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General Noisy Multicast Network

X, Y,) — M,

(XN> Yy) — M\

M - X,

(X, Y,)

* An N-node discrete memoryless multicast network (DM-MN)
(Xl X X XN,p(yz,...,lexl,...,xN),yZ XX yN)

* Source node | wishes to send a message M to destination nodes
D cC[2:N]
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General Noisy Multicast Network

X, V) = M,

Xy, Yy) = My

(X, Y3)

« A (2"% 1) code for the DM-MN:
* Encoder: x| (m) for each message m € [1: 2R
* Relay encoderj € [2: N]: xji(y;_l) for each y;_l € 3);_1 andie€ [1:n]
* Decoder k € D: rin,(y}) for each y} € Y/
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(X, Y3)

« A (2"% 1) code for the DM-MN:
* Encoder: x| (m) for each message m € [1: 2R
* Relay encoderj € [2: N]: xji(y;_l) for each y;_l € 3);_1 andie€ [1:n]
* Decoder k € D: rin,(y}) for each y} € Y/

* The average probability of error Pg”) = P{M, # M for some k € D}
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General Noisy Multicast Network

X, Y,) — M,

(XN> Yy) — M\

M - X,

(X, 1))

* The rate R is achievable if 3 a sequence of (2"R 1) codes with Pé”) -0
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General Noisy Multicast Network

(X, Y;) = M,

(XN> YN) - M\

M - X,

(X, Y,)

* The rate R is achievable if 3 a sequence of (2"R 1) codes with Pé”) -0

* The capacity C of the DM-MN is the supremum of all achievable rates

* A computable (single-letter) characterization of the capacity is not
known in general
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Noiseless Multicast Network

* Noiseless network modeled by the graph W, E,C)
M.
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Noiseless Multicast Network

* Noiseless network modeled by the graph (N, &,C)
M,

Network coding theorem (Ahlswede—Cai—Li—Yeung 2000)
C = mingep ming, s, kese C(S) }

* Extends the max-flow min-cut theorem for the unicast case
(Ford—Fulkerson 1956, Elias—Feinstein—Shannon 1956)
* Cutset bound achieved via forwarding if D = {N} or D = [2: N]

* In general, network coding is needed (eg. butterfly network)
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Extensions

* Multi-source multicast (Dana—Gowaikar—Palanki—Hassibi—Effros 2006)
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Extensions

* Multi-source multicast (Dana—Gowaikar—Palanki—Hassibi—Effros 2006)
* Erasure networks (Dana et al. 2006, Smith—Vishwanath 2007)
* Deterministic networks Y; = gj(XN)

(Ratnakar-Kramer 2006, Avestimehr-Diggavi—Tse 2007)
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Extensions

* Multi-source multicast (Dana—Gowaikar—Palanki—Hassibi—Effros 2006)

* Erasure networks (Dana et al. 2006, Smith—Vishwanath 2007)

* Deterministic networks Y; = gj(XN)

(Ratnakar-Kramer 2006, Avestimehr-Diggavi—Tse 2007)
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Generalizes noiseless multicast network with broadcast and interference

6/21



Deterministic Multicast Network

¢ Capacity is not known in general
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Deterministic Multicast Network

¢ Capacity is not known in general

Cutset upper bound (El Gamal 1981)

C<maxmin min H(Y(S)|X(S))
p(xN) k€D S:1€S, keS¢

Lower bound (Avestimehr—Diggavi—Tse 2007)

C> max min min H(Y(S9)|X(S9))
H;Iilp(xj) keD S:1€S, keS¢

* Bounds tight for:
* No interference (Ratnakar—Kramer 2006):

Vi = XD, yinXy)), k€ [2: N]
* Finite-field network (Avestimehr-Diggavi-Tse 2007):
Y, = zjfilgjkxj for g, X; € Fy, j,k € [1: N]
Used to approximate capacity of Gaussian networks in high SNR
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General Noisy Multicast Network

X, Y,) — M,

M - X,

X 1))
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Relay Channel

M — X, —>»

Y, —» X,

r |

(2> y3lx1, x,)

> Y, — M

* Discrete memoryless relay channel (van der Meulen 1971)

* Simplest example of a general noisy multi-hop network
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Compress—Forward Lower Bound

Y,: X,
o Xl/ \‘1[34 .
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Y,: X, A
/ X
M — X Y;— 1
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Compress—Forward Lower Bound

Y,: X, A
/ X
M — X Y;— 1

* The relay compresses its received signal and forwards it to receiver

Compress—forward lower bound (Cover—El Gamal 1979)

C > max, I(Xy3 Y3, V5]X5)

(e)p(2)p(aly25%2)
subject to I(X,; Y3) = I(Yy; V51X, Y3)

* Cutset upper bound (Cover—El Gamal 1979):

C < maxp(_xl,xz) min {I(Xl’ X2, Y3), I(Xl; Y2, Y3|X2)}

* Extension to multiple relays (Kramer—Gastpar—Gupta 2005)
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Equivalent Compress—Forward Lower Bound

Compress—forward lower bound (EI Gamal-Mohseni—Zahedi 2006)

C> max min{I(X;, X,; Y3) — (Y, Y,|X;, X5, Y3), I(X35 Y3, V51 X,)}
Pe)p(a)p(21y20%2)

* Compress—forward lower bound (Cover-El Gamal 1979):

C 2 mMaXy (0,3, )G lyn) K13 Y30 151 X)
subject to I(X,; Y3) = I(Yy; V,1X,, Y3)

* Cutset upper bound:
C < max,(, ) min {I(X;, X,; Y3), I(X;; Y5, V3] X,)}
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Equivalent Compress—Forward Lower Bound

Compress—forward lower bound (EI Gamal-Mohseni—Zahedi 2006)

C> max min{I(X;, X,; Y3) — (Y, Y,|X;, X5, Y3), I(X35 Y3, V51 X,)}
Pe)p(a)p(21y20%2)

* Compress—forward lower bound (Cover-El Gamal 1979):

C 2 mMaXy (0,3, )G lyn) K13 Y30 151 X)
subject to I(X,; Y3) = I(Yy; V,1X,, Y3)

* Cutset upper bound:

C < max,, ) min {I(X;, Xy; Y3), I(X;; Y5, Y31X,)}

There are many alternative characterizations and corresponding coding
schemes (Poster session this afternoon !)

¢ This particular characterization and corresponding coding scheme
(El Gamal-Kim 2009) generalize naturally to networks
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Noisy Network Coding Lower Bound

Theorem

C> max min min_(I(X(S); Y(S°), Y,IX(S9))
T pGpG;ly; ) KeP SSIEN], Sy xN 9
165, ka5 —1(Y(8); Y(S)IXN, Y(S°), Yy)
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Noisy Network Coding Lower Bound

Theorem

C> max min m1n (I(X(S); Y(S9), Y,|X(S9))
IT%, p(5)p(G;ly;o;) k€D SSIENT P
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1€8, keS°
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Theorem

C> max min m1n (I(X(S); Y(S°), YilX(S9))
TT7% ()P (o) k€D SEILNT N
€S, (es ~1(Y(S); Y(S)|XN, Y(59, 1)

¢ Cutset upper bound:

C < maxmin m1n I(X(S); Y(S9), Y| X(S°
maxmin g, (X(8); Y(S), Y, X(S))
1€8, keS°

* Network coding is a special case of network compress—forward !!
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Noisy Network Coding Lower Bound

Theorem

C> max min m1n (I(X(S); Y(S9), Y,|X(S9))
[T p(x)p(ylyjoxj) k€D SEILNT N
13, ke‘s ~I(Y(S); Y(S)IXY, Y(S9), Yy))

¢ Cutset upper bound:

C < maxmin mln I(X(S); Y(S9), Y| X(S°
maxmin g, (X(8); Y(S), Y, X(S))
1€8, keS‘

* Network coding is a special case of network compress—forward !!

* Includes as special cases:

* Network coding for noiseless multicast networks

* Lower bound on deterministic networks

* Results on wireless erasure networks

* Lower bound on semideterministic networks (Lim—Kim—Chung 2009)
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Outline of Proof: Network Compress—Forward

* Use message repetition coding and simultaneous decoding
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J
¢ The senders use independently generated transmission codebooks:
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* Encoding: Sender transmits x{ (j, m) in block j € [1: b]
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Outline of Proof: Network Compress—Forward

* Use message repetition coding and simultaneous decoding
* For simplicity, consider proof for the relay channel

/(YZX2
M — X \3—>M

2an

* We send the same message M € [1: ] over b blocks

* The relay uses independently generated compression codebooks:
By = (55l s Ly € [1: 2]}, j e [1: b)
l;_y is compression index of Yy (] —1) sent by relay in block j
¢ The senders use independently generated transmission codebooks:
C = {0 G m), x5 (1)) e m € [1:2°F], Iy € [1: 2"}
* Encoding: Sender transmits x{ (j, m) in block j € [1: b]
Upon receiving y;(j) and knowing xg(lj_l), the relay finds jointly typical
j/g(ljllj_l), and sends xg(lj) in block j +1
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Outline of Proof: Network Compress—Forward

Block 1
X, x/ (1, m)
Y, | ¥
X, x5 (1)
Y, 0
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Outline of Proof: Network Compress—Forward

Block 1 2

X, x A, m)  x/(2,m)
Y, | G gL
X, x5 (1) x5 ()

Y, 0 0
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Outline of Proof: Network Compress—Forward

Block 1 2 3

X | x@Lm) x2,m) x(3,m)
Y, | B4 3GIL)  phslL)
X, x5 (1) x, (1) x5 (L)

Y, 0 0 0
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Outline of Proof: Network Compress—Forward

Block 1 2 3 .. b-1
X, xA,m) x@2,m) xG,m ... x/(b-1,m)
Y, ATV I A (YT B A (N 175 IR v (PR | Y
X, x5 1) x5 (L) N0 .. x5 (l,_y)
Y, 0 0 0 .. 0
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Outline of Proof: Network Compress—Forward

Block 1 2 3 .. b-1 b
X, xA,m) x@2,m) xGm ... x/(b-1Lm) x/(bm)
Y, | G G PiGIL) e 9 Gall) P Glly)
X, x5 (1) x5 (L) N0 .. x5 (l,_5) x5 (1)
Y, 0 0 0 ... 0 i

« Decoding: After receiving y4(j), j € [1: 2], the receiver finds unique 7
such that:

(' Gis i), 75 (B11i20), %5 (1), /5 (j)) are jointly typical
forall j e [1: b] and for some [, ,...,1,
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Analysis of the Probability of Error

cAssumeM =1L =L,=---=L, =1
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Analysis of the Probability of Error

cAssumeM =1L =L,=---=L, =1
Let &(m, 1y, 1) = {(X] G, m), V3 (1L, X3 (1), Y3(j)) € T}

P(E) P(UL,ES(1,1,1)) + P(U,y ulb NLAEi(m, 1y, 1))

ZP(E LLD)+ ) ZHP(E(m,] bl

m#l b j=2

IN

IA

* lfm+1and]_ 1=1
P& (m, Iy, 1)) < 27" IO T2 TalK)-006) _ 5onth=0(e)

* Similarly, if m # 1 and l S F]
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Analysis of the Probability of Error

cAssumeM =1L =L,=---=L, =1
Let &(m, 1y, 1) = {(X] G, m), V3 (1L, X3 (1), Y3(j)) € T}

P(E) P(UL,ES(1,1,1)) + P(U,y ulb NLAEi(m, 1y, 1))

ZP(E LLD)+ ) ZHP(E(m,] bl

m#l b j=2

IN

IA

* lfm+1and]_ 1=1
P& (m, Iy, 1)) < 27" IO T2 TalK)-006) _ 5onth=0(e)

* Similarly, if m # 1 and l S F]

P(E (m » l)) <" n(I(X), X0 Y3)+I(Y5:X,,Y31X,)-68(e)) _ =2 —n(I,—6(e))

If I°~! has k I,
n P(E (m’ ] b l )) < 2—”(1{11+(h—1—k)[2—(b—1)6(€))
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Analysis of the Probability of Error

ZZZHP(E(’” i1 1)

m#l I, p-1 j=2
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Analysis of the Probability of Error

DN
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Analysis of the Probability of Error

DN

m#l I, p-1 j=2
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Analysis of the Probability of Error

ZZZHP(E(m,H, .

m#l [, pp-1 j=2

< 2 Z( )2" (b=1-K)R, _ 5=n(KI\+(b-1-K),,~(b-1)5(e))

m#l I, k=0
=¥y Z ( )2—n(k11+(b—1—k)(12_Rz)_(b_l)a(e))
m#l I, k=0
< z Z z ( )2_”((b_1)(min{lbIz—Rz}—(?(e)))
m#l I, k=0
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Analysis of the Probability of Error

DN

m#l I, lbuz

= Z Z Z ( 1)2" (b-1-k)R, .2—n(k11+(l7—1—k)12—(b_1)5(€))

m#l [, k=0

_ z Z z ( )Z—n(k11+(b—1—k)(12—RZ)—(b—l)é(e))
m#l I, k=0

< ¥y z ( )2—n(<b—1>(min{11,Iz—Rz}—&e)))
m#l [, k=0
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Analysis of the Probability of Error

DN

m#l I, lbuz

= Z Z Z ( 1)2" (b-1-k)R, .2—n(k11+(l7—1—k)12—(b_1)5(€))

m#l [, k=0
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Analysis of the Probability of Error

DN

m#l I, lbuz

= Z Z Z ( 1)2" (b-1-k)R, .2—n(k11+(l7—1—k)12—(b_1)5(€))

m#l [, k=0

_ z Z z ( )Z—n(k11+(b—1—k)(12—RZ)—(b—l)é(e))
m#l I, k=0

< ¥y z ( )2—n(<b—1>(min{11,Iz—Rz}—&e)))
m#l [, k=0

< 2b+n(hR+R2—(h—1)(min{Il,IZ—Rz}—B(e)))

which - 0asn — c0if R < %(min{ll, L -R)} - 8'(¢)) - %
* Finally, by eliminating R, > I(Y,; Y,|X,) + 8(¢') and letting b — co,
R < min{I(X;; Yy, Y31X,), (X, Xy; Y3)—I(¥,5 Y5 |X,, Xy, Y3)}=0' (€)-0(e")
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Noisy Multi-source Multicast Network

M, — (X, V)

./
]\42 H(XZ’YZ) LR I )
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Noisy Multi-source Multicast Network

M, — (X, V)

./
]\42 H(XZ,YZ) LR I )
Theorem (Noisy network coding inner bound)
(Ry> ..., Ry) achievable if

Y Ry < min I(X(S); Y(S9, VIX(S) - IV (S); VSIXY, (5, ¥i)
jeS

for all cutsets S for some ]—[jlilp(xj)p(j/jlyj, xj)
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Example: Erasure Network

* Link failure is observed as an erasure symbol
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Example: Erasure Network

* Link failure is observed as an erasure symbol
* Assume destination nodes have access to network erasure pattern
* We recover multi-source multicast capacity region (Dana et al. 2006):

Z R; < Z Cii(1 = P{link (j, k) is erased for all k € SN
je€S je€S
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Example: Gaussian Network

* Channel model: Y" = GxV + zZV
G is the N-by-N channel gain matrix, Z" is a vector WGN
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p | IS]
I+ EG(S)G(S) -

1
Z R; < =~log
7
jeSs 2
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G is the N-by-N channel gain matrix, Z" is a vector WGN

+ Cutset representation: Y(S) = G(S)X(S) + G'(S)X(S°) + Z(S°)
* With 17] = YJ + Zj, Zj ~ N(0, 1), noisy network coding bound becomes

YR < 3 log|1 + ~G(S)G(S) ‘

jeSs

* On the other hand, the cutset bound becomes

Z R < - log
jes

I+> G(S)G(S) ‘+—log(2N)

* Thus, compress—forward is optimal within (N/2) log(4N) bits uniformly

* This generalizes single-source result by Avestimehr—Diggavi—Tse (2007)

19/21



Summary

Forwarding

Noiseless Unicast
Networks

1956

Solved

Noisy Channel

Random Coding
1948

20/21



Summary

Forwarding

Network Coding

Noiseless Unicast

Noiseless Multicast

Networks Networks
1956 2000
Solved
Noisy Channel

Random Coding
1948

20/21



Summary

Forwarding

Network Coding

Network Coding

Noiseless Unicast

Noiseless Multicast

Noiseless Multi-source

Networks Networks Multicast Networks
1956 2000 Erasure Multicast
Networks

Partially 2006
Solved Deterministic Multicast

N k
Solved etworks

2007
Noisy Channel

Random Coding
1948

20/21



Summary

Forwarding

Network Coding

Network Coding

Noiseless Unicast

Noiseless Multicast

Noiseless Multi-source

Networks Networks Multicast Networks
1956 2000 Erasure Multicast
Networks

Partially 2006
Solved Deterministic Multicast

N k
Solved etworks

2007
Noisy Channel Relay Channel

Random Coding
1948

Compress—forward
1979, 2006

20/21



Summary

Forwarding
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Network Coding

Noiseless Unicast

Noiseless Multicast

Noiseless Multi-source

Networks Networks Multicast Networks
1956 2000 Erasure Multicast
Networks
New Result
Partially 2006
Solved Deterministic Multicast
N k
Solved etworks
2007
Noisy Multi-source
Noisy Channel Relay Channel Multicast Networks

Random Coding
1948

Compress—forward
1979, 2006

Noisy Network Coding
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Concluding Remarks

* Network compress forward = Noisy network coding

* Recent approaches (bottom-up): Generalized network coding to
deterministic and erasure networks

* By comparison, noisy network coding gives a top-down approach for a
general network and combines network coding and compress—forward,
including all previous results as special cases

* Based on this unification, multiple sources can be readily handled
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Concluding Remarks

* Network compress forward = Noisy network coding
* Recent approaches (bottom-up): Generalized network coding to
deterministic and erasure networks
* By comparison, noisy network coding gives a top-down approach for a
general network and combines network coding and compress—forward,
including all previous results as special cases
* Based on this unification, multiple sources can be readily handled

* Analog-to-digital relay interface
* Noise propagation: Gap of N log N for Gaussian networks
* Independent of end-to-end operations
* Transforms a relay network into an interference network with
compression penalty
* General message demand: Multicast completion, simultaneous decoding,
treating interference as noise (ISIT 2010 ?)

* Can be further combined with decode—forward schemes
(Cover—El Gamal 1979 Thm. 7, Kramer—Gastpar—Gupta 2005 Thm. 5)
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