D with Dy = {2}, D3 = {3}, and D; =
[n]\ A; for i = 1,4, 5. The sum-rate achievable by CCC, which
is computed using (19)-(22) in Remark 5 across all 7 decoding
server group tuples P, P, = P C N4, i € [n], satisfies
Ry + Ry + Rs + R4 + Rs < 6. The sum-rate achievable by
Theorem 2, which is computed with variable P; as a function
of i € [n] using the following 7 randomly found decoding

OThis is also an improvement over our preliminary work [1].
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server group tuples, satisfies Ry + Ro + Rs + Ry + Rs < 7.
Therefore, there can be a benefit in allowing P; to vary
across %.

In Py, we set P, = {J1, 2}, P» = {J3}, Ps = {Ja},
P4 = {JQ, Jg}, and P5 = NA.

In Py, we set P, = P, = Py = {Jl,JQ}, P; = {JQ}, and
Ps = {J, J3}.

In P3, we set P, = {JQ,J3}, P, = P5 = {Jg}, P; =
{Jl, JQ}, and P4 = {JQ}

In Py, we set P, = {Jl,Jg}, P, = {Jl,JQ}, P; = {Jg},
P4 = {Jg}, and P5 = {Jl}

In P55, we set P, = {JQ,Jg}, Py = Ny, P = {JQ},
P4 = {Jl, Jg}, and P5 = {JQ}

In Pg, we set P, = {Jg}, P, = {Jl,JQ}, P; = {JQ,Jg},
P4 = {J1, Jg}, and P5 = NA.

In P;, we set P, = {Jl,Jg}, P, = {JQ}, Py = Py =
{Jl, Jg}, and P5 = NA.

We note that even with slight variations in the above
7 decoding server group tuples, one can still obtain R; +
Ry + Rs + Ry + Rs < 7. For example, if we keep P to
P7 unchanged and in Py we set P = {Js}, P» = Ny,
P; = {Jl}, P, = {JQ, Jg}, and P; = {Jl, JQ}, we still obtain
the same sum-rate. Applying Corollary 4 (see Section IV for
details) with the touch grouping Py = {T2,5y "N, (1,343 N
Na} will also give a matching outer bound on the sum-
capacity, thus establishing the sum-capacity to be 7.

Example 7: In Example 6, we can compute the whole
capacity region using FME. In our programs, there were
181 variables to eliminate, which was completed in a few
minutes on an Apple iMac 4GHz Intel Core i7 with 16 GB
memory and using Matlab® R2017b and the FME soft-
ware [29]. The achievable rate region is

Ry < 1,
Ri1+ Ro + Rg < 4,
R+ R34+ R4 < 4,

Ry < 3, Rs < 2,
Ri1+ Rs+ Ry < 4,
Ro 4+ Rs + R5 < 3.

Comparison of this region with that obtained using Corollary 6
(see Section IV for details) shows the region is tight, thus
establishing the capacity region for this problem.

Example 8: Consider the distributed index coding prob-
lem (1]4),(2]1,3,4),(3]1,2,4), (4]1,3),(5|3) with C; =1
for J = {1,2,5},{1,2,3,5}, and {2,4,5}, and C; = 0
otherwise. The sum-rate achievable by CCC in Remark 5,
after taking the convex hull over all possible decoding servers
P C Na={{1,2,5},{1,2,3,5},{2,4,5}} (7 possibilities)
and D € [[\_, D; (1024 possibilities according to D; C
[’I’L] \ A;,i € D;) satisfies Ry + Ry + R3 + Ry + Rs < 4.
In contrast, if we set R;(P,D), C;(P,D), and Sk (P,D),
to zero in Theorem 2 except one decoding server group tuple
P with P, = Ny, i € [n] and two decoding message set
tuples D with D; = {1}, Ds = {5}, and D; = [n] \ A;
for i = 2,3,4, and D’ with D; = {1,2}, D5 = {5}, and
D; = [n]\ A; for i = 2,3,4, then the sum-rate satisfies
Ri1 + Ry + R3s + R4 + Rs < 5, which is strictly larger than
that of CCC. Applying Corollary 4 (see Section IV for details)
with the touch grouping Py = {Ty13y N Na, T(2.453 " Na}
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will also give a matching outer bound on the sum-capacity,
thus establishing the sum-capacity to be 5.

Just like Theorem 1, Proposition 1 and Corollaries 1 and 2
can be extended by fractional allocation of rates over decoding
configurations. In the following, we present the extension
of Corollary 2 as an illustration. Fix a single decoding
server group tuple P with P, = N for all i« € [n]. Let
Sk(P,D) = Sk(D) = Cg(D), K € N, where Ck (D) is
to be determined. This essentially prevents cooperation among
the servers and turns the coding scheme to

wyD : H[Qtj(D)] N [20,](D)]7
jeJ

JEN,

where the final codeword ¥ ; is the deterministic concatenation
of composite index tuples, (w;p,D € [[;_, D;).

Corollary 3: A rate-capacity tuple (R, C) is achievable for
the distributed index coding problem (i|4;), ¢ € [n], if

Ri=) Ri(D), i€n] (23)
D

C;=Y CyD), JEN, (24)
D

for some R;(D) and C;(D) such that
Y RiD)< Y CyD),

JjeL JCD;UA;,
JNLAQ

for every D € [[}"_, D;.

VL C D;,i€[n], (25)

IV. OUTER BOUNDS ON THE CAPACITY REGION
A. Preliminaries

We start by introducing two definitions that will play crucial
roles in the general outer bound and its special cases to be
developed henceforth.

Definition 1 (Touch structure): For any set of messages
K C [n], we say that server J touches K if JNK # ()
and that J does not touch K if JN K = (). We denote by Tk
the collection of servers that touch K and denote by 1% the
collection of servers that do not touch K, that is,

Tk ={JeN:JNK #0},
sz{JeN:JﬁK:@}
={JeN:JCn]\K}=N\Tk.
And furthermore, for two sets of messages K and L,
Tk =Trxk={JeN:JNK #0,JNL+#0},
TK7ZZTZ7K:{J€NJﬂK#@,JﬁL:Q]}
Example 9: If n = 4, then

Ty = {1} {1, 2}, {1,3}, {1,4}, {1, 2,3}, {1, 2,4},
{1,3,4},{1,2,3,4}},
T{l},m = {{1}a {173}a {174}; {1;3;4}}
Remark 6: Any set T can be broken into two disjoint

subsets T 1, and T 7. Thus, T C Tk, Ty 7 C Tk in
general and Tk 1, = T if K C L. It is also easy to verify that
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T UT, =Ty and T C TK,L = T NTy,. Definition 1
can be naturally extended to three or more message sets.

In our usual notation, Y7, thus denotes the output random
variables from servers that have at least one message from the
message set K, e.g., YT[n] = Y n. When the context is clear,
we shall use the shorthand notation T for Y, , e.g., H(Tk)
means H(Yr, ).

Definition 2 (Valid server grouping): A server grouping
P ={P, P, ,P,}, consisting of m server groups P; C
N, i € [m], is said to be valid if J,c(,,) s = N. Given a
server grouping P, we denote by P = | J;.; P; the collection
of servers in the server groups identified by G C [m].
By convention, Py = (.

Note that the significance and use of server groups F; in this
section is completely different than that in composite coding
in Section III. Also note that we allow overlaps between
different server groups in a grouping. This is why P is called
a server grouping rather than a server partition that consists of
disjoint server groups. Also note that P, = Uie[m] P, = N.
As usual, Y p, denotes the output random variables from the
server collection Fg, e.g., Yp, , = Y n. When the context is
clear, we shall use the shorthand notation Pg for Yp,, e.g.,
H(Pg|Xge) means H(Y p.|Xke).

Whenever convenient, we do not include the inactive
dummy server, J = (), with Cy = 0 in the server groupings.

B. The Grouping Polymatroidal Outer Bound

Before establishing the outer bound on the capacity region,
we review the standing assumptions and conditions of achiev-
able rate—capacity tuples (R, C) and (t,r) distributed index
codes that will be used in the derivations. Since the messages
are assumed to be independent and uniformly distributed, for
any two disjoint sets K, K’ C [n] we have

H(Xg|Xg) = HXg) =Y _t. (26)
€K
The encoding condition at server J € N is
H(Y;|X;) =0. 27)
The decoding condition at receiver ¢ stipulates
H(X;| YN, Xa,) <t;-d(e) (28)

with lim._,¢ d(¢) = 0 by Fano’s inequality.

We are ready to state the main result of this section, namely,
the grouping polymatroidal (PM) outer bound.

Theorem 3: If a rate—capacity tuple (R, C) is achievable
for the distributed index coding problem (i|A;), i € [n], then
for any valid server grouping P = { Py, Ps,--- , P},

R; < f([m], B; U{i}) = f(lm], Bi), i€ [n],

for some f(G, K), for all G,G" C [m], K, K’ C [n], such
that

(29)

f(GvK) = f(G/aK)a
if (PgUPg)\ (PeNPg) C T,

(30)
€1V
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f(G,K) < Cy, (32)
J:JEPq,JETK
(G, K) < f(G' K", ifKCK ,GCG, (33)
FGUG KNK')+ f(GNG',K UK')
< f(G,K) + f(G", K'), (34)

f(GvK)+f(G7KI):f(GaKUK/)a

if KNK' =0,Ps C (N\Tk.xr). (36)

Proof:  If rate—capacity tuple (R, C) is achievable, then
for every ¢ > 0 there exists a (t,r) distributed index code
satisfying (1). For any i € [n], we have

b= H(Xi|Xa,) 37)
< H(X;|X4,) — HX; YN, Xa4,) + ti - d(€) (38)
=I1(X;; YNIXy,) +ti-d(e) (39)
= H(YNnIX4,) = H(YN|X4,upy) +ti-6(e),  (40)

where (37) follows from the fact that the messages are
independent and uniformly distributed as specified in (26), and
(38) is due to the decoding condition in (28). Now, given the
server grouping P = {Py, P, - , Py, }, define

1 1
fe(G.K) = ;H(PG|XKC) = ;H(Y{J:Jeuiec P} X K<),
(4D)
for G C [m] and K C [n].” Then,
_ti_ H(YN[Xa,) - H(YN[X4,00)
sy s (1 5(0)
A B - LB,y

1—4(e)
where the second inequality follows from (40) and the equality
from the definition of f.(G, K).
We now show that the set function f¢(G, K) is bounded
from above for any G C [m], K C [n] and any ¢ > 0. We
have

fe(G7 K) = %H(PG|XKC)
1

< -H(Pg)
r
1 Ty
< Z <
< E TH(YJ)S E . < E Cy. (43)
JePg JePg JePg

Also, f.(G, K) is bounded from below as f.(G, K) > 0 due
to the nonnegativity of the entropy function.

Given the boundedness of f.(G, K), its limit infimum
F(G, K) = liminf £.(G, K) (44)

is real and bounded. Now taking the limit infimum as ¢
approaches zero on both sides of (42) yields

fe(lm], Bi U {i}) — fe([ml], B:)

R; < liminf o0 (45)
= liminf(fo(fm], B: U i) = f((m], Bi)) - (46)

"Recall that the (t,r) distributed index code depends on e and thus so does
the set function fe(G, K).

4663
- IIIEIL}(I)lf fe([m]7 B; U {Z}) — lim S(l)lp fe([m]a B'L) 47)
= f(lm], B; U{i}) = f([m], Bi). (49)

We have thus far established (29). It is also checked in
Appendix D that f(G, K) satisfies the conditions in (30)-(36),
which establishes Theorem 3. [ ]

Remark 7: The conditions (30)—(36) in Theorem 3 will be
referred to as the Axioms satisfied by the function f(G, K).
Axioms (31), (33), and (34) capture standard polymatroidal
properties of the entropy function. Axioms (30) and (32)
capture the encoding conditions at servers, as well as the
link capacity constraints. Axiom (36) captures the conditional
message independence given by the fd-separation. Refer to
Appendix E for a brief treatment on how fd-separation applies
to the distributed index coding problem. The inequality (29)
will be referred to as the rate constraint inequality jointly
satisfied by R and f(G, K'), which is based on the message
independence, as well as the decoding conditions at receivers.

Remark 8: Axiom (35) captures the additional decoding
conditions at the receivers, which also applies to the central-
ized index coding problem [30]. See Appendix D for more
details. It was found in [30] that this axiom is strictly needed
to obtain tight outer bounds on the capacity region for the
secure centralized index coding problem. Currently, we are not
aware of any instance of non-secure centralized or distributed
index coding problem for which Axiom (35) can tighten the
outer bound. However, we include this axiom for the following
reason. Through including the additional decoding conditions
in the centralized index coding problem, it was shown in [30]
that the PM outer bound is as tight as the apparently stronger
bound in which all Shannon-type inequalities are used. See
Remark 12 where we discuss a similar relation between the
most refined PM outer bound for the distributed index coding
problem and the one obtained based on all Shannon-type
inequalities of the entropy function.

The tightness and computational complexity of the grouping
PM outer bound in Theorem 3 depends pivotally on the spe-
cific server grouping P. For a fixed problem size n, the number
of variables in the theorem is exponential in m, the size of P.
To fully compute (R, C) satisfying (29)—(36) for a given P,
one should use FME to remove all the 2™*" intermediate
variables f(G,K), G C [m], K C [n]. In general, this
operation is prohibitively complex even for small m and n.
For a given C, however, it is typically tractable to establish an
upper bound on the (weighted) sum-capacity using LP subject
to (29)—(36). In the next few subsections, we specialize the
outer bound using a number of explicit constructions for server
grouping. In general, the optimal tightness-complexity tradeoff
in choosing a server grouping remains open.

Unless otherwise stated, we denote the outer bound given
by the grouping PM outer bound in Theorem 3 with a specific
server grouping P as %Zp. For brevity, whenever we say that
one server grouping P is tighter (looser) than another grouping
P’, we mean that the outer bound %p is tighter (looser) than
the outer bound %Zp.
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C. Outer Bounds Based on Server Groupings Utilizing the
Touch Structure

In this section, we explicitly construct server groupings
based on the touch structure of Definition 1. Let us motivate
the construction through a series of examples and definitions.
Together, they will lead to a closed-form upper bound on the
total sum-capacity, which is implied by Theorem 3 with server
groupings based on a specific touch structure.

Example 10: Consider the problem (1|—),(2]4),(3]4),
(4/3) discussed in Example 4 in Section III. Consider two
sets L = {4,2} and K = {1,3}, where set L is ordered as
L = {iy = 4,4y = 2}. For this problem, we can verify that

Ay = Ag={3} C K ={1,3},
Aiy = Ay = {4} C KU {iy} = {1,3,4}.

We say that L is an augmentation set of K. Similarly,
= {2,3} is an augmentation set of K = {1,4}. When
K = (), we find a unique maximal augmentation set, called
the peripheral. The set U = {1} is the peripheral for this
problem as A1 =0 C 0, and A; € {1}, i € {2,3,4}.

Generally, the idea is to find two disjoint subsets L, K C
[n], such that any valid index code augments the singular
message decoding condition (28) to H(X.p|Yn,Xg) <
> _icr, ti-0(€). For the peripheral set U, the peripheral decoding
condition gives H(Xy|Yn) < > iy ti - 0(€). We formalize
this through the following definitions.

Definition 3 (Augmentation set): For the distributed index
coding problem (i|4;),i € [n] and any two disjoint sets
L,K C [n], we say L is an augmentation set of K if there
exists an ordering 1,42, -+ ,7z| of the elements in L such
that A;; C {i1,--- ,i;_1} UK, j € [|L]]. The empty set () is
an augmentation set of any set K C [n].

Definition 4 (Peripheral): For the distributed index coding
problem (i|A;), 7 € [n], we say that set U C [n] is a peripheral
if U is an augmentation set of the empty set (J, and that for
any ¢ € U¢, we have A; Z U.

For a given problem (i|A;), 4 € [n], peripheral U is unique.
This can be verified by contradiction as follows. Assume that
there exist two different peripherals U, U’, and U \ U’ # ().
Define u = ,Up = U\U" and Uy = U NU’'. Then,
U = UyuUU; and U;NUy = (). By Definition 4, there exists an
ordering 71,%9,- - - , 1, Of the elements in U such that Aij C
{i1,--+ ,4j-1}, j € [u]. There always exists some s € [u]
such that i, € Uy and {i1, - ,is—1} € Up. Hence, we have
A, C {i1,-++ ,is—1} € Uy C U'. We also have iy € U’®
since is € Uy and Uy N U’ = (. Combining that A;, C U’
and that i, € U’ leads to a contradiction against Definition 4,
and thus completes the proof.

Remark 9: In [19], [31], a decoding chain is established
based on the idea that receiver j can mimic another receiver
1 and decode message ¢ at no cost to the achievable rates if
receiver j knows everything receiver ¢ does. This is similar
to the notion of augmentation set in Definition 3. A chain-
ing procedure, starting from a receiver with an empty side
information set, is used in [32] to prove a lower bound on the
broadcast rate of index coding. This is similar to the procedure
of building the peripheral in Definition 4.
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Based on Definitions 3 and 4, we define the augmentation
group as follows.

Definition 5 (Augmentation group): For the distributed
index coding problem (i|A;),7 € [n] with peripheral U,
we use V = (V, Vo, - | V), referred to as an augmentation
group, to denote the tuple of k disjoint nonempty sets
Vi,---, Vi C U€ for some k > 1 such that the following
conditions are satisfied:

1) for any j € [k], V; is an augmentation set of its

complement set V7,

2) set W = [n]\ U\ (U,epy V

its complement set W¢;

3) there does not exist another tuple of disjoint nonempty

sets V/ = (V/, V3, ---,V}) such that it satisfies the first
two conditions, and that ;¢ Vi C U ey Vi
4) there does not exist another tuple of disjoint nonempty

) is an augmentation set of

sets V! = (V/,V5,---,V/,) such that it satisfies the
first two condmons Ujreren Vir = Ujepg Vi» and that
E < k.

Note that there can be multiple augmentation groups for a
given problem (i|4;),7 € [n].

Example 11: Consider the problem
(1]-),(2|4),(3|4), (4]3) discussed in Examples 4 and 10.
We have U = {1} and there are in total 2 augmentation groups

= ({3}) and V' = ({4}). Note that V" = ({3},{4})
does satisfy the first two conditions of Definition 5,
yet given the existence of V and V’, according to the
third condition, V" is not a valid augmentation group.
For another example, consider the six-message problem
(1]9), (213), (3[2), (4]1), (5] -), (6]5). We have U = {5,6}
and in total 4 augmentation groups shown as follows,

- ({LZ})v = ({173})5
Vi=({2,4}), V'=({3.4}).

Note that V' = ({1}, {2}) does satisfy the first two conditions
of Definition 5, yet given the existence of V!, according to
the fourth condition, V' is not a valid augmentation group.

A closed-form upper bound on the sum-capacity is given
by the following proposition. Note that set [k + 1 : k] simply
means the empty set ().

Proposition 2: For the distributed index coding problem
(i|4;),4 € [n] with peripheral U and an augmentation group
V=W, Vo, -, Vi), we have

ZR<ZC‘]+ZZCJ’

i€[n] JEN Lelk) JET,

(50)

where 7, =
(Ujepg V5)-

We prove the proposition by showing that (50) is implied by
Theorem 3 with a specific server grouping Py defined below.
The proof details are given in Appendix F.

Definition 6 (Pv grouping): For the distributed index cod-
ing problem (i|A;),i € [n] with an augmentation group
V = (W4, Va, -, Vi), the server grouping Py is defined as
follows

TWv(UJE[g.H;k]V])UW and W = [n] \ U\

Pv ={Tv;,Tvy, " -~ &1V

2 Tvio T g Vo) -
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In some cases, Proposition 2 gives a tight sum-rate result,
as illustrated below.

Example 12: Recall the four-message problem
(1]-),(2|4),(3]4), (4]3) discussed in Examples 4, 10
and 11. The outer bound presented earlier in [2] yields that
R1+ Ro+ Rs+ R4 < 22. In comparison, given the peripheral
U = {1} and the augmentation group V = {{3}}, we have
W = [n]\ {1} \ {3} = {2,4}, and hence Proposition 2
tightens the sum-capacity upper bound to

2. O

Ri1+ Ra+ Rs + Ry < Z Cr+
JEN JET 3} (2.4}

=15+ 6 = 21, (52)

which matches the lower bound presented in Example 4.
Note that with another augmentation group V' = {{4}},
Proposition 2 yields the same tight upper bound of 21 on the
sum-rate.

As one can see, Py is a server grouping whose server
groups are in the form of touch structure. To generalize this
further, we introduce the touch grouping and its resulting outer
bound as follows.

Definition 7 (Touch grouping): For a given m < n and dis-
joint nonempty sets L; € [n], i € [m], such that ¢, Li =
[n], the touch grouping Py is defined as

Py = {TLUTsz T aTLm}'

For the special case m = n, L; = {i}, and P; = T;,
the touch grouping is called the individual touch grouping and
is denoted by

(53)

P ={Tqy, Trays - Tyny b (54)

Note that we have Po = |J;c 11, = T, Where Lg =
U,cq Li. With the touch grouping P, the grouping PM outer
bound in Theorem 3 simplifies to the following outer bound,
simply denoted as %, and referred to as the fouch grouping
outer bound.

Corollary 4: The capacity region of the distributed index
coding problem (i|4;), ¢ € [n], with link capacity tuple C
satisfies € (C) C %, where Py = {Tr,,Tr,, -+, T, } is a
valid touch grouping and %, consists of all rate tuples R such
that

R < f([m], Bi U{i}) = f([m], Bi),
for some f(G, K) for all G, G’ C [m], K, K’ C [n] satisfying

ieln], (55

f(G,K) = f(G", K), if K C (LgNLg), (56)
f0,K) = f(G,0) =0, (57)
fGE)< > Cy (58)
J:JETL, K
f(G,K) < f(G',K"), ifKCK GCG, (59
fF(GUG KNK)+ f(GNG', K UK')
< f(G.K) + f(G" K), (60)

f(Im], Bi U{i}) = f([m], B:) = f(Im],{i}), i € [n]. (61)

Proof: Tt is obvious that Axioms (31), (33), (34), and (35)
in Theorem 3 and Axioms (57), (59), (60), and (61) above
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do not depend on the underlying server grouping, and thus
remain unchanged. Since Pz = |J Tr, = TLg, Axioms
(32) and (58) are the same.

Note that [n] € T for any nonempty L C [n], which
indicates that the server J = [n] containing all messages is
common among all server groups in the touch grouping P.
Hence, with P;, there never exists two disjoint nonempty sets
K, K' C [n] such that Ty, C (N \ Tk, k) for any nonempty
G C [m]. This implies that Axiom (36) in Theorem 3, namely,
the fd-separation axiom, can only give trivial inequalities (e.g.,
F0,K)+f(0,K") = f(0, KUK")), and hence, in Corollary 4,
there is no axiom corresponding to the fd-separation axiom.

It remains to prove that Axiom (30) in Theorem 3 simplifies
to Axiom (56), which is shown in Appendix G. [ ]

Within the general class of touch grouping, it is unclear
which touch grouping can give the tightest capacity outer
bound with the lowest possible computational cost. Since P+,
grouping has an explicit construction, our proposed approach
is to first try this grouping and compare the obtained perfor-
mance bound with an achievable coding scheme. If the results
match, no further action is required. Otherwise, the finest touch
grouping P = {Tq1y,Tiay, ..., T(n}} can be tried, which
results in the tightest outer bound on the capacity region
among all possible touch groupings. See Section IV-E for
the hierarchy of server groupings in terms of their tightness.
Note that the outer bound in [1] is also established based on
the individual touch grouping and is identical to the touch
grouping outer bound, Corollary 4, but without Axiom (61).

Remark 10: The grouping PM outer bound of Theorem 3
can easily incorporate the set of active servers Ny = {J €
N : Cjy > 0}. One can simply replace N with N4 and
P = {P1,~' ,Pm} with P4 = {Pl NNa,--+, Py ﬂNA}.
However, notice that the axioms of Corollary 4 (and those of
Corollary 7 to be introduced in Section IV-E) are expressed in
simplified forms based on the assumption that all the servers
J € N are active. When N4 C N, using these simplified
axioms might result in looser outer bounds. One can avoid
this issue by using the axioms in their original unsimplified
forms of Theorem 3 with the desired server grouping.

JjEG

D. Outer Bounds Based on Server Groupings
Utilizing fd-Separation

As discussed in the proof of Corollary 4, one limitation of
the touch grouping outer bound is the missing fd-separation
axiom. To show the usefulness of the fd-separation axiom,
we present a list of problems with discussion, leading to
a construction of server grouping based on fd-separation.
Consider the directed side information graph G = (V, &) of
the index coding problem [18] with n vertices, where vertex
v; represents message i. There exists a directed edge from
vertex v; to vertex v; if and only if ¢ € A;. A set of vertices
{viy, Viy, -+ v, } €V form a cycle if there is a directed edge
from vertex v;; to v;;,, for any j € [k — 1], and there is a
directed edge from v;, to v;,.

Definition 8 (Isolated vertex and disjoint cycles): For the
distributed index coding problem (i|4;),7 € [n] with side
information graph G = (V,€), a vertex v € V is said to
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() (e) (6]

Fig. 2. The side information graphs for the six 4-message problems given
in (13). In Figures (a), (b) and (c), there is one isolated vertex, vertex 1, which
has no incoming edges. In Figures (d), (e), and (f), there is a pair of disjoint
cycles, {1,4} and {2, 3}.

be isolated if it has no incoming edges. That is, there does
not exist any edge e = (v',v) € & for some v’ € [n]. Two
cycles K, K’ CV in G are said to be disjoint if K N K’ = ().

Example 13: Consider the following 6 distributed index
coding problems with n = 4 and equal link capacities

CJ:1,J€N\{®},

(1]=), (214), (3[2), (4[3),
(11=), (214), (3[2), (4]1,3),
(1]=), (2[1,4), (3[1,2), (4], 3),
(114), (2[3), (3[2), (4]1,3),
(114), (2[3), (3[2), (4]1,2,3),

(114),(213), (3[1,2), (4]1,2), (62)

whose side information graphs are shown in Figure 2. For
the problems shown in Figures 2(a), 2(b), and 2(c), the touch
grouping outer bound %, yields Eiem R; < 19.5. With
P = {Pl,N\Pl}, where P, = {J c N |J\
{1}] < 1}, a tighter upper bound of 19 can be obtained
by the grouping PM outer bound for these three prob-
lems, matching the sum-capacity. For the problems shown in
Figures 2(d), 2(e), and 2(f), the touch grouping outer bound
Xy, yields Ei€[4] R; < 24. With P = {P/,P},N \ P| \
Pj}, where P; = {{1},{2},{3},{4}},P, = {J € N :
|J| = 2,J € Tqi4y,2,3)}). a tighter upper bound of 23.5
can be obtained by the grouping PM outer bound for these
three problems, matching the sum-capacity. For all these six
problems in Figure 2, the achievable rates are obtained through
Theorem 1 with (P,D), where P, = N, i € [n], and D
is generated by Algorithm 1 presented in Section V. As we
can see, there is a common pattern among the problems of
Figures 2(a), 2(b), and 2(c). That is, there is an isolated vertex,
vertex 1. Also, in their capacity-achieving server grouping P,
P, only contains servers that have no more than one message
apart from message 1. There also exists a common pattern
among the problems of Figures 2(d), 2(e), and 2(f). That is,
there are two disjoint cycles, cycle {1,4} and cycle {2,3}.
Also, in their capacity-achieving server grouping P’, Pj only
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contains servers that have one message from each disjoint
cycle.

Remark 11: For the problems in Figures 2(a), 2(b), and 2(c)
with the capacity-achieving P, the following constraints are
given by Axiom (36)

SAELAGD + F({1},{2,3, 43\ {5})
= f({1}7 {25374})a JE {2a374}'

If the constraints above were to be removed from Theorem 3,
then the upper bounds would become looser than 19. Similarly,
for the problems in Figures 2(d), 2(e), and 2(f) with the
capacity-achieving P’, the following two constraints are given
by Axiom (36)

FAL2E A1) + F({1, 23, {4}) = F({1,2},{1,4}),
FRL25A2h) + F({1,23,{3}) = F({1,2},{2,3}).

If the constraints above were to be removed from Theorem 3,
then the upper bounds would become looser than 23.5.

The following definition generalizes the server grouping
construction based on the fd-separation.

Definition 9 (fd grouping): Consider the distributed index
coding problem (i|A;), 7 € [n], whose side information graph
G contains £ > 0 mutually disjoint cycles, denoted by K; C
[n]aj € [k]’ Kj n Kj’ = 0 for any jvj/ € [k]aj # j/v and
|Ko| > 0 isolated vertices, v € Ky C [n]. The fd grouping,
denoted by Py, with m = (28 —1 - k) +2=2F -k +1
groups is defined as follows. The first server group is given by

(63)

For / =2,--- ,m — 1, the server groups are
Pg,={J€N:|J\Ko|=|Gel.J € () Tx,}, (65
JE€Gy

where Gy C [k],|G¢| > 2. Note that there are (2 — 1 — k)
such groups. Finally, the last server group P, is defined as

Pn=N\( J Pa\P.
GClk]:|G|>2

(66)

With Pgq, we have the following corollary, namely, the fd
grouping outer bound, from Theorem 3. As the fd grouping
does not result in any simplified expression for the grouping
PM outer bound compared to Theorem 3, we do not repeat the
rate constraint inequality (29) and Axioms (30)-(36) below.

Corollary 5: The capacity region of the distributed index
coding problem (i|4;), ¢ € [n], with link capacity tuple C
satisfies

%(C) C Zpy,

where Zp,, denotes the outer bound given by the grouping
PM outer bound with any valid fd grouping Pgq.

The proof is trivial and thus omitted.

We give an example showing the efficacy of the fd grouping
outer bound %rq when there are both disjoint cycles and
isolated vertices in the side information graph.

Example 14: Consider the distributed index coding prob-
lem (1]—), (2]3), (3]2), (4]5), (5]4) with equal link capacities
Cy; = 1,J € N\ {0}. The side information graph of the
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problem consists of two disjoint cycles K1 = {2,3} and
K, = {4,5}, as well as one isolated vertex 1, and thus
Ky = {1}. For easier notation, set

Qu = {{1}, {2}, {3}, {4}, {53, {1, 2}, {1, 3}, {1, 4}, {1, 5}},
Q2 = {{2,4},{2,5}, {3.4},{3,5}, {1, 2,4},
{1,2,5},{1,3,4},{1,3,5}},

and Q3 = N\ Q1 \ Q2. We have m =22 —2+1 = 3, and
the fd grouping as Prq = {P1, P12}, P3}, where P; = Q1,
P12y = Q2, and P3 = (3. The fd grouping outer bound
with Prq yields Ry + Ro + Rs + Ry + Rs < 47%, which is
tight and matches the lower bound on the sum-capacity. For
the latter, we use in Theorem 2 seven decoding message set
tuples D1, Do, -+ , D7 as follows.

In Dy, we set Dy = {1} and D; = {1,i}, i € {2,3,4,5}.

In Dy, we set Dy = {1}, D, = [n] \ A/L', 1 E {2,3}, and
D; ={1,i},i€{4,5}.

In D3, we set Dy = {1,4,5}, D; = [n] \ 4;, @i € {2,3},
and D; = {1,i}, i € {4,5}.

In Dy, we set Dy = {1}, D, = {1,Z}, 1 E {2,3}, and
D; =[n]\ 4;, i € {4,5}.

In D5, we set Dy = {1,2,3}, D; = {1,4}, i € {2,3}, and

In D¢, we set Dy = {1}, D; = [n] \ 4;, i € {2,3,4,5}.

In D7, we set D; = [n]\ 4;, i € [n].

We also use the following three decoding server groups
P1,Py,Ps. In Py, we set P, = Q1, i € [n]. In Po, we set
P, = Q2,1 € [n], and in P3, we set P, = Qs, i € [n].
Hence, there are in total 7 % 3 = 21 decoding configurations,
(P;,Dg), j € B,k € [7]. We set R;(P,D),i € [n],
C;(P,D),J € N, and Sk (P,D), K C [n], to zero for all
other (P, D) configurations. Notice that there is an interesting
correspondence between the server groups in Pgg used in
the outer bound and the decoding server groups used in the
inner bound. Whether such correspondence has its roots in
some deeper structural properties of the problem remains to
be studied in future.

E. A Hierarchy of Server Groupings

In some distributed index coding problems, it is more
advantageous to use “finer” server groupings than we have
introduced so far. As hinted before, there is a natural hierarchy
of server groupings in terms of tightness of the resulting outer
bound. We need the following definition to formalize this.

Definition 10 (Grouping refinement and aggregation): For
any two valid server groupings Q = {Q1,Q2, -+ ,Q¢} and
P ={Py, -, Py,}. We say that P is a refinement of Q and
that Q is an aggregation of P, if for every i € [{], Q; = Pa
for some G C [m)].

In words, every server group in Q is the union of some
server groups in P. We have the following relationship
between the outer bounds #Zp and Zg.

Proposition 3: If P is a refinement of Q, or equivalently,
Q is an aggregation of P, then Zp is no looser than Zo,
ie., Zp C Zo.
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The proof is presented in Appendix H. Note that Proposi-
tion 3 clarifies the relationship between the individual touch
grouping and any other touch grouping.

Definition 11 (Intersecting refinement of groupings): For
two valid server groupings P and Q,

PAQ={PNQR:PecP,QcQ}

is the infersecting refinement of both groupings.

Example 15: Consider the distributed index coding prob-
lem (1]2), (2[1), (3]5), (4/3), (5|4) with equal link capacities
Cy=1,J € Ny where

Ny = {{15 3}7 {15 4}7 {15 5}5 {25 3}a {25 4}a {2a 5}a
{3’ 47 5}’ {17 3’ 47 5}’ {2’ 3’ 47 5}7 {1’ 27 37 47 5}}

(67)

and C; = 0 otherwise. The grouping PM outer bounds with
the touch grouping

Py ={T{1y N Na,Ti2345 N Nat, (68)
and the fd grouping Prg = {P1, P = Na \ P1}, where
P = {{173}5 {174}5 {175}7 {273}7 {274}7 {275}}5 (69)

yield the sum-capacity upper bound 14.5. With the intersecting
refinement grouping,

Py A Psa = {T{l} NPy, T{l} N Ps,
T(2,3.4,5y NP1, Tia345 N P2},

a tighter upper bound of 14 on the sum-capacity is estab-
lished, which matches the lower bound. For the latter, we use
Theorem 1 with (P,D), where P, = Ny, i € [n], and D is
generated by Algorithm 1 in Section V.

Based on Proposition 3, we can establish the tightest group-
ing PM outer bound by using the “finest” server grouping
P* = {{J} : J € N\ {0}} with m = 2" — 1, referred
to as the single-server grouping, which consists of all single
nonempty servers and is a refinement of every other valid
server grouping.

We present the following corollary, namely, the single-
server grouping outer bound, without repeating (29)-(36).

Corollary 6: The capacity region of the distributed index
coding problem (i|4;), i € [n], with link capacity tuple C
satisfies

(70)

%(C) C %",

where Z* denotes the outer bound given by the grouping PM
outer bound with the single-server grouping P*.

Remark 12: In a similar fashion as in [30], it can be shown
that the single-server grouping outer bound region Z* is
as tight as the apparently stronger outer bound in which
all Shannon-type inequalities of the entropy function for the
distributed index coding problem are used.

If all servers are active, the computational complexity of
Z* is prohibitive even for small n as the number of the inter-
mediate variables f(G, K),G C [m], K C [n] in Corollary 6
is 21V\{O}+n — 92" —14n which is doubly exponential to 7.

Finally, based on Proposition 3 we can establish the loosest
grouping PM outer bound by using the “coarsest” server
grouping P, = {N} with m = 1, referred to as the all-server
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grouping, which consists of a single all-server group and is
an aggregation of every other valid server grouping. With
P.., the grouping PM outer bound in Theorem 3 simplifies
to %., namely, the all-server grouping outer bound, shown as
follows.

Corollary 7: The capacity region of the distributed index
coding problem (i|4;), ¢ € [n], with link capacity tuple C
satisfies

¢ (C) C %,
where %, consists of all rate tuples R such that
R; < g(B;U{i}) —g(Bi), i€]n], (7D
for some g(K), K C [n], satisfying
g(0) =0, (72)
gK)< > Cy, (73)
J:JeTx
9(K) < g(K'), if KCK', (74)
9g(KNK') +g(KUK') < g(K)+g(K'), (75)
9(B; U{i}) — g(Bi) = g({i}), i€ln].  (76)

Proof: As G C [1], G can be either () or {1}. Also,
f(@,K) = 0 for any K C [n]. Therefore, it suffices to
use a single set function g(K) = f({1},K),K C [n] in
the axioms and the rate constraint inequality in Corollary 7.
With all-server grouping P. = {N},m = 1, we have
(PG U PG/) \ (PG N PG/) - T? only for G =G’ or K = 0,
and thus Axiom (30) in Theorem 3 becomes trivial. Also,
there never exists two disjoint nonempty sets K, K’ C [n]
such that P;;y = N C (N \ Tk k). This means that
Axiom (36) can only give trivial inequalities with the all-server
grouping. In summary, in Corollary 7, there are no constraints
corresponding to Axioms (30) and (36) in Theorem 3. [ |

Even though the all-server grouping outer bound %, on
the capacity region is the loosest bound one can get from the
grouping PM outer bound, it is already no looser than the
(corrected) outer bound® proposed in [2], which we refer to
as #Zy, and restate it as follows.

Proposition 4 ([2]): The capacity region of the distributed
index coding problem (i|A;), ¢ € [n], with link capacity tuple
C satisfies

%(C) c %va

where %y, consists of all rate tuples R such that for any
LCn

R; < fL((BZ U {Z}) n L) - fL(Bz n L), s L, (77)
for some f1,(K), K C L, such that
fr(0) =0, (78)
fuLy< > Cy, (79)
JLJETY,
fo(K) < fr(K'), ifKCK' CL, (80)

8In the original version of the outer bound in [2], the rate constraint
inequality was expressed as R; < fr(B; U{i}) — fr(B;),i € L, which is
not correct, as the set function fr,(K) is only defined for K C L and B;
may not be a subset of L. We rectify this by taking the intersection of L and
the argument of fr,(K) in (77).
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fu(ENK) + fo(KUK') < fo(K) + fo(K'). (81

Proposition 5: For any problem (i|A;),i € [n], with link
capacity tuple C, it holds that Z, C %y, .

The proof is presented in Appendix I.

The computational complexity of the all-server grouping
outer bound Z, will be the lowest. And even performing FME
to compute the outer bound on the entire capacity region for
a general C is possible for small to moderate n as the total
number of variables is only 2" + 2" — 1 + n in Corollary 7,
accounting for 2" ¢(K),K C [n] variables, 2" — 1 link
capacity variables C;,J € N \ {0}, and n rate variables
R;, i € [n]

Example 16: We first revisit the problem (1|-),(2]4),
(3]4), (4/3) discussed in Example 12. A looser upper
bound of 22 on the sum-capacity is given by the all-
server grouping outer bound %, in comparison to the
tight bound established earlier. However, %, can some-
times yield tight bounds. For example, consider the problem
(1]14), (2]1,4), (3]1,2,4), (4]1,2, 3) with equal link capacities
Cy =1,J € N\ {0}. The all-server grouping outer bound
. yields the tight upper bound of 22 on the sum-capacity,
which matches the lower bound in Corollary 1 with P, = N
and D; = [n] \ 4;, i € [n].

F. Summary of the Outer Bounds

Different server groupings that we presented in this section
are summarized in Table II.

V. NUMERICAL RESULTS

We numerically evaluate lower and upper bounds on the
sum-capacity for all 218 non-isomorphic four-message dis-
tributed index coding problems with equal link capacities,
Cy =1, J € N\{0}. For brevity, each problem in this section
is represented with a problem number and the corresponding
receiver side information is listed in Appendix J. The upper
bounds on the sum-capacity are computed using the special
cases of the grouping PM outer bound proposed in Section IV.
The lower bound are given by distributed composite coding,
computed using a fixed decoding configuration in Theorem 1.
For both upper and lower bounds, we use LP to maximize the
sum-rate R1 + Ro+ R3+ Ry4. It turns out that the lower bounds
match the upper bounds, thus establishing the sum-capacity,
for all 218 problems.

The results are summarized in Table III. On the right col-
umn, each tuple denotes a list of problem numbers, followed
by their sum-capacity in bold face. For example, (16, 30, 60,
102; 19) means that problems 16, - - -, 102 have the same sum-
capacity of 19. The left column shows outer bounds that are
used to yield the tight upper bounds on the sum-capacity. It
turns out that the all-server grouping outer bound %, in Corol-
lary 7 with m = 1 group can solve 145 out of 218 problems
with minimum computational complexity. For the 63 problems
shown in the middle row in Table III, tight upper bounds
on the sum-capacity can be obtained by the touch grouping
outer bound #; with Py defined in (51). Notice that for
these aforementioned 63 + 145 = 208 problems, except for
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TABLE 11
SPECIAL CASES OF THE GROUPING PM OUTER BOUND AND THEIR INDICATIVE COMPUTATIONAL COMPLEXITIES

f(G,K),G, K C [n]

Server groupings Entropic variables References Total # of variables
The touch grouping P = {T&, .., Tz, } with 1 ——
m < n groups: f(G,K),G C [m],K C [n] TH(YTLG|XKC) Cor. 4 2 +2 1+n
The individual touch grouping
Py ={Tf1},---» T n}} with m = n groups: %H(YTG X ke) [1, Thm. 4] 22n 4 om _14n

The fd grouping Pgq constructed according to
(64)-(66) with m =28 —k + 1 groups, where k is the
number of pairwisely disjoint cycles:
f(G,K),G C [m], K C [n]

LH(Ypy|Xxke)

Cor. 5, Exm. 13, 14 92 —k+1dn Lon _ 4y

The intersecting refined grouping
PAQ={PNQ:PeP,Qe Q} with ml groups,

TH(Y (Pro) X K<)

Def. 10, 11, Prop. 3, gmétn L on _ 1 4 p

f(GvK)ng [277, 71}7K§ [TL}

where m = |P|,£ =|Q|: Exm. 15
f(G,K),G C [m{], K C [n]
The single-server grouping .
P*={{J}:J e N\ {0}} withm=2" —1: LH(Ypy|Xxke) Cor. 6 22" -Hmpon 1 4p

The all-server grouping P, = { N} with m = 1 server
group: g(K), K C [n]

1H(Y N |Xke)

Cor. 7, Prop. 5, Exm. 16 2" 42" —1+n

the 6 problems (149, 176, 179, 200, 203, 212; 26) with sum-
capacity of 26, they are also solvable by Proposition 2. For
the remaining 10 problems, the touch grouping outer bound
%, gives loose results, and the fd grouping outer bound %¢q
is necessary to yield tight upper bounds. A subset of these
problems were discussed in Example 13 and shown in Figure 2
and they all involve either isolated vertices or disjoint cycles
in their side information graph.

For the lower bounds for all 218 problems, we used (P, D)
in Theorem 1 where P, = N, i € [n], and D = D, generated
according to [19, Algorithm 2], which is repeated as follows.

Algorithm 1 Decoding Message Sets D

Input : Index coding problem (i|A;), i € [n].
Output: Decoding message set D = (D, € [n]).

1 Initialize D, = {i}, i € [n].

2 As long as there exists 4, j € [n] such that A; C A; U D,
and D;  A; U D,, update D; < D; U (Qj \ A;). If no
such 7, j exist, terminate the algorithm.

VI. CONCLUSION

In this work, we studied the distributed index coding
problem in a general model, where for n messages in the
system all possible 2™ — 1 servers, each containing a different
nonempty subset of messages were taken into account. Due to
the exponential size of the problem and its distributed nature,
this problem is even more challenging than its centralized
counterpart, which itself is an open problem. We showed that
cooperative encoding among distributed servers combined with
flexible utilization of degrees of freedom for decoding can
achieve strictly larger rate regions compared to the existing
work [1], [2], [22], [23]. The new enhanced fractional rate
splitting methods of Theorem 2 can have applications in other
network information theory problems to improve upon stan-
dard convexification techniques that are based on time sharing.

This work also inspired us to develop a more advanced three-
layer composite coding scheme in [33] for the centralized
index coding problem that harvests more degrees of freedom in
composite coding. For the outer bound on the capacity region
of the distributed index coding problem, we developed a new
grouping PM outer bound and showed a general hierarchy
that allows a full spectrum of tradeoffs between computational
complexity and tightness of outer bounds. We demonstrated
the utility of the achievable rate regions and performance
bounds through several simple examples and extensive numer-
ical results for a small number (n = 4) of messages.

We conclude this paper with several open questions and
intriguing research directions for the future.

The computational complexity of the proposed distributed
composite coding scheme can be of a practical concern,
given the large number of composite index rate variables and
decoding configurations. To address this issue, one may extend
and further improve the simplification techniques in [19], [33]
developed for the centralized scenario. Even for the centralized
index coding problem the composite coding inner bound may
not be tight (see [18, Figure 6.15]), which will carry over to
the distributed case. It is a worthwhile research direction to
better understand the limitations of composite coding and try
to address them more systematically.

Practical code design is an important open problem in
distributed index coding. Recently in [34], [35], the celebrated
minrank approach for the centralized linear index coding was
extended to the distributed index coding problem, providing
non-trivial yet still suboptimal and computationally inefficient
code design techniques. While composite coding is not prac-
tical due to random coding, one interesting observation is that
after applying the simplification techniques proposed in [19]
to eliminate unnecessary composite indices, the remaining
composite indices may guide which linear codes are efficient.
For example, consider the centralized index coding prob-
lem (1/4), (2]1,3), (3|1, 2), (4|1, 3) with equal message length
t; = t, i € [n], whose symmetric capacity of 1/2 can be
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TABLE III
SUM-CAPACITY FOR ALL 218 NON-ISOMORPHIC 4-MESSAGE DISTRIBUTED INDEX CODING PROBLEMS. LINK CAPACITIESARE Cy =1, J € N \ {0}

Outer bounds

(Problem numbers; sum-capacity)

The all-server grouping outer bound % in
Corollary 7

(1,2,3,5,6,7,8, 10, 11, 12, 13, 15, 17, 19, 20, 22, 25, 26, 33, 35, 38, 39, 40, 41, 49,
63, 65, 67, 69, 70, 100; 15), (47; 18.6667), (43, 78, 83, 85, 130, 132; 20), (42, 44, 45, 71,
72,73, 74, 75, 76, 77, 19, 80, 82, 84, 103, 104, 105, 106, 107, 108, 109, 110, 111, 113,
116, 117, 118, 120, 122, 123, 124, 125, 126, 127, 128, 131, 133, 142, 143, 144, 145, 147,
151, 152, 153, 154, 158, 159, 161, 162, 163, 164, 165, 166, 167, 168, 169, 174, 177, 182,
183, 184, 185, 186, 187, 201; 22), (114, 121, 129, 146, 150, 155, 156, 157, 160, 170, 171,
175, 178, 180, 181, 188, 189, 190, 191, 192, 194, 195, 196, 197, 198, 202, 204, 206, 208,
210, 216; 24), (207; 26), (193, 205, 209, 211, 213, 214, 215, 217; 28), (218; 32)

The touch grouping outer bound %y in Corollary 4
with Py in (51)

(4,9, 18, 21, 23, 24, 34, 36, 48, 55, 64, 66, 68, 86, 95, 99, 138; 19), (14, 27, 28, 29, 31,
32, 37, 50, 51, 52, 53, 54, 56, 57, 58, 59, 61, 62, 87, 88, 89, 90, 91, 92, 94, 96, 97, 98,
101, 134, 136, 137, 139, 140, 141, 173; 21), (93, 135, 172, 199; 25), (149, 176, 179, 200,

203, 212; 26)

The fd grouping outer bound %4 in Corollary 5

(16, 30, 60, 102; 19), (46; 23.3333), (81, 112, 115, 119, 148; 23.5)

achieved using composite coding with D generated according
to Algorithm 1. Among the 2* — 1 = 15 composite indices
Sk, K C [n], K # (), only two indices, S(1 43 and S{1,23.4},
remain after applying the heuristic reduction method in [19].
Note that the symmetric capacity can also be achieved via
sending the scalar linear codeword (1 x4, 11 Dxo D3 D Xy)
of length 2¢. Note the correspondence between the remaining
composite indices and the optimal linear codeword, which can
also be observed in many other problems. However, a precise
theory behind such a correspondence remains unknown at the
moment and whether such a relation holds for a general class
of centralized or distributed index coding problems is an open
problem.

As shown in [17], Shannon-type inequalities of the entropy
function are not sufficient to obtain tight performance bounds
even for the centralized index coding problem. Specific cen-
tralized problems where non-Shannon-type inequalities are
needed for tight performance bounds were identified in [17],
[36], [37]. It follows automatically that non-Shannon-type
inequalities are also needed for some distributed index coding
problems. Many questions remain, however, such as for which
problems non-Shannon type inequalities are needed and how
much would they improve upon Shannon-type inequalities.

APPENDIX A
PROOF OF THEOREM 1
Analysis of error for the first-step decoding is as follows.
We partition the error event according to the collection M C
I'.(P;) \ 24 for erroneous composite indices. That is, Wx #
wy iff K € M. Therefore, by the union bound, we have

P, =P{y; =y (g, K € 27) for all J € P; for some
(Wx, K € I (P)) # (wk, K € I« (P))}

< D 2.

MCT. (P;)\24 (wk,Kel.(FP;)):
WrFwk ,KeM,
’lf)K:wK,KQJW

Py N

JEP;,JET* (M)

<D

MCT, (P;)\24

{ys = ys(iK, K €27)}

QEKGM SK*ZJGF*(M) np; TJ

(82)

< Z QZKGM(TSKJFU*ZJGF*(M)mpi(rCJfl)

MCT, (P;)\24

- ¥

MCT ., (P;)\24

9" S kenr Sk . 9l M|+ (M) N Fy|

QTZJEF*(M)mPi Cs ’

where (82) holds since for each composite index collection
M, the number of erroneous tuples is []c,,(2°% — 1) <
22 xem 5K and for each erroneous composite index tuple with
Wg # wg, iff K € M, the probability that it is mapped to
the same codeword y; as the correct composite index tuple
forall J € T*(M) N P is 2~ >7er=annr; ™ Note that only
servers in I'*(M) can generate composite index (indices) in
the collection M and the intersection with P; is necessary due
to receiver i’s choice of server group F;.

Therefore, the error probability P, tends to zero as r — oo,
provided that

>

Yy Sk < Cy, VM CT.(P)\ 2%, i€ [n].
Jer*(M)n p;

KeM

Analysis of error for the second-step decoding is as follows.
We partition the error event according to message index
subsets L. C A;. That is, £; # z; iff j € L. Therefore,
by the union bound, we have

P, = P{wg(xx) =g forall K € T'.(P;), K C A;UA;
for some &; # x;, j € A;}

=5 SHED S B o PSR
LCA; }EA7 KCAUA;,
Tj#x;,jEL KeTl'.(FP;),
&j=w;,j¢L KNL#D
< Z QZ]eLtJ*EKe)CSK (83)
LCA;
< Z 2ZjeL(TRJ+1)7EKE)CTSK
LCA;
— Z 2T(ZjeL RJ_ZKGKJ SK)'HL"
LCA;

where K ={K : K CA;UA;,K € T.(P;),KNL # 0} and
(83) holds since for each message index subset L, the number
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of erroneous messages is [[;c (2" — 1) < 2%ierti and
for each erroneous message tuple with z; # xz;, iff j € L,
the probability that it is mapped to the same composite index
wg as the correct message tuple for all K € K is 27 2xex 5K

Therefore, the error probability P, tends to zero as r — oo,
provided that

> Rj< > Sk, VLCAien]
JjerL KCA;UA,,

Kel.(Py),

KNL#)D

Note that only composite indices that are both in T'.(P;)
and 2294 are useful for receiver ¢ decoding of X, .

APPENDIX B
PROOF OF PROPOSITION 1

We first prove the following lemma.
Lemma 1: If P C P, then

[L(P)\I.(P\ P)=T,(P)\L.(P\P). (84)

Proof: As P’ C P, we have that I',(P") C I',(P), and
therefore, Ty (P) \T«(P\ P') CT.(P)\T.(P\ P).

Now consider an arbitrary J € T',(P)\T.(P\ P’). As J €
T'..(P), there must exist some .J; € P such that J C .J;. Since
J & T.(P\P’), we know that .J; ¢ P\ P’. Hence, J; € P’ and
thus J € T, (P’). Therefore, we have J € T'.(P")\T.(P\ P’)
and thus T, (P) \T«(P\ P') CT.(P)\T(P\ P).

In summary, we have T, (P') \ T«(P \ P’) = I'.(P) \ T,
(P\P). [ |

Now we prove Proposition 1 as follows.

For easier reference, we repeat (4) here for a given

(Pi.i € [n]).
d.Sk< D
JET*(M) N P,

KeM
VM CT.(P)\ 2% i € [n].

CJ;

(85)
According to Lemma 1, for any Q@ C P; we have

LL(Q)\TL (P \ Q) \ 2 = T (P) \ T (P \ Q) \ 24,

Therefore, for the same P; as chosen above, (11) can be

written as
Z Sk < Z CJ,

Kel, (P)\T. (P \Q)\24: Je

VQ C Pi,i€[n].  (86)

We prove that for any given inequality from the system of
inequalities (85) there exists an inequality in the system of
inequalities (86) that is no looser and vice versa.

First, for any M C T.(P;) \ 2% in (85) we construct
Q = T'"(M) N P,. Therefore, the RHS of (85) and (86)
become identical. Our claim is that M C T',.(P)\ (P \Q)\
241 or that if K € M then K € T',(P;) \TW(P; \ Q) \ 24.
Note that we have M C T'.(P;) \ 2%, therefore, if K € M
it is automatic that K € T'.(P;) \ 24. So it remains to show
that K ¢ T'.(P; \ Q), which can be proven by contradiction
as follows. For any K € M, assume that K € T'.(P; \
Q) =T (P, \I'*(M)), which indicates that there exists some
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J € P\ T*(M) such that K C .J. However, as K € M
and K C J, we have J € T""(M), which contradicts with
J € P\ I'*(M). Therefore, for any K € M, we must have
K ¢ T.(P;\ Q). In summary, for any given M C T, (P;)\ 24
and the corresponding inequality from (85), we have proved
that there exists an inequality in (86) that is no looser.

To prove the other direction, for any Q C P, we construct
M = T.(P) \Tu(P; \ Q) \ 2. Therefore, the LHS of
(85) and (86) become identical. Our claim is that if J €
I'*(M) N P; then J € @ or that IT"(M) N P, C Q.
Before proving our claim, we show that with the choice of
M =T.(P)\T«(P:\ Q) \ 24, we have

M =T*(M)NT.(P). (87)

The direction M C T (M) NT.(F;) is easy, as M C T'* (M)
and M C I',(P;) by construction. To show I'*(M)NT',(P;) C
M, for all J € T"(M) NT.(F;), we have J € I'*(M) and
J € I'.(P;). One can show a contradiction in assuming J €
I.(P\Q) or J € 24 Therefore, J € T'.(P;), J ¢ T.(P\Q)
and J ¢ 24i hence J € M, which completes the proof
of (87).

Now we go back to proving the claim I'*(M) N P, C
@ or equivalently, proving P\ @ C P;\ (I'*(M) N P;). For all
J € P;\ Q, we have J € P;, which means J € T'.(P;). Also,
J € P\ Q means J € T.(P; \ Q). Since M was constructed
as M = T.(P,)\T.(P;\Q)\ 24, then J € I',(P;\ Q) means
that J ¢ M. However, from J ¢ M, J € I',(P;) and (87),
we conclude that J ¢ I'"* (M), which means J ¢ I'*(M )N P;.
Therefore, J € P;\ (I'*(M) N P;), which completes the proof
of our claim. In summary, for any given Q C P; and the
corresponding inequality from (86), we have proved that there
exists an inequality in (85) that is no looser.

In conclusion, we have proved that the system of inequalities
(85) and (86) are identical for a given (P;,i € [n]).

APPENDIX C
EXAMPLE OF THEOREM 1 WITH SELECTED
ACTIVE SERVERS

Example 17: Consider the distributed index coding problem
(1]14), (2]1,3), (3]1,2), (4|2, 3) with two active servers Ny =
{{1,2,3},{2,3,4}} with positive link capacities Cy, J € N
and C; =0, J € N\ Ny4. Note that

I.(Na)= ] 2/
JEN 4
= {0, {1}, {2}, {1,2}, {3}, {1,3},{2,3}, {1, 2,3}}
U{0.{2}, {3},{2,3}. {4}, {2,4},{3,4},{2,3,4}}
={0,{1},{2},{1,2}, {3}, {1,3},{2,3},{1,2,3},
{4},{2,4},{3,4},{2,3,4}}.

We choose P, = Ny, i € [n|, D1 = {1}, Dy = {2,4},
D3 = {3,4} and Dy = {1,4}. Hence, D1 U A; = {1,4}, and
D;UA; ={1,2,3,4}, i = 2,3,4. Note that A; = D;, i € [n].
Active inequalities from (3) are given in (88), shown at the
bottom of the next page.

Before detailing (4), we note that with respect to
Ny, for My = {{1},{1,2},{1,3},{1,2,3}}, we have
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(My) = {{1,2,3}}, for My = {{4},{2,4},{3,4}, Proof: For any set K C [n], we have
{2,3,4}}, we have I'"(Ms) = {{2,3,4}}, and for M5 = - B
I'«(N4), we have I'*(M3) = N 4. With this in mind, we write H(TglXxee) = H(Y (rren.anr=0y X
the active inequalities (4) as (89), shown at the bottom of the =H (Y{J JCKe} | XKe <)
page. < Y H(Yy[Xke) =0,

We apply FME to eliminate all present Sk variables and JCKe

find that the achievable rate-capacity tuple (R, C) satisfies where the last equality follows from the encoding condition

R < 0{1’2’3}, in (27). u

Ry < Cpazay Now we prove that the set function f(G, K) defined in (44)

R satisfies Axioms (30)-(36) of Theorem 3. Toward that end,

Rt By < Cpagy + Clagay, we first show that for any e > 0, the set function f(G, K)

Ry + R3 < Cpo3y + Cra3.4y, defined in (41) satisfies the following conditions, which are
Ro+ Ry < 0{1 2,3} + 0{2 3.4} counterparts of (30)-(34) and (36) (we deal with (35) later):
R3+ Ry < Cp13) + Cl23,4- f(G,K) = f.(G',K),
It can be verified that the above rate region matches the all- if (PgUPar)\ (PanPe) C T, (90)
server grouping outer bound Z,. in Corollary 7, and thus (0, K) = f.(G,0) =0, )
establishes the capacity region .for the. problem. . £.(GK) < Z c, (92)
In the following we rewrite active first-step decoding Jeh
inequalities in the form of (11). Recall that P, = Ny = e ,GJ.,ETK . , ,
{{1.2,3).{2,3.41). i € [n]. For @, = {{1,2.3}}, we hwve ~ J«(GK) < J(GH), WM KC K, GEE, 93)
Q) \TL(P\ Q1) = {{1},{1,2},{1,3},{1,2,3}}, for ~ f(GUG,KNK)+f(GNG, KUK’
Q2 = {{273a4}}9 we have P*(QQ) \ P*(Pl \ QQ) = < fe(GaK) +fe(G/7K/)a (%94)
{{4}.{2,4},{3,4},{2,3,4}}, and for Q3 = P; = Na, F(G K) + f(G,K") = f(G, K UK),
h
we have if KNK' =0,Ps C (N\ Tk .x0)- (95)
P (@3) \ T (P \ Qs) 1) We show that f.(G, K) satisfies (90) as follows. Note
= {{1}7 {2}a {17 2}; {3}a {L 3}; {2a 3}; that if ((PG @] PG/) \ (PG N PG/)) - T?’ according to
{1,2,3},{4},{2,4},{3,4},{2,3,4}}. Lemma 2, we have
Inequality (11) (excluding inactive inequalities) gives (89), 0= H( _|XKC)
which showcases the equivalence of (4) and (11) as claimed H((Pg U Pgr) \ (Pe N Pgr)|Xke)
by Proposition 1. H(Pg \ Por|Xxe)
H(Pc\ Por|Xke, Par), (96)
APPENDIX D g x
REMAINDER OF PROOF OF THEOREM 3 = H(TgXk:)
> H((P, Pear P, Po )| X ke
First we present a lemma based on the encoding condition > H((Pa U Par) \ (P 0 Por) X xce)
in (27) and the touch structure. > H(Pg \ Pg|Xke)
Lemma 2: For any set K C [n], H(T%|Xg-) = 0. > H(Po \ Po|Xke, Pa). (97)
R1<S{1}, 1=1,L=Aq,
Ry < 5{2} + S{LQ} + 5{2’3} + 5{1’2’3} + 3{274} + 5{2’3’4}, 1=2,L= {2} C Ao,
Ry < 5{4} + 5{274} + 5{374} + 5{27374}, 1=2,3,4, L= {4} C Ai,
Ry + Ry < Sggy + 812y +S1,3) + Sq2,3) + Sq1,2,3) + Say + Sq24) + 5234y, 1 =2,L=As, (83)
R3 < S(3y + Sq1,37 + St2,3y + Sq1,2,3) + 53,4} + 52,34} i=3,L={3} CAs,
Rz + R4 < Sgzy + Sq1,3) + Sq2,3) + Sq1,2,3) + Sq4y + Spoay + 534y + Sp234y, 1 =3,L =243
Ry + Ry < Sy + 82y +Sp3y + Sqi,2,3y + Sqay + Sq2.4) + 534y + 50234y, 1=4,L=1A7A4
Sty + Sq12y + Sq13y + Sq1,2,3) < Cpiz.a), i=1,4,M = M,
Stay + 82,4y + 53,41 + Si23.4) < Cra3.4), 1=2,3,4, M = Mp,
Yren ke{ay Sk < Cli23y +Cla3.4y, i=1,M = M3\ {{4}}, &9)
K2} 1.2}, (2.3} (12,3} {4} {2.4), (3.4}, 2343} SK < Crig8y + Cragay, =2, M = Mz \ 2113

EKE{{B},{1,3},{2,3},{1,2,3},{4},{274},{3,4},{2,3,4}} Sk < Cpiosy + Cpasay, i=3,M= Mg\ 2th2},
ZKG{{1},{1,2},{1,3},{1,2,3},{4},{2,4},{3,4},{2,3,4}} Sk <Cligsy +Clagay, 1=4,M=Ms\ 212:3)
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Given (96) and (97) as well as the nonnegativity of
entropy, we have

H(PG \ PG’|X-KC;PG’) - O7
H(Pg \ Pg|Xke, Pg) = 0.

(98)
99)

Therefore,
1
f(G,K) = ;H(Pg|XKC)

1
- ;H(PG,PG/ \PG|XK¢)

1
= ;H(PG/,PG\PG’|XKU)

1
- ;H(PGI|X.K<‘) - fg(G/, K),
where the second equality follows from (99) and the
fourth equality follows from (98).

We show that f.(G, K) satisfies (91) as follows. It is
obvious that for any G C [m], K C [n],

1
fe(0,K) = ;H(®|XKU) =0, (100)

1
J(G.0) = ~H(Pg|Xy) =0, (101)

where the last equality of (101) is due to the encoding
condition in (27).

We show that f.(G, K) satisfies (92) as follows. Accord-
ing to Lemma 2 and the fact that conditioning cannot
increase entropy, we have

F(G K) = ~H(PelX )

1
= —H(Po UTg[X-)

1
= ~H(Tg, Pe \ Tl Xke)

1
= —H(Pg \ Tg|Xke)

< -~H(Pe\Txk)

E ry < E Cy.
J:JePqg,JeTK J:JEPqg,JeETK

We show that f.(G, K) satisfies (93) as follows. Note
that if G C G’ C [m], K C K’ C [n], then K'® C K°.
Therefore, we have

SIS

<

1
fe(GaK) = ;H(PG|XKF)
1
< ;H(PG|XK’”)
1
< ;H(PG/|XK’C) = fE(G,vK/)'

We show that f.(G, K) satisfies (94) as follows. Let us
define Gy = G\ G, Go =G \Gand Gp = GNG,
so that G UG’ = Gy UG UGy is the union of three
disjoint sets and G = Gy U G1 and G’ = Gy U Go.
Similarly, define Ko = K°N K%, K1 = K¢\ K'° and
Ky = K'®\ K¢ so that KU K'® = Ky U K; U Ko,
K¢=KyUK; and K’ = Ko U K>.

6)

4673

Set
h= fE(GuG’,KmK’)+fe(GmG’,KUK’)+%H1,
where H1 = H(Xk,uk,uk,) + H(Xk,), and set

fa = 1G, K) + [(G' K +

where Hy = H(Xg,uk,) + H(Xk,uk,). Due to the
message independence in (26) and sets Ko, K, Ko
being disjoint, we have H; = Ho.

We can verify that for any server grouping P =

{PlaP27"' 7Pm}, GQ [m], we have
Poue= |J P =PsUPa, (102)
1€EGoUG1UG2
Ponar = U P, C PoN Per, (103)

1€Go
where (103) is due to the possible overlapping between
two different server groups, e.g., even for two disjoint
sets G1,G2 C [m], Pg, N Pg, may not be (. If
P, - -+, P, happen to be disjoint server groups, we will
have Pgnar = Pa N Pgr.
Therefore, we can write

rf1 = H(Pgua'| Xkour,uk,) + H(Pana | Xk, )
+
= H(Poua', Xk,uk,uK.) + H(Pangr, Xk,)
< H(Pg U Par, Xk,UK, UK,)
+ H(Ps N Pory, Xk,)
< H(Pg,Xk,uk,) + H(Pa, Xk,uk,)
= H(Pg|Xk,uk,) + H(Pa'| Xkouk,) + H2
=rfa.
where the first inequality is due to (102) and (103) and

the second inequality is due to the submodularity of the
entropy function. Finally, we have

f(GUG' KNK")+ f(GNG' ,KUK")
1 1
= fimJ S fom D Hy =[G ) + (G K.

We show that f.(G, K) satisfies (95) as follows. For any
K,K' C[n] such that KNK'=(,set L=[n]\ (KU
K'). For Pg C (N\ Tk k), according to Proposition 6
(to be presented in Appendix E), we have
0= I(XK;XKllpg,XL)
= H(XKlpg, XL) + H(XK/|PG7XL)
— H Xk, Xg/|Ps,X1)
= H(Pg,Xkur) — H(Pg,Xp) + H(Pg,XkuL)
— H(Pg,Xp)— H(Pg, X)) + H(Pg,Xp)
= H(Pg,Xgur) + H(Pa,XkuL)

— H(Pg,Xy) — H(Xp) (104)
= H(Pg|Xkur) + H(Pg|Xkur)

— H(Pg|Xr) (105)
=rf(G,K') +rf(G,K)

—T’fE(G,KUK,), (106)

Authorized licensed use limited to: Young-Han Kim. Downloaded on July 18,2020 at 06:16:42 UTC from IEEE Xplore. Restrictions apply.



4674

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 66, NO. 8, AUGUST 2020

where (104) follows from the encoding condition in Finally for the last remaining axiom, Axiom (35), we use an
(27), and (105) follows from the message independence approach similar to the one used in the inequality leading up
in (26). Obviously, given r being positive, by (106), to (49). Consider any € > 0 and i € [n]. We rearrange (40) as

we have fE(G, K,) + fE(G7 K) = fE(G, KU K,) H(YN|XA7) _ H(YNlXAu{rL})

Now that we have shown that f.(G, K) satisfies (90)-(95), t; < 1= 5(0) . (107)
we use this result to show that f(G, K) satisfies corresponding
six axioms (30)-(34) and (36) in the following. We have
1) For Axiom (30), if (P U Pgr) \ (Pe N Far)) € Txe  rf(im], {i}) = H(Yn|X(iye) — H(Y N[ X(n) (108)
we have = (X YN[ Xa0m,)
f(Ga K) = hrgl}%lf f€(G’ K) = H(Xi|XA7:UB7‘,) - H(X’i|YN7 XA7‘,UB7‘,)
= liminf f.(G', K) = f(C', K), < H(X;)
- =t (109)

2)

3)

4)

5)

6)

where the second equality follows from (90).

For Axiom (31), due to (91), we have < H(YN|XA7")1_ Ig((TMXAiU{i}) (110)
— €

f0,K) = lim inf f(0,K) =0, _rf(Im), B; U {i}) — rf(jm), By) an
J(G,0) = liminf £.(G,0) = 0. B 1—4(e)

where (108) follows from the encoding condition in (27), (109)
follows from the fact that the messages are uniformly distrib-

f(G, K) = liminf f.(G, K) < Z C;. uted as specified in (26), (110) follows from (107), and (111)
=0 JiJePa JeTy follows from the definition of f.(G, K). Dividing both sides of

For Axiom (32), due to (92), we have

(111) by r and then taking the limit infimum as € approaches
zero, we have

N

For Axiom (33), consider any G C G’ C [m], K
K’ C [n]. By (93), we have _
fE([m]7 Bi U {Z}) - fe([m]a B’i)

0 < liminf(fo(G, K') - (G, K)) f([m]{i}) < lim inf =00
= IIIEIL}(I)lf fe(G/’ K/) - hmj(l)lp f(Ga K) = hgl_}(l)lf(feqm]v BzU{Z}) - fe([m]v Bz))
< liminf fo(G', K') — liminf f(G, K) = liminf fe(lm], B;U{i}) —lim sup fe([ml, B;)

For Axiom (34), consider any G,G" C [m], K, K’
[n]. By (94), we have

0 < lim iglf(fe(G,, K')+ f.(G,K)
- f(GUG KNK") - f(GNG',KUK"))

N

= f([m], B;U{i}) — f([m], B:). (112)
On the other hand, by Axiom (34) we have
f([m],{i}) = f([m], Biu{i}) — f([m], B;).  (113)
Combining (112) and (113) leads to Axiom (35).

= hrenjglf f(G' K') + hrenjglf f(G,K) This concludes the proof of Theorem 3.
—limsup f(GUG, KN K')
=0 APPENDIX E
—limsup f(GNG',KUK") FUNCTIONAL DEPENDENCE GRAPH AND fd-SEPARATION
=0 FOR DISTRIBUTED INDEX CODING
<liminf f(G', K’) 4+ liminf f.(G, K) . . .
e—0 e—0 We review the functional dependence graph (FDG), which

—liminf f(GUG', K N K") was first introduced in [24] and then further developed in [25].

Y , , We first restate the general definition of FDG and then

N 11?1,%1 fAGNG, KUK specialize it to the distributed index coding FDG based on
= f(G,K")+ f(G,K) — f(GUG',KNK) the distributed index coding problem setu(p. )

, , Within this section, we use G = (V,&) to denote a

—f(GNG, KUK directed graph with vertex set V = {V4,Va,---} and directed

For Axiom (36), consider any G C [m], K, K’ C [n] edge set & = {ej,e2,---}. We use tail(e) and head(e) to

such that KN K’ = and P C (N \ Tk k). By (95), denote the tail and the head of the directed edge e,Ve € &,

we have respectively. For any V;,V, € V, j < k, we say that
N , vertices V;, V, € V are connected if there exist vertices in

f(GK) + f(G.KT) = hIEILl(I)lf(fE(G’K) + fe(G, KT)) V, Vj,Vjt1,..., Vi, and edges in &, ej,...,er—1, such that
= liminf f.(G, K U K’) for any ¢ € [j : k — 1], we have either tail(e;) = Vj,

=0 , head(e;) = Viy1 or tail(e;) = Vit1, head(e;) = V;. We

= (G, KUK'). call such vertex sequence V;,V,i1,...,V; a path between
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Fig. 3. The distributed index coding FDG for the 4-message problem: (1|—), (2[4), (3|2), (4|3), with all 2% —1 = 15 servers. For simplicity, only four output
variables, Y1} (1,2},{1,2,3},{1,2,3,4}} and their corresponding links are shown. To avoid clutter, whenever there exist directed edges in both directions
between any two vertices, we simply draw an edge with arrows at both ends between the vertices, instead of drawing two separate directed edges. Note that
the edges defined in item 2 of Definition 13 are shown as blue, while all the other edges defined in items 1 and 3 are shown in black.

V; and V3. Correspondingly, we say that V; and Vj are
disconnected if such intermediate vertices and edges do not
exist (i.e., there is no path between V; and V}). Note that we
ignore the direction of the edges when determining whether
two vertices are connected or not.

Definition 12 (Functional dependence graph): Let V =
{V1,Va,...} be a set of random variables. A directed graph
G = (V,€) is called a functional dependence graph (FDG) for
V if and only if

HWVi|Vj: (V;, Vi) € £) =0, YV eV.

Definition 13 (Distributed index coding FDG): For a given
distributed index coding problem, its distributed index cod-
ing FDG is a directed graph G = (V,€) defined as
follows.

e The set of vertices V = X, UY y.

e Forany V,V' €V, (V,V’) € £ if and only if it satisfies

one of the following conditions:

HV =X,V  =Y;,J € Nji € J,ie, (V,V)
denotes message availability at server .J;

2) V=X,V = Xj,j € [n],i € Aj,ie, (V,V)
denotes side information availability at receiver j;

3) V=Y,V =X, J € N,i €n],ie, (V,V)
denotes a broadcast link from server J to
receiver i;

(114)

Note that the encoding conditions H (Y|X ;) = 0 are captured
in the distributed index coding FDG due to the existence of
edges as defined in item 1 above. The decoding conditions
H(X;|Yn,X4,) = 0 are captured due to the existence of
edges as defined in items 2 and 3.9 Hence, it can be verified
that for any distributed index coding FDG G = (V, £) we have

H(Vi|V; - (V;, Vi) € £) =0, YV eV.

9Note that for the distributed index coding FDG, we assume zero-error
decoding conditions at receivers for simplicity. However, as the fd-separation
and Proposition 6 (to be defined shortly) depend only on the message
independence and the encoding conditions at servers, they hold in the general
case of vanishing decoding error probability.

Therefore, the distributed index coding FDG defined in Defi-
nition 13 is indeed an FDG satisfying Definition 12.

Example 18: See Figure 3 for the distributed index coding
FDG for the problem: (1|—), (2]4), (3|2), (4]3).

Now we review the fd-separation criterion, also from [24],
[25], which leads to the conditional message independence
utilized in Axiom (36) of Theorem 3 in Section I'V. Similar to
the distributed index coding FDG, the fd-separation presented
here has also been specialized to the distributed index coding
scenario.

Definition 14 (Ancestral graph): Consider the distributed
index coding FDG G = (V,€) of a given distributed index
coding problem. For any subset .4 C V), let An(A) be the set
of all vertices in V' \ A such that for every vertex V' € An(A),
there is a directed path from V to some vertex V'’ in A
in the subgraph G = G\ {e € € : Ji € [n],head(e) =
X;}. The ancestral graph with respect to .4, denoted by
GAn(A), is a vertex-induced subgraph of G consisting of
vertices (A U An(A)) and edges e € £ such that head(e),
tail(e) € AU An(A).

Definition 15 (fd-separation): Let G = (V, &) be the dis-
tributed index coding FDG of a given distributed index coding
problem, and let U/, )V, Z be three nonempty disjoint subsets
of V. Set U fd-separates sets W and Z if every vertex in W
is disconnected from every vertex in Z in what remains of
Gan@uwuz) after removing all edges outgoing from vertices
inU.

Example 19: Recall the 4-message problem whose distrib-
uted index coding FDG is shown in Figure 3. Set U =
Xpp Yo aspah W = (X} 2 = {Xpag ).
It can be verified that U/ fd-separates W and Z, as illustrated
by Figure 4.

It can be verified that once the subset of vertices U
fd-separates Z and W in the distributed index coding
FDG for any distributed index coding problem, then it also
fd-separates Z and W in the corresponding network FDG
[25, Definition 11]. Therefore, according to Lemma 4 in [25],
we conclude that the random variables denoted by Z and
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ORNORORO

Fig. 4. The ancestral graph Gansuwuz) is shown on the left. And the remaining of Gy, uywuz) after removing all edges outgoing from vertices in
U is shown on the right, where X2 becomes disconnected from both X3 and Xjy.

W are conditionally independent given the random variables
denoted by U, i.e.,
I(Z,WU) =0, if U fd-separates Z and W

in the distributed index coding FDG. (115)

Now we can state the following proposition.
Proposition 6: For any distributed index coding problem

and two disjoint nonempty subsets K, K’ C [n], set L =
[n] \ (K UK"). Then, we have
I(Xk; Xk | XL, Yp) =0, (116)

for any subset of servers P C (N \ Tk k).

Proof: SetUd =X, UYp, Z =Xk, W = Xg-. Since
P CN\Tk g = (T 57 UTy 7 UTk 7). according to the
touch structure in Definition 1, we know that in the ancestral
graph Ganuwuz), for any X; € Z,X; € W, vertices X;
and X are either disconnected, or connected with at least one
vertex from X; C U/ in the path between them.

After removing all edges outgoing from vertices in
U, any connected vertices X; € Z and X; € W
become disconnected. Hence, we can conclude that the
vertex set U fd-separates Z and WV in the distributed
index coding FDG. Therefore, from (115), we conclude that
I(XK,XK/|XL,YP):I(Z,WV/[):O |

APPENDIX F
PROOF OF PROPOSITION 2

For easier reference, we repeat (50) here for a given problem

(7]A4;),i € [n] with peripheral set U and an augmentation
group V. = (V,---, Vi),
SR> o+ > Y oy (117)
i€n] JEN Lelk) JET,
where 7, = TV, (U eqpgang Viyuw and W= ]\ U\

(Ujepr V5)- Note that [k: + 1: k] simply means .

In the following, we prove the proposition by showing that
(117) is implied by the rate constraint inequality (29) as well
as the Axioms (30)-(36) of Theorem 3 with a specific server
grouping PV = {TV1 s TV2, s ,Tv,C s T(UJE[k] VJ)c}

For any i € [n] and any B C B;, according to (29) as well
as Axiom (34), we have

R; < f(Im], B; U{i}) — f([m], B)
< f(Im], BU{d}) — f([m], B),
VB C B;,i € [n). (118)

Consider any two disjoint sets L, K C [n|. If L is an
augmentation set of K, then by Definition 3, there exists
an ordering {i1,i2,--- ,iz|} of the elements in L such that

Ai; ©{in, -+ 51} UK, j € [|L]], which indicates that
({i1, - ,ij 1} UK) C By,  Yje[lL]]. (119)
Hence, according to (118) and (119), we have
D Ri= ) Ry
i€L JE[L]
([ [, K) = f(Im], K\ {ir})
+ f([m], K\ {ir}) — f([m], K\ {ir} \ {i2})
+ f([m], K\ {in} \ {i2})
— f(Im], K\ {in} \ {ia} \ {is}) +
+ f([m], KO\ {ir}\ - \{Z\L\fl})
f(Im], K°\ L)
([m],K) f(Im], K°\ L).

By Definitions 4 and 5, U is an augmentation set of (J, and
V; for any j € [k] is an augmentation set of V¢, and W' is an
augmentation set of W¢. Therefore, we have

> Ri < f([m], 0°) — £([m], 0°\ U)
i€U
= f(Im];[n]) = f([m],[n] \ U), (120)
and
> R < f([m], (VF)°) = f(Im], (V) \ V)
i€V;
and
> Ri < f(Im), (W)) = f([m], (W) \ W)
iew
= f([m],W). (122)
As U, Vp,--+ , Vi, W are disjoint to each other and [n] =

UU (Uje[k] V;) U W, combining (120) and (122), as well as
(121) for every j € [k], we have

DRi=) Ri+> Y R+ R

i€[n] €U JE[K] i€V} €W

< f(Im H])—f([ ][n]\U)
+ > f(Im), V) + f([m], W)

JE[K]
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< f(fml, [n) + Y f{5} V)
JE[K]
+ f(Im), W) = f(Im], (| V) uw),
JE[K]

where the last inequality is due to Axiom (30) of Theorem 3.
According to Axiom (32) of Theorem 3, we have

F(ml, ) + ) fde | viuw)

Le(k] JE[+1:k]
< Z Cy+ Z Z Cy.
JEN telk]) JET,

Therefore, to complete the proof of the proposition, it suffices
to show that

F@ml D)+ 3 rde | vipyuw) >
LE[K] JE[E+1:K]
Fml )+ Y f{51 V)
JEk]
+ f([m], W) = f(Im], (| Vi) uW)

JElk]

(123)

is implied by the rate constraint inequality (29) as well as
Axioms (30)-(36) of Theorem 3 with Py, from Definition 6.
By Axioms (34) and (33), for any ¢ € [k], we have

(U vuw+rdenc | viuw)
16[2 k] JE[O+1:K]
> f(ml,( |J viuw)+ s ve). 24

JE[E+1:K]

Summing both sides of (124) for every ¢ € [k], we have

> f(ml (| vi)uw)
Le(k] je[e-k]
+> e Y vuw)
Le[k] JE[041:k]
> f(ml, (U viHumw)+ ) e W)
2€[k] [z+1 k) Le(k]
>, fml. (U vpuw)
L€[2:k+1] JE[:K]
I GA! (125)
Le[k]
Note that
Y fml (Y i uw) = f(ml.(J i) uw)
Le[1] JEL:k] JE[K]
and
Yo fml (| Vi uw) = f(im],w).
Le[k+1:k+1] JE[L:K]
Using the above relations, we have
(Uwuw)+> s U wuw)
je[k] Le k] JE[C+1:k]
=2 fm. U viuw)

Le(k] je[é:k]
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- > fml (Y vp)uw)
Le[2:k] je[é:k]

+y fqec J o viuw)
Le(k] JE[C+1:k]

> Y f(mL (Y vuw)
Le[2:k+1] je[é'k]

= > fml. (U viouw)+ > s ve)

le[2:k] je[z:k] Le(k]
= f(Im, W)+ Y F{¢}, W),
Le(k]

where the inequality follows from (125). This completes the
proof of (123) being implied by the rate constraint inequality
(29) as well as Axioms (30)-(36) of Theorem 3 with Py, and
thus completes the proof of this proposition.

APPENDIX G
PROOF OF COROLLARY 4

The goal is to show that Axiom (30) in Theorem 3 simplifies
to Axiom (56) in Corollary 4. For easier reference, we repeat
Axiom (30), with Py = {T¢,,T¢L,,...,TL, }, as follows.

f(GvK) = f(G,aK)a
if (Toe UTLe)\ (Toe NTL,,)) €
We also repeat Axiom (56) as follows.
f(GvK):f(G/aK)a if K C (LgNLe).

For brevity, set . = Lg, L' = Lgs, and also set T =
(ToUTe)\(TeNTr) = (Tee UTLy) \ (Tee NTLy,)).
For any K C [n], G,G" C |m], we are going to show that
K C (LN L is the sufficient and necessary condition for
T C Ty If G = G’, then both (30) and (56) becomes trivial.
Hence we only consider the case when G # G’, and since
Ly,---, L, are disjoint to each other, we have L # L'.

First, to show the sufficiency, we assume that X C (LNL').
Consider any J € T, we know that J touches either L or I/,
but not both. As K C (LN L'), we know that J N K = 0,
which means that J € T%. Therefore, we have T' C T4,
which proves the sufficient condition.

Second, to show the necessity, we assume that T' C T'.
Since L # L', without loss of generality, assume there exists
some j;1 € L\ L’. Now we show that KX C (L N L') by
contradiction.

Assume that K\ L’ # (), then there exists some jo € K\ L'.
Note that jq, jo may be the same index. Now set J = {j;} U
{j2} € N. Then we have

JNL#Q, JNL =0, JNK #0.

Hence, we have J € T (since J € (T UTyL),J ¢ (T N
Tr)), and also J ¢ T This contradicts with the assumption
that T C T%. And therefore, we must have K \ L' = 0,
ie, KCL'.

Now assume that K \ L # (), then there exists some j; €
K\ L. Since js € K\ L and K C L', for {j3} € N, we have

{gs}nL=0, {js}nNL #0, {js}nK#0. (127)

Tr.

(126)
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Hence, we have {j3} € T (since {js} € (TL UTyL/),{js} ¢
(T, N Tyrs)), and also {js} ¢ Ty%. This contradicts with
the assumption that " C T%. And therefore, we must have
K\L=0,ie, K C L.

Now we have both K C L' and K C L, which means that
K C (LN L") and proves the necessary condition. Therefore,
Axioms (30) and (56) are the same under the touch grouping.
This completes the proof.

APPENDIX H
PROOF OF PROPOSITION 3

For a given distributed index coding problem, consider
two valid server groupings @ = {Q1,---,Q¢} and P =
{P1,---, Py} such that P is a refinement of Q. For any
E C [f], let Qp = U;cp Qi» and for any G C [m], let
Pc = J;cq Pi- Denote the outer bound on the capacity region
given by the grouping PM outer bound with Q and P as %o
and Zp, respectively.

According to Definition 10, for any ¢ € [¢], there exists
some set G C [m] such that Pg = Q;. Define the mapping
function G that maps any set F C [{] to a corresponding set
G(FE) C [m] as follows.

= U G. (128)
i€E GClm
Pg= Q7
Then for any E C [¢], we have
Pemy=J U Pe=JQ =0k (129)
i€E GClm]: el
Pc=Q;

It can also be verified that the mapping function G has
following properties.

G(0)=0. (130)
G(E) C G(E"), VECE C[f. (131)
G(EUE')=G(E)UG(E", VE,E' C[{]. (132)
G(ENE)CGE)NG(E"), VE,E' C[¢. (133)

Now assume that some rate tuple R = (R;,i € [n]) is
in %Zp. Then there exists f(G,K),G C [m], K C [n] such
that R and f(G, K) satisfy Axioms (30)-(36), as well as (29),
with server grouping P. Construct fo(E, K) = f(G(E), K),
E C [{],K C [n]. We now show that the rate tuple R is
also in Z¢ by showing that R and fo(E, K) satisfy Axioms
(30)-(36), as well as (29) with server grouping Q.

For Axiom (30), consider any E,E’ C [¢], K C [n] such
that (Qr U Qe )\ (ReNQEr) C T4, we have

(Pa(ey U Paen) \ (Pae) N Paey) =
(QeUQEr )\ (QReNQEr) C Tg,

where the first equality is due to (129). As f(G, K) satisfies
Axiom (30) with server grouping P, we have f(G(E), K) =
f(G(E'"), K). Therefore, by the construction of fq(E, K),
we have fo(E,K) = [f(G(E),K) = [f(G(E) K) =
Jo(E', K).

For Axiom (31), it is clear that for any E C [¢], K C [n],
due to (130) as well as f(G,K) satisfying Axiom (31),
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we have fo(0,K) = f(G(0),K) =
falE,0) = F(G(E),0) = 0.

For Axiom (32), for any E C [¢], K C [n], due to (129) as
well as f(G, K) satisfying Axiom (32), we have

J:JEPg(py,JETK

= E Cy.
J:JeEQE,JeTK

0 and

For Axiom (33), forany £ C E' C [{], K C K' C [n],
we have
fQ(EaK) = f(G(E)aK) < f(G(E/)aK/) = fQ(Evil)v

where the inequality is due to (131) and f(G, K) satisfying
Axiom (33).

For Axiom (34), for any E, E' C [¢], K, K' C
Jo(EUE' KNK')+ fo(ENE' KUK')

=f(GIEUE),KNK')+ f(GIENE"),KUK')

< J(G(E) UG(E')K N K'Y+ (G(E) N G(E'),K UK')

< J(GE), K) + [(G(E'), K')

= fQ(EvK) + fQ(Evil)a
where the first inequality is due to (132) and (133) and
f(G, K) satisfying Axiom (33), and the second inequality is
due to f(G, K) satisfying Axiom (34).

For Axiom (35), for any K C [n], according to (129),
we have

[n], we have

(Pm) Y Pa(en) \ (Pm) N Pe(ia)
= (Pm) U Q) \ (Pim) N Qpg)
=(NUN)\(NNN)=0C Tg.

Therefore, for any i € [n], as f(G, K) satisfies Axioms (30)
and (35), we have

fo(l4); Bi U{i}) = fo(l4], Bi)

= [(G([]), B: U {i}) — f(G([4]), Bi)

= f(lml, Bi U{i}) = f([m], Bi) (134)
= f(Im],{1}) = F(G([):{i}) = fo(ld, {i}).

For Axiom (36), for any F C [{], K, K’ C [n] such that
Qe C (N \ Tk k), according to (129), we have Pgp) =
Qr € (N\ Tk k). As f(G, K) satisfies Axiom (36) with
server grouping P, we have

fo(E,K) + fo(E,K') = f(G(E),K) + f(G(E),K')

= [(G(E),KUK')
= fo(E,K UK’).

Finally, given (134) and that f(G,K) and R jointly
satisfy (29), for any i € [n], we have

fo(lt), Bi U{i}) — fo(lf], Bi)
= f(Im], B; U{i}) = f([m], B:) = Ri,
which finishes the proof that fo(E,K) and R jointly
satisfy (29).
So far we have shown that for any R in rate region %p,
it must be also in Zg. Therefore, Zp C Zo.
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TABLE IV
L1ST OF ALL 218 NON-ISOMORPHIC INDEX CODING PROBLEMS WITH n = 4 MESSAGES

Problem No. Side Information Sequence Problem No. Side Information Sequence Problem No. Side Information Sequence
1 ). @), G-), G1) 7 (1[4), (2[4), (3[2), GIL 2) 7 {[4), 2[3), (3[L, 4), (4[1, 2, 3)
2 (112), (2]9), (3]—), (4] ) 75 (1[4, (2[4), (312, 4), (4]3) 143 (114), (23), (3]1, 2), (41, 2, 3)
3 aT2 37, 2. G, 1) 7o A9, 2[4), G2, 1), (d[2) 0 1D, 23, 4), 32, 1), A[2,3)
1 11-), (2]—), (3]4), (4]3) 77 (1]14), (2]4), (3|2, 4), (4]1) 150 (1]4), (213, 4), (32, 4), (4[1, 3)
5 (1 0), (21—), (3]4), (4]2) 78 (114), (2]4), (3]1, 2), (4]3) 151 (1]14), (213, 4), (3|1, (4]1, 2, 3)
6 11—), (2]—), (312), (4]2) 79 (1]4), (2]4), (3]1, 2), (4]2) 152 (1]4), (213, 4), (3|1, 4), (4]2, 3)
7 11—, (2]5), (3]2), (4|1) 30 (114), (213), (3]2), (412, 3) 153 (114), (213, 4), (3|1, 4), (4]1, 3)
8 12,3, 4), 2-), GBI, als ! (1), (2[3), (3[2), GIL, 3) 153 19, 23.4), G[1.9), @[1.2)
9 (115), (2], (3]4), (4]2, 3) 32 (114), (2]3), (3|2, 4), (4]2) 155 (1]14), (2]3, 4), (31, 2), (42, 3)
0 (1]1—), (2]—), (3]4), (4], 2) 33 (1]4), (2[3), (3]1), (4|2, 3) 156 (1]4), (213, 4), (311, 2), (4]1, 3)
1 (11—), (2]—), (3]2), (4|2, 3) 34 (114), (2[3), (3|1), (4|1, 2) 157 (1]4), (213, 4), (3|1, 2), (4]1, 2)
2 1), 2[-). (32), (4[1,3) 55 D, (23, 4), GID). ([3) 158 (1D, 23, 9), 3[1, 2. 4), (43)
13 (1]—), (2]—), (3]2), (4[1, 2) 36 (112, 3, 4), (2]1, 3, 4), (3]—), (4]—) 159 (1]4), (213, 4), (3|1, 2, 4), (4]2)
4 (11-), (2]4), (314), (4]3) 37 (119), (2]4), (312, 4), (4]1, 2, 3) 160 (114), (213, 4), (3|1, 2, 4), (4]1)
15 (1]1—), (2]4), (3]4), (4]1) 38 (1]1—), (2]4), (3]1, 4), (4|1, 2, 3) 161 (1]4), (2]1), (311, 2), (4]1, 2, 3)
16 (115), (2]14), (3]2), (4]3) 39 (115), (2]14), (3|1, 2), (4[1, 2, 3) 162 (114), (2]1), (3[1, 2, 4), (4]2, 3)
7 T-). 2[4), 3[2), @) % I-). (2[4), (311, 2, 4), (4[2,3) 163 A1), 2D, G[L,2.4), @12
8 115, 219, (3]1), (4]2) 91 (1[5), (219, (3|1, 2, 4), (4|1, 3) 64 (114), (21, 4), (31, 4), (42, 3)
5 I, 2[4), G0, @) %2 I-). 2[), (GI1,2,4), A[L,2) 163 D). CIL 1), G[L. D), @[1,3)
20 (11—, (2]1), (3]1), (4]1) 93 (11—, (213, 4), (3]2, 4), (4|2, 3) 166 (1]4), (2]1, 4), (3|1, 2), (4|2, 3)
21 (112, 3, 4), (2]1), (3]5), (4[—) 94 (115), (213, 4), (312, 4), (4|1, 3) 167 (114), (2]1, 4), (3|1, 2), (4]1, 3)
22 (119, (2[—), (3]2), (4]1, 2, 3) 95 (11—, (213, 4), (3|1), (41, 2, 3) 168 (1]4), (2]1, 4), (3|1, 2), (4]1, 2)
23 (115), (2]—), (3]2, ), (42, 3) 96 (11-), (213, 4), (3|1, 4), (41, 3) 169 (114), (2]1, 4), (3|1, 2, 4), (4]1)
2 I-). 2[-). (3[2,4), (4[1,3) o7 ). (2[3.9), 3[1,4), @[L,2) 70 (1[9), 2[1.3), 31, 2), (4]2,3)
25 (11—), (2]—), (3]2, 4), (4[1, 2) 98 (1]—), (2[3, 4), (3[1, 2), (4]1, 2) 171 (1]4), (2]1, 3), (3[1, 2), (4]1, 3)
% 1), @), GIL.2), (A[1,2) % (I—). 2[0), (311, 4), (411, 2,3) 72 12,3, D, 2L3.4). GIL2), @)
27 (11—), (2]4), (3]4), (4]2, 3) 100 (11—, (2]1), (3]1, 2), (4|1, 2, 3) 173 (11—, (21, 4), (3]1, 2, 4), (4]1, 2, 3)
28 (11—), (2]4), (3]4), (4]1, 3) 101 (11-), (2|1, 4), (3]1, 4), (41, 3) 174 (114), (2]4), (3]1, 2, 4), (4]1, 2, 3)
29 (1]1—-), (2]4), (3]2), (4|2, 3) 102 (11—, (21, 4), (3]1, 2), (4|1, 3) 175 (1 1), (2]3), (3[1, 2, 4), (4|1, 2, 3)
30 (11—), (2[4), (3]2), (4]1, 3) 103 (114), (214), (3]4), (4]1, 2, 3) 176 (114), (2]3, 4), (3]2, 4), (4|1, 2, 3)
! 1), 2[9), (3[2), @1, 2) 103 19, 2[4), (3[2), (3[1.2,3) 77 (19, (2[3.4), 3[1,9), (4[1,2,3)
B (1[0), (2[4), (312, 4), (4]2) 105 (1[4), (24, (3|2, 4), (4]2, 3) 178 (1[4), (2]3,4), (3|1, 2), (4]1, 2, 3)
3 A5, 2[0), (3[2,4), (4 106 (1[0, 2[4), (3[2,4), (4[1,3) 7 1D, (23,9, (3[1,2,4), ([2,3)
34 (1]—), (2]4), (3|1), (4]2, 3) 107 (114), (2]4), (3|2, 4), (4]1, 2) 180 (114), (2]3, 4), (31, 2, 4), (4|1, 3)
35 (11—), (2[4), (3|1), (4]1, 3) 108 (1]14), (214), (31, 2), (42, 3) 181 (114), (213, 4), (3|1, 2, 4), (4|1, 2)
36 (1]—5), (2]4), (3]1), (4|1, 2) 109 (114), (2]4), (3|1, 2), (4]1, 2) 182 (114), (2]1), (311, 2, 4), (4]1, 2, 3)
37 (11—), (2[4), (3|1, 4), (4]2) 110 (1]14), (2]4), (3|1, 2, 4), (4]3) 183 (114), (2|1, 4), (3]1, 4), (4|1, 2, 3)
38 (1), (2]4), (3|1, 4), (4]1) 111 (114), (2]4), (3|1, 2, 4), (4]2) 184 (114), (2]1, 4), (3|1, 2), (4]1, 2, 3)
39 (11—), (2[4), (3|1, 2), (4]1) 2 (114), (2]3), (312), (4]1, 2, 3) 185 (114), (2[1, 4), (3|1, 2, 4), (4|2, 3)
Y 1. 23,9, G[D), @0 13 1D, (2[3), (312, 4), (4[2,3) 156 (1D, 2L 1), (3[1,2,4), @L3)
41 (1]—), (2]1), (3]1), (41, 3) 114 (114), (2]3), (3|2, 4), (4]1, 3) 187 (114), (2]1, 4), (3|1, 2, 4), (4|1, 2)
» (114), (2]4), (3]4), (413) 115 (114), (213), (312, 4), (4]1, 2) 188 (114), (2|1, 3), (3|1, 2), (4]1, 2, 3)
43 (1]4), (2]4), (3]2), (4]3) 116 (114), (2]3), (3|1), (4]1, 2, 3) 189 (114), (2[1, 3), (3|1, 2, 4), (4]2, 3)
44 (114), (2]4), (3]2), (4]2) 17 (114), (213), (31, 4), (412, 3) 190 (114), (2]1, 3), (3|1, 2, 4), (4|1, 3)
45 (1]4), (2]4), (3]2), (4]1) 118 (114), (2]3), (3|1, 4), (4]1, 2) 191 (114), (2[1, 3), (3|1, 2, 4), (4|1, 2)
16 (114), (2]3), (3]2), (4]1) 19 (114), (2]3), (31, 2), (4]1, 2) 192 (114), (2[1, 3, 4), (3]1, 2, 4), (4]1)
7 1D, (23), G). A2 120 (1D, (2[3. 9), (32, 1), (A[3) 195 (13,4, 2[3.4), (3[2,4), (412, 3)
13 (112, 3, 4), (21, 3), (3]—), (4] =) 21 (114), (213, 4), (3]2, 4), (4]1) 94 (113, 4), (213, 4), (3]2, 4), (41, 3)
29 (11—, (2[-), (311, 2), (4]1, 2, 3) 22 (1]14), (213, 4), 3]1), (412, 3) 195 (113, 4), (213, 4), (312, 4), (4|1, 2)
50 (1]1—5), (2]4), (3]4), (4[1, 2, 3) 123 (114), (2]3, 4), (3]1), (4]1, 3) 196 (113, 4), (213, 4), (3[1, 2), (4|1, 2)
51 (115), (214), (312), (4]1, 2, 3) 124 (114), (213, 4), (3|1, (4]1, 2) 197 (113, 4), (2|1, 4), (312, 4), (4|2, 3)
52 (1]1—), (2]4), (3|2, 4), (4]2, 3) 125 (114), (2]3, 4), (3|1, 4), (4]3) 198 (113, 4), (2]1, 4), (3[1, 2), (42, 3)
53 (1]-), (214), (3|2, 4), (4[1, 3) 126 (114), (213, 4), (3|1, 4), (4]2) 199 (112, 3, 4), (211, 3, 4), (3|1, 2, 4), (4]—)
5 ). 2[4), (3[2,4), (4[1.2) 027 (19, (2[3.), 3[1,4), @[ 200 (114, (2[3,4), (311, 2, 4), (411, 2, )
55 (1]—), (2]4), (3]1), (4]1, 2, 3) 128 (1]4), (2]3, 4), (3[1, 2), (4]3) 201 (1]4), (2]1, 4), (3[1, 2, 4), (4]1, 2, 3)
5 A1), 2[4), (L., 4), (4[2,3) 29 1D, 23,9, G3[L,2), @0 202 (1[0, (2[1,3), 31, 2,9, @[1,2,3)
57 (1]1—), (2]4), (3|1, 4), (4[1, 3) 130 (114), (2]1), (3]1, 2), (4]2, 3) 203 (1]4), (2[1, 3, 4), (3]1, 2, 4), (4]2, 3)
58 (1]-), (2]14), (3|1, 4), (4|1, 2) 131 (1]14), (2]1), (3|1, 2), (4]1, 2) 204 (114), (21, 3, 4), (3]1, 2, 4), (4|1, 3)
59 (1]1—), (2]4), (3]1, 2), (4|2, 3) 132 (114), (2]1), (3|1, 2, 4), (4]2) 205 (113, 4), (2]3, 4), (3|2, 4), (4]1, 2, 3)
60 (1]—), (2]4), (3|1, 2), (4]1, 3) 133 (1]4), (2[1, 4), (3]1, 4), (4]1) 206 (113, 4), (213, 4), (3|1, 2), (41, 2, 3)
! 1), 2[4), G[1,2), (A[1.2) 133 {[2.3. 0. 2[1.3.4), GD, @) 207 (13,4, 2[L.4), (32,4, (@[1,2,3)
62 (1]—), (2]4), (3]1, 2, 4), (4]2) 135 (1]—), (213, 4), (3]2, 4), (4]1, 2, 3) 208 (113, 4), (2|1, 4), (3]1, 2), (4]1, 2, 3)
& 1), 2[4), (1.2, 4), @[0) 36 1>, 2[3.4). GIL 1), @[1.2,3) 209 (13, 4). 2[L. 1), (3[1,2.4), G[L3)
64 (1), (2]3, 4), (3]2, 4), (4]1) 137 (1]—), (2]3, 4), (3|1, 2), (4]1, 2, 3) 210 (113, 4), (2]1, 4), (3|1, 2, 4), (4[1, 2)
65 (11—), (213, 4), (3]1), (4]1, 3) 138 (1]—), (2[1), (311, 2, 4), (4]1, 2, 3) 211 (113, 4), (2|1, 3, 4), (3]1, 4), (4]1,3)
66 (1]1—), (2]3, 4), (3]1), (4]1, 2) 139 (1), (2]1, 4), (3]1, 4), (4]1, 2, 3) 212 (112, 3, 4), (2|1, 3, 4), (3]1, 2, 4), (4]1)
67 (1]—), (2|1, (3]1), (4]1, 2, 3) 140 (1]—), (2[1, 4), (3|1, 2), (4]1, 2, 3) 213 (113, 4), (213, 4), (3]1, 2, 4), (41, 2, 3)
68 (1]1—), (2]1), (3|1, 4), (4]1, 3) 141 (1]—), (2]1, 4), (3|1, 2, 4), (4]1, 2) 214 (13, 4), (2|1, 4), (3]1, 2, 4), (4|1, 2, 3)
69 (1]—), (2]1), (3|1, 4), (4[1, 2) 42 (114), (2]4), (3]2, 4), (4]1, 2, 3) 215 (113, 4), (2|1, 3, 4), (3]1, 4), (4|1, 2, 3)
70 I, @D, GIL.2), (1.2 133 (A1), (2[4), (3[1.2), (41, 2,3) 216 (13D, 2[L3.D, G2, AL, 2,3)
71 (114), (2]4), (3]4), (4]2, 3) 144 (114), (2]4), (3]1, 2, 4), (4]2, 3) 217 (112, 3, 4), (2]1, 3, 4), (3[1, 2, 4), (4|1, 2)
72 (112), (219), (3]2), (4]2,3) 145 (114), (2]4), (3]1, 2, 4), (4]1, 2) 218 (112, 3, 4), (2]1, 3, 4), (3[1, 2, 4), (4[1, 2, 3)
73 (1]4), (2]4), (3]2), (4]1, 3) 146 (114), (2]3), (3]2, 4), (4]1, 2, 3)

APPENDIX I where the first inequality is due to (71), and the second

PROOF OF PROPOSITION 5

We show that Z,. C %y, as follows.

Consider any rate tuple R € Z,. Then, there exists some
set function g(K), K C [n] such that g(K) satisfies Axioms
(72)-(76) and R and ¢(K) jointly satisfy (71). Construct
J1(8),5 CLC [n] as f1(8) = g(S).

It can be verified with relative ease that f1,(S) satisfies all
the axioms for proposition 4 (Axioms (78)-(81)). So it remains
to show that R and f1,(.5) jointly satisfy (77) as follows.

For any L C [n] and ¢ € L, we have

R; < g(B; U{i}) — g(B:)
<g((BiU{i})nL)-g(BiNL)
= fo((BiU{i})N L) — fo(B; N L).

inequality is due to the fact that B; U ((B; U {i}) N L)
B; U {Z},37 n ((37 U {l}) n L) = B; N L and that g(K)
satisfies the submodularity axiom, Axiom (75).

Therefore, we can conclude that R € #y, and #Z. C %y, .

APPENDIX J
LiSsT OF ALL NON-ISOMORPHIC INDEX CODING
PROBLEMS WITH n = 4 MESSAGES

See Table IV.
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