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Information processing system

X Y

——» System —»

e Tasks: Compression, prediction, portfolio selection, filtering, estimation,
denoising, decoding, classification, closeness testing, control, ...

¢ Algorithms:

» Causal vs. noncausal

» Deterministic vs. randomized

e Universality:
» Probabilistic setting: “Optimal” performance when the source distribution is unknown

» Deterministic setting: “Optimal” performance among a class of algorithms

e Questions:
» Existence: Does there exist a universal algorithm for a given task?
» Complexity: Is it practical to implement?

» Rate of convergence and nonasymptotic behavior: Does it perform “well” in real life?
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Probabilistic setting

Source
» Parametric: X ~ py(x),0 € T

» Nonparametric: i.i.d., Markov, hidden Markov, stationary ergodic, ...

Game: Nature chooses the distribution

Performance: Measured by an expected cost or reward

Goal: Achieve performance of optimal algorithm without prior knowledge of X
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e Let X = {X;} be a stationary ergodic source over a finite alphabet X
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Example: Universal compression

Xﬂ

0101...001 X"
Decoder ——

A

Encoder

e Let X = {X;} be a stationary ergodic source over a finite alphabet X

e Minimum compression rate (average number of bits per source symbol):

H(X) = lim lH(X")
n—00 n

e Universal compression algorithms achieve H(X) for all stationary ergodic X

e Examples: Lempel-Ziv, Burrows-Wheeler transform, context-tree weighting

¢ These algorithms can be implemented efficiently and perform well on real data
» LZ78: compress, GIF, and TIFF
» LZ77: gzip, PNG, and PDF

» BWT: bzip2

Young-Han Kim (UCSD)
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e Source:
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» No statistical assumption (real world applications)
e Game: Nature chooses the sequence (often maliciously)
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» Memoryless, sliding-window, finite-state, ...
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Deterministic setting

Source:
> An arbitrary sequence

» No statistical assumption (real world applications)

Game: Nature chooses the sequence (often maliciously)

Performance: Measured by a cost or reward for the specific sequence

Reference class of algorithms
» Memoryless, sliding-window, finite-state, ...

» More generally, any class of “experts”

Goal: Achieve performance of the optimal algorithm for each sequence
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Example: Sequential prediction

e Multiple choice exam: Guess the answers one by one

e True answers (A, B, C, or D) are revealed right after

(’)o =N
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Example: Sequential prediction

Multiple choice exam: Guess the answers one by one

e True answers (A, B, C, or D) are revealed right after

Reference class of algorithms: Constant testers

Universal prediction algorithms achieve score of best tester for every exam

Examples: Cover’s binary prediction, Feder-Merhav—-Gutman algorithm
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This tutorial

e Universal information processing: Get something out of nothing!
» Intersection of statistics, information theory, and learning theory

» Many different terminologies, problems, approaches, and flavors
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e Goal: Provide a gentle overview of information-theoretic approaches
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Outline

e Review of information measures

Lossless compression and probability assignment (probabilistic / deterministic)

Portfolio selection (deterministic)

Sequential prediction (probabilistic)
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Entropy

e Entropy of a discrete random variable X ~ p(x) (pmf), X € A"
H(X) = - ) p(x)log p(x) = - Ey (log p(X))

» Nonnegative and concave function of p(x)

» H(X) <log|X| (by Jensen'’s inequality)
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Entropy
e Entropy of a discrete random variable X ~ p(x) (pmf), X € A"

H(X) = - ) p(x)log p(x) = - Ey (log p(X))

» Nonnegative and concave function of p(x)

» H(X) <log|X| (by Jensen'’s inequality)
e Binary entropy function: For p € [0,1],
H(p) = —plogp — (1-p)log(1 - p)
e Conditional entropy (equivocation): If X ~ F(x) and Y |{X = x} ~ p(y|x),

HOYIX) = [ (Y1 X = %) dF() = - Ex (g (Y1)

» H(Y|X) < H(Y) (with equality if X and Y are independent)
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Entropy

e Joint entropy: If (X, Y) ~ p(x, y),

H(X,Y) = HX) + H(Y|X) = H(Y) + HX|Y)
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Entropy

e Joint entropy: If (X, Y) ~ p(x, y),
H(X,Y)=H(X)+H(Y|X) = HY) + HX|Y)

e Chainrule:

H(X") =) HX,|X™)
i=1
» H(X") < Y7 H(X)) (with equality if X;, X,, ..., X,, are independent)

* Entropy rate: For a stationary random process X = {X},

HCO = lim - HX") = Jim H(X,1X"™)
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Relative entropy

e Relative entropy (Kullback-Leibler divergence) of a pair of pmfs p(x) and q(x):

D(plq) = D(p(x)llq(x))
] )
=Y p(x)log )
0]

=E|lo
& 4X)

» Nonnegativity: D(pllq) > 0 and D(pllq) = 0iffp =g
» Convexity: D(pllq) is convex in (p, ), i.e., forany (p,, q1), (p,>g,), A € [0,1],

AD(pllq,) + XD(Pz”Qz) > D(Ap, + Zp2||/1q1 + i‘b)

» Chain rule: For any p(x, y) and g(x, y),
D(p(x, y)llg(x, y)) = D(p(x)llq(x)) + ZP(X)D(P(ny)IIq(,vIX))
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Mutual information

e Mutual information between (X, Y) ~ p(x, y):
10X Y) = D(p(x, p)Ip(x)p(y))

px,)
= 2 pwlog ol

= ZP(X)D(p(ylx)llp(y)) (chain rule)

- H(X) - H(X|Y)
= H(Y) - H(Y|X)

» Nonnegative function of p(x, y) = p(x)p(y|x)
» Concave in p(x) for fixed p(y|x) and convex in p(y|x) for fixed p(x)
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Mutual information

e Mutual information between (X, Y) ~ p(x, y):
I(X;Y) = D(p(x, )Ip(x)p(y))

p(x, )
= ) L
;p .7) ng(x>p(y>

= Y p)D(p(y1x)Ip()) (chain rule)

- H(X) - H(X|Y)
= H(Y) - H(Y|X)

» Nonnegative function of p(x, y) = p(x)p(y|x)
» Concave in p(x) for fixed p(y|x) and convex in p(y|x) for fixed p(x)

» Information capacity of a channel (conditional pmf) p(y|x):

m(a)x IX;Y) = max mm ZP(X)D(p(ylx)llq(y)) (nonnegativity)
plx plx
= min max ZP(x)D(p(ylx)llq(y)) (minimax theorem)
90 px
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Lossless source codes

Let X be a finite alphabet

e Binary source code C: X* — {0,1}"

Prefix (instantaneous) code C : X — {0, 1}*

» No codeword is a prefix of another

Example:
» X ={a,b,c},C(a) =0,C(b) =10, C(c) =111
» C(acab) = 0111010

Kraft inequality: I(x) = |C(x)| is the length function of a prefix code iff

Y 2710 <

Example:1/2+1/4+1/8 < 1
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Average codeword length

¢ Performance of a prefix code is measured by its average codeword length

L=E(I(X)) = Y p(x)i(x)
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Average codeword length

¢ Performance of a prefix code is measured by its average codeword length
L =E((X)) = ) p(x)I(x)

e Relationship between I(x) and p(x)
» I(x) should be small for large p(x) and large for small p(x)
» The Kraft inequality suggests

plx) & 27,

log(1/p(x)) & I(x)
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Average codeword length of the optimal code

Theorem
If C*(x) is a prefix code that minimizes L = EI(X) = Y p(x)I(x), then

HX)< L' <HX)+1
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Entropy is the fundamental limit for prefix codes (up to 1 bit)

If X = {X,} is stationary ergodic, then L*(X")/n — H(X) (entropy rate)

e Lower bound: Kraft inequality and nonnegativity of relative entropy
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Average codeword length of the optimal code

Theorem
If C*(x) is a prefix code that minimizes L = EI(X) = Y p(x)I(x), then

HX) <L < HX)+1

Entropy is the fundamental limit for prefix codes (up to 1 bit)

If X = {X,} is stationary ergodic, then L*(X")/n — H(X) (entropy rate)

e Lower bound: Kraft inequality and nonnegativity of relative entropy

Upper bound: Consider I(x) = [log(1/p(x))] < log(1/p(x)) + 1
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Average codeword length of the optimal code

Theorem
If C*(x) is a prefix code that minimizes L = EI(X) = Y p(x)I(x), then

HX) <L < HX)+1

e Entropy is the fundamental limit for prefix codes (up to 1 bit)

If X = {X,} is stationary ergodic, then L*(X")/n — H(X) (entropy rate)

e Lower bound: Kraft inequality and nonnegativity of relative entropy

Upper bound: Consider I(x) = [log(1/p(x))] < log(1/p(x)) + 1

Equivalence between compression and probability assignment:
27h = p(x) orequivalently ["(x) = log(1/p(x))

e Arithmetic coding: Efficient translation of probabilities p(xilxi"l) to code phrases
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Source coding with mismatch

e Suppose X ~ p(x)
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Source coding with mismatch
e Suppose X ~ p(x)

e But we design a code assuming X ~ g(x), i.e., |C(x)| = log(1/4(x))

e What is the regret (redundancy) of this mismatch?
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Source coding with mismatch

e Suppose X ~ p(x)

But we design a code assuming X ~ g(x), i.e., |C(x)| = log(1/g(x))

What is the regret (redundancy) of this mismatch?

e Let

L= Zp log

L* =) p(x)log— = H(X)

()
Then

Ri=L-L" =) p(x)log E;—D(pllq)zo
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Minimax redundancy

e Now suppose X ~ py for some unknown 6 € T
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Minimax redundancy
e Now suppose X ~ p, for some unknown 8 € T

* How should we design our code (i.e., choose gq(x))?

Minimax redundancy theorem

R* = min max D
() 8T (Poll9)
= max I[(0; X)
F(6)
Moreover,

4" = [ plOdE" (0
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= max I[(0; X)
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Moreover,
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Minimax redundancy

e Now suppose X ~ p, for some unknown 8 € T

e How should we design our code (i.e., choose g(x))?
Minimax redundancy theorem
R* = mi D
pgmes (pollg)
= max I[(0; X)
F(6)

Moreover,

4" = [ plOdE" (0

¢ Lagrange duality (KKT condition)

e Each g(x) leads to an upper bound on R*, while each F(6) leads to a lower bound
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Minimax redundancy of Bernoulli sources

o LetX,,X,, ... beiid.~ Bern(6), 6 € [0,1]
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Minimax redundancy of Bernoulli sources
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Minimax redundancy of Bernoulli sources
o LetX,, X,,... beiid. ~ Bern(6), 6 € [0,1]
e If 8 is known, then L*(X") = nH(0)

e What is the best performance with no prior knowledge of 6?7

Theorem

R*(X") = % logn + o(1)

¢ We focus on the upper bound on R*

Young-HanKim (UCSD) Universal Information Processing PRMLSS (August 2013)
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Laplace mixture

e We first try ® ~ Unif[0, 1]
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Laplace mixture

e We first try ® ~ Unif[0, 1]

e Since i i
po") = 047 (1= )",

where k = k(x") is the number of 1s in x", the mixture probability is

1

1
ny _ ko _ pyn—k -
Q") = JO =00 = o
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Laplace mixture

e We first try ® ~ Unif[0, 1]
¢ Since i i
Pg(xn) _ ek(x )(1 _ e)nfk(x ))

where k = k(x") is the number of 1s in x", the mixture probability is

1

(n+1)

e This mixture has a simple horizon-free sequential probability assignment,
namely,

1
Q") = JO 6%(1— 0)"*d6 =

k+1
1|x") =
q.(1]x") 2

(What is the probability that the sun will rise tomorrow morning?)
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Laplace mixture

¢ Corresponding redundancy:

R= m;xD(pgllq)
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Laplace mixture

¢ Corresponding redundancy:
R= meaxD(pHHq)

= maprg(x ) log Pog ;
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Laplace mixture

¢ Corresponding redundancy:
R= meaxD(pHHq)
Po(x")
qp(x")
ek(l _ e)n—k
g (x")

= 1]
meax;pg(x ) log

_ ki _ p\nk
—moax;ﬁ 1-6)""log
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Laplace mixture

¢ Corresponding redundancy:

R= meax D(pyllq)

_ n Pe(xn)
= max xEn po(x") log )
Gk(l _ 9)n—k

= max ¥ 05(1-6)""1o
(’X; -9 & qp (x")

= max Y 6"(1- 6)"*log (Hk(l - ey‘*"(Z)(n + 1))
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Laplace mixture

¢ Corresponding redundancy:
R= meaxD(pGHq)

po(x")
qr.(x")
05 (1 - g)"*
qr(x")

- mgx 3161 6)" “log (61 -0y (7 )i+ 1)

= ea [i < >6k(1 N log (Gk(l - 0)""k<z>>:| +log(n+1)

= max Zpg(x )log

_ ki _ p\nk
—meaxze (1-6)""log

Young-HanKim (UCSD) Universal Information Processing PRMLSS (August 2013) 21/ 41



Laplace mixture

¢ Corresponding redundancy:

R= meax D(pyllq)

_ n pﬂ(xn)
= max xgﬂ po(x") log )
ek(l _ e)n—k

= max ¥ 05(1-6)""1o
o ; -9 & qp (x")

= max Y 6"(1- 6)"*log (9"(1 - 9)”(2)(” + 1))

- max [Z (Z)e"u —9)"*log (9"(1 - ey”‘(Z))] +log(n +1)

k=0
= meax [-H(Binom(n, 60))] + log(n + 1)
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Laplace mixture

¢ Corresponding redundancy:

R= meax D(pyllq)

_ n pﬂ(xn)
= max xgﬂ po(x") log )
ek(l _ e)n—k

= max ¥ 05(1-6)""1o
o ; -9 & qp (x")

= max Y 6"(1- 6)"*log (9"(1 - 9)”(2)(” + 1))

- max [Z (Z)e"u —9)"*log (9"(1 - ey”‘(Z))] +log(n +1)

k=0
= meax [-H(Binom(n, 60))] + log(n + 1)

< log(n+1)
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Jeffreys—Krichevsky-Trofimov mixture

e We now try ® ~ Beta(1/2,1/2),i.e, f(0) = 1/(n/0(1 - 0))
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Jeffreys—Krichevsky-Trofimov mixture

e We now try ® ~ Beta(1/2,1/2),i.e, f(0) = 1/(n/0(1 - 0))

e Then, by Stirling’s approximation,

arr ) = [ 0004 or0 > <5> (- k)
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Jeffreys—Krichevsky-Trofimov mixture

e We now try ® ~ Beta(1/2,1/2),i.e, f(0) = 1/(n/0(1 - 0))

e Then, by Stirling’s approximation,

et = [ a0 e L () (k)T

e Corresponding redundancy:
R < log(V2n) = %loan

(Essentially optimal!)
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Jeffreys—Krichevsky-Trofimov mixture

e We now try ® ~ Beta(1/2,1/2),i.e, f(0) = 1/(n/0(1 - 0))

e Then, by Stirling’s approximation,

aer () = Ll 6"(1- 0)"*£(6)d6 > \/% <E>" (n - k)“"‘

n n

e Corresponding redundancy:
R < log(V2n) = %log 2n
(Essentially optimal!)

e Horizon-free sequential probability assignment:

k+1/2

qIKT(llx") =

n+l

Young-Han Kim (UCSD) Universal Information Processing PRMLSS (August2013)
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Extensions

¢ Nonbinary alphabet: For m-ary memoryless source,

R* = m-—1
2
achieved by ® ~ Dirichlet(1/2,1/2,...,1/2)

logn
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Extensions

¢ Nonbinary alphabet: For m-ary memoryless source,

R* = m2— ! logn
achieved by ® ~ Dirichlet(1/2,1/2,...,1/2)

e Memory:

» There exists g(x") such that
. 1 n n
)lj{)lo ;D(P(x Magx™) =0

for every stationary ergodic p(x")!
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Extensions

¢ Nonbinary alphabet: For m-ary memoryless source,

R* = m-—1
2
achieved by ® ~ Dirichlet(1/2,1/2,...,1/2)

logn

e Memory:

» There exists g(x") such that
. 1 n n
)lj{)lo ;D(P(x Magx™) =0

for every stationary ergodic p(x")!

> Arbitrarily slow convergence

Young-HanKim (UCSD) Universal Information Processing PRMLSS (August 2013)
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Universal compression of individual sequences

e Let{pg: 0 € T} be a collection of codes (probability assignments)
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Universal compression of individual sequences

e Let{pg: 0 € T} be a collection of codes (probability assignments)
e Let q(x") be our code

e Regret for a given sequence x":

1 inl 1
— —min log

=1
R(g,x7) = log Loy ~mjnlos 50y
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Universal compression of individual sequences

Let {pg: 0 € T} be a collection of codes (probability assignments)

Let g(x") be our code

Regret for a given sequence x":

1 inl
— —min log

=1
R(g,x7) = log Loy ~mjnlos 50y

Minimax redundancy:

R* = min max R(g, x")

q(xn) X

xn
=minmaxmaxlogp0( )
qx") 8 X" q(x™)

Young-Han Kim (UCSD)
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Universal compression of individual sequences

Let {pg: 0 € T} be a collection of codes (probability assignments)

Let g(x") be our code

Regret for a given sequence x":

— minlo

R(g,x") =1
(g,x") qu(xn) i gpg(xn)

Minimax redundancy:

R* = mu}maxR(q,x )

(x"
xn
=minmaxmaxlogp0( )
a6 X q(x")

Note: Minimax redundancy in the probabilistic setting

R* = min max D(p,|lq)
q(x") 6

po(x")
q(x™)

Young-HanKim (UCSD) Universal Information Processing PRMLSS (August 2013)
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Normalized maximum likelihood code

¢ Normalized maximum likelihood (NML) code:

I (x") o meaxpg(x”)

_ maxy pg (Xn)
2.y» maxg po(y")
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Normalized maximum likelihood code

¢ Normalized maximum likelihood (NML) code:

I (x") o meaxpg(x")

_ maxy pg (Xn)
2.y» maxg po(y")

e Corresponding regret:

n 1
R(gnmr>x") =log — min logp ) lomeaxpe(y )

Iamr (x") o
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Normalized maximum likelihood code

¢ Normalized maximum likelihood (NML) code:

I (x") o meaxpg(x”)

_ maX9p9(x")
2.y» maxg po(y")
e Corresponding regret:
R( x") = log ———— —minlo L—lo Zmaxp(")
qNML’ g qNML(xn) ] gp@ (xn) g 4 8 6 y

¢ Equalizer: Regret is independent of x"!
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Normalized maximum likelihood code

¢ Normalized maximum likelihood (NML) code:

I (x") o meaxpg(x”)

maxy pg (Xn)
2.y» maxg po(y")

e Corresponding regret:

1 1
R( ,x") =log ——— - minlo =1lo max "
dNML g qNML(xn) ] g~ p (x ) g Z p@ v4

¢ Equalizer: Regret is independent of x"!
Theorem

R" = R(qNML’xn)
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Normalized maximum likelihood code

¢ Normalized maximum likelihood (NML) code:

I (x") o meaxpg(x”)

_ maX9p9(x")
2.y» maxg po(y")
e Corresponding regret:
R( x") = log ———— —minlo L—lo Zmaxp(")
qNML’ g qNML(xn) ] gp@ (xn) g 4 8 6 y

¢ Equalizer: Regret is independent of x"!

Theorem

R" = R(qNML’xn)

* gnm is horizon-dependent and difficult to make sequential
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Example: Memoryless codes

e Let X ={0,1} and py(x") = PASRI 6)”"‘(’“") (memoryless codes)
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Example: Memoryless codes

e Let X ={0,1} and py(x") = PASRI 9)”"‘(’“") (memoryless codes)

¢ Normalized maximum likelihood code:

n maxy pg (x")
(") = 0P
nnie 2,» maxg po(y")

(M)k(x") (n—k(x") )n—k(x")

n n

3 ( k(") )"(y") ( nk(y") )ﬂ*k(y")

n n
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Example: Memoryless codes

e Let X ={0,1} and py(x") = PASRI 6)”"‘(’“") (memoryless codes)
e Normalized maximum likelihood code:
n maxepg(x")
xX')= —————
I Zy" maxp ey

(M)k(x") (n—k(x") )n—k(x")

n n

3 ( k(") )"(y") ( nk(y") )ﬂ*k(y")

n n

e Minimax regret:

ny \ kO™ _ ny N\ k(")
v oy (2 (220)
I

n n
n kkn_kn—k

-ee Y (1)(5) ()
ng;)k n n

= Lo 1T

T2

Young-Han Kim (UCSD)
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Example: Memoryless codes

¢ Asin the probabilistic setting, we now try the mixture approach
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Example: Memoryless codes

¢ Asin the probabilistic setting, we now try the mixture approach

k n—k
i (8 ()
\V2n \n n

e Recall
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Example: Memoryless codes

¢ Asin the probabilistic setting, we now try the mixture approach

k n—k
i (8 ()
\V2n \n n

¢ Note the maximum likelihood 6 = k/n:

k n—k
maxek(l_e)ﬂ*k=<k) (l’l—k)
0 n n

e Recall

Young-HanKim (UCSD) Universal Information Processing
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Example: Memoryless codes

¢ Asin the probabilistic setting, we now try the mixture approach

k n—k
der () = —— (5) (”_k>
\V2n \n n

¢ Note the maximum likelihood 8 = k/n:

k n—k
max 851 - 6)"* = (5) (”‘k>
6 n n

e Corresponding redundancy:

e Recall

R< %loan

(Again essentially optimal!)
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Summary and extensions

e Normalized regret (for both probabilistic and deterministic settings):

R logn
lim — = lim 081 _
n—oo p n—oo 2n

0
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Summary and extensions
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R logn
lim = = lim —2" =
n—oo p n—o0 2n

0

¢ Duality between probabilistic and deterministic settings:

memoryless sources «  constant codes
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Summary and extensions

e Normalized regret (for both probabilistic and deterministic settings):

R logn
lim = = lim —2" =
n—oo p n—o0 2n

0

¢ Duality between probabilistic and deterministic settings:

memoryless sources <  constant codes
e Jeffreys—Krichevsky-Trofimov mixture:
» Essentially optimal redundancy (up to a constant)

» Sequential (causal) probability assignment (arithmetic coding)
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Summary and extensions

Normalized regret (for both probabilistic and deterministic settings):

R logn
lim = = lim —2" =
n—oo p n—o0 2n

0

Duality between probabilistic and deterministic settings:

memoryless sources <  constant codes

Jeffreys—Krichevsky-Trofimov mixture:
» Essentially optimal redundancy (up to a constant)

» Sequential (causal) probability assignment (arithmetic coding)

Nonbinary alphabet: R* = '"T"l logn
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Summary and extensions

Normalized regret (for both probabilistic and deterministic settings):

R logn
lim = = lim —2" =
n—oo p n—o0 2n

0

Duality between probabilistic and deterministic settings:

memoryless sources <  constant codes

Jeffreys—Krichevsky-Trofimov mixture:
» Essentially optimal redundancy (up to a constant)

» Sequential (causal) probability assignment (arithmetic coding)

¢ Nonbinary alphabet: R* =~ '"T"l logn

There exists q(x") such that

lim minmaxllogp(x ) =0
n—0o0 q(xn) " n q(xn)

for all finite-state probability assignments p(x")!
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28/ 41



Outline

e Review of information measures

Lossless compression and probability assignment (probabilistic / deterministic)

Portfolio selection (deterministic)

Sequential prediction (probabilistic)
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Investment in a stock market

e Consider a stock market with m stocks
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Investment in a stock market

e Consider a stock market with m stocks
e Letx" denote an arbitrary sequence of price relative vectors

o Let ai(xi’l), i=1,2,..., beasequence of portfolios (investment strategies)
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Investment in a stock market

e Consider a stock market with m stocks
e Letx" denote an arbitrary sequence of price relative vectors

o Let ai(xi’l), i=1,2,..., beasequence of portfolios (investment strategies)

e Wealth at time n:

n

S,(@,x") = [ [a/ " x,
i=1
n m

=12 &

i=1 j=1
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Investment in a stock market

e Consider a stock market with m stocks

Let x" denote an arbitrary sequence of price relative vectors

Let ai(xi’l), i=1,2,..., beasequence of portfolios (investment strategies)

Wealth at time n:

S,(a,x") = HaiT(xi_l)x,»
i=1

n m

=12 ayx

i=1 j=1

e Minimax regret:

S,(a,x")

R* = min max maxlog (2, x") - log §, (b, x") = min maxmaxlog £ =8
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Constant rebalanced portfolios

* Reference class of portfolios: a,(x' ") = a,i=1,2,...
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Constant rebalanced portfolios

* Reference class of portfolios: a,(x' ") = a,i=1,2,...

e Minimax regret:

* . S (a,x"
R = mbm mﬁxn}l{z}x log %
n n n.\"
=log < ) <_’> )
<n1+n2;+nm=n Ny Ny My 1,:1[ n
m-—1 n ra/n2)™
~ 1 — +1 =
2 %85 T8 T ()

(the minimax regret for binary sequence compression!)
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Constant rebalanced portfolios

* Reference class of portfolios: a,(x' ") = a,i=1,2,...

e Minimax regret:

X . S (a,x”
R = mbm max II)I{E}X log %
n n n.\"
=log < ) <_’> )
<n1+n2;+nm=n Ny Ny My 1,:1[ n
m-—1 n ra/n2)™
~ 1 — +1 =
2 %827 T8 T(mp)

(the minimax regret for binary sequence compression!)

e Form =2,

. Lo\ (i (n-j\"7 1, an
S F e
R ng i/ \n n 20g2
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Probability assignment and portfolio
e Each probability assignment p(y") on {1, 2,..., m}" induces a portfolio

a, (x1) = —zy - POOXG
iyi 3, PO X

wherex(y") = []%, Xiy,;
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Probability assignment and portfolio
e Each probability assignment p(y") on {1, 2,..., m}" induces a portfolio

-ty = D POX0

ai (x T AT

i Yy pOHx()
wherex(y") = []%, Xiy,;

* By telescoping,

S,@x”) = Y piy"x(")

J/n
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Probability assignment and portfolio
e Each probability assignment p(y") on {1, 2,..., m}" induces a portfolio

D PR 0% e

a; (x N (i De(oi
) S IR
wherex(y") = []%, Xy,

¢ By telescoping,
S,(a,x") = Y p(y")x(y")

yn

e Fund of funds: Each p(y") invests all money in stocks y; on day i
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Probability assignment and portfolio

e Each probability assignment p(y") on {1, 2,..., m}" induces a portfolio

D PR 0% e

ay, (X ) = o o
Vi Zyi’l p(yl l)x(yl 1)
where x(y") = [T, x;,,
¢ By telescoping,
S,(a,x") = Y p(y")x(y")
yn

e Fund of funds: Each p(y") invests all money in stocks y; on day i
¢ Conversely, each portfolio a induces a probability assignment p(y")

asep,

beg
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Probability assignment and portfolio
e Each probability assignment p(y") on {1, 2,..., m}" induces a portfolio

D PR 0% e

a;, (X)) = Zyi_l )

wherex(y") = []%, Xiy,

By telescoping,
S,(a,x") = Y p(y")x(y")
yn

Fund of funds: Each p(y") invests all money in stocks y; on day i

Conversely, each portfolio a induces a probability assignment p(y")

aeDp,
beg

Thus, the question boils down to choosing the right q(y")
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Minimax portfolio

e Let g (") be the normalized maximum likelihood pmf
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Minimax portfolio

e Let g (") be the normalized maximum likelihood pmf

e Form =2,

(k(xn) )k(x") (nfk(x") )nfk(x")

n

£ () ()

I (x") =
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Minimax portfolio

e Let g (") be the normalized maximum likelihood pmf

e Form =2,
(k(xn) )k(x") (n—k(x") )n—k(x")
(x") = 2 — .
qNmL 5 (k(),n))k(y ) (n—k(y"))"_k()' )
" n n
e Then
S,(a,x")
R(byp,X") = max max log ——~
B X7 x" & S, (b,x")

2 POMx(G")
Z Iamr, )X

< max max log L)n
Py anmL(0")

’—vilog?

= max max log

Young-Han Kim (UCSD)

Universal Information Processing

PRMLSS (August2013)
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Horizon-free portfolios

e Laplace mixture:
m+n-— 1)

R(b;,x") = log( o
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Horizon-free portfolios

e Laplace mixture:
m+n-— 1)

R(b,,x") = log( 1

o Jeffreys—Krichevsky-Trofimov mixture:

m—1 r/2)"

R(bygr,x") = 5 log 2n + log ST

(Essentially optimal!)

Young-HanKim (UCSD) Universal Information Processing

+ o(

1)

PRMLSS (August 2013)

34/ 41



Horizon-free portfolios

e Laplace mixture:

" m+n-—1
R(b;,x ):log( 1 )

o Jeffreys—Krichevsky-Trofimov mixture:

m—1 T(1/2)"

R(bygr,x") = 5 log 2n + log ST

(Essentially optimal!)

e For any mixture g(y") = j T, p(y,) dE(p),
Y Ymq(y ()
~ [p0)Sialp.x™) dF(p)
S ) dF(p)
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Horizon-free portfolios

e Laplace mixture:

" m+n-—1
R(b;,x ):log( 1 )

Jeffreys—Krichevsky-Trofimov mixture:

m—1 r/2)"

R(bygr,x") = 5 log 2n + log T(m/2)

(Essentially optimal!)

e For any mixture q(y") = j T, p(y,) dE(p),
Y q(y)x(yY )
LD WP T N
 [pO)Sialp.x) dF ()
S dF ()

Fund of funds:
S, (b,x") = J $,(p,x") dF(p)
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Outline

e Review of information measures

Lossless compression and probability assignment (probabilistic / deterministic)

Portfolio selection (deterministic)

Sequential prediction (probabilistic)
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Sequential prediction

e Observation: x" = (x,x5,...,%,),X; € X
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Sequential prediction

e Observation: x" = (x,x5,...,%,),X; € X
e Action:a” = (a,,a,,...,a,),a; € A

e Loss function:: X x A — [0, 0)
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Sequential prediction

e Observation: x" = (x,x5,...,%,),X; € X

e Action:a” = (a,,a,,...,a,),a; € A
e Loss function:: X x A — [0, 0)

Cumulative loss: I(x", a") = Y., I(x;, a;)
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Sequential prediction

Observation: x" = (x;, %5, ...,%,),x; € X

Action: a" = (a;, ay,...,4a,),a; € A

Loss function: [ : X x A — [0, co)

Cumulative loss: I(x", a") = Y., I(x;, a;)

Deterministic strategy: ai(xi_l, a™h = ai(xi_l),i € [1:n]
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e Loss function:: X x A — [0, 0)

e Cumulative loss: I(x",a") = Y1 I(x;, a;)

e Deterministic strategy: ai(xi_l, a™h = ai(xi_l),i € [1:n]
o Randomized strategy: F(a,|x"™",a'™),i € [1: n]

e Examples:
» Probability assignment (log loss): a € (X)) and I(x, a) = —log a(x)

» Portfolio selection: a € 22(X) and I(x,a) = —loga”x
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U(X) = U(p) = inf E[I(X, a)]

» Concave in p(x) (since it is the infimum over linear functions of p(x))

Bayes response a* (X) = a*(p)
> Any a that attains U(X)

» Assume without loss of generality deterministic

Example
» Fora e 2(X)and l(x,a) = —loga(x), UX) = H(X), which is attained by a* = p

e Every admissible strategy is a Bayes response to some g(x)

Conversely, for every g(x"), a,(x'") = a*(q(x,|x"™")) is a valid prediction strategy
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e Suppose X ~ p(x)
e Leta*(g) be the Bayes response to X ~ g(x)
e Regret:
E,[I(X,a" () - X, a" (p))] = E,[I(X, a"(9))] = U(p) = Alplig)

e A(pllg) = 0is referred to as the generalized divergence

Lemma

Alpllg) < lax \/2(ln 2)D(pllq)

where [ .. = max,  I(x,a)

e Proofidea: Pinsker's inequality ) |p(x) — q(x)| < v2(In2)D(pl|q)
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Consistency of the plug-in strategy

Theorem
If lim,_,.,(1/n)D(p(x")lq(x")) = 1for every p(x") € 2, then
Jim S AG(lg() = 0

for every p(x") € &
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» For ® ~ Dirichlet(1/2,1/2,1/2,1/2), D(p(x")|lq(x")) = O((log n)/n)
» R = 0(+/(ogn)/n) — 0is achievable

» In other words, the plug-in strategy can track optimal performance

» Can we do better?
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Concluding remarks

e Compression = probability assignment
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Concluding remarks

e Compression = probability assignment
¢ Investment = probability assignment
¢ “Good” probability assignment = “good” prediction algorithm

¢ JKT/Dirichlet mixture: Best asymptotic probability assignment

e We can actually do better than the plug-in strategy

e Regrets for probabilistic and deterministic settings can be different

e Many more tasks, approaches, and algorithms
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